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Abstract. We prove the stability of a generalized Cauchy functional equation of
the form ;
fla1z + agy) = by f(z) + b2 f(y) + w.

That is, we obtain a partial answer for the open problem which was posed by the
Th.M Rassias and J. Tabor on the stability for a generalized functional equation.

1. Introduction

The stability of the Cauchy functional equation ;

fle+y) - f(z) - fly) =0

was originally raised by S.M.Ulam[5] and proved by D. H. Hyers[2]. There
are many papers about the generalization of the Cauchy functional equa-
tion[1, 2, 3]. In this paper we consider a generalized Cauchy functional
equation of the form

fla1z + azy) = b1 f(z) + ba(y) + w.

In[4], Th. M. Rassias and J. Tabor have asked about the stability of a
generalized Cauchy functional equation in the following sense ;

I1f(@1z + a2y + v) — b f(x) = b2f (y) — wll < 8(|I=I1” + [lyl?),
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where a;,a3,b1,b02 # 0,0,p € R, v and w are fixed elements of Banach
space X and Y respectively and f : X — Y a function. Under some
conditions we obtain answers for the open problem which was posed by
the Th. M. Rassias and J. Tabor [4] on the stability for a generalized
Cauchy functional equation.

2. Results

THEOREM 1. Let X andY be Banach spaces and w € Y fixed. Assume
that f : X — Y and ¢ : X x X — R are mappings such that

I|f(a1z + azy) ~ b1 f(z) — baf(y) — wl| < @(z,y)

for fixed a1, az,b;,bs € R with a; +ap # 0 and every z,y € X and assume
that S°°° by + ba|* ' (B"(z), B™(x)) converges, where B(z) = —1

ay+az

and |b; + by|" o(B™(x), B"(y)) converges to 0 as n —» oo for every z,y €
X.
Then there is a unique mapping g : X — Y such that for every
z,y€ X
g(a1x + azy) = brg(z) + bag(y) + w

and for every x € X,
1£(z) = 9@l < D Iby + ba|" " p(B™(z), B(x))-
n=:1

Proof. Let y = z. Then we have

lf((a1 + az)x) — (b1 + b2) fz) — w]| < (2, ).

Let z = (a1 + az)z. Since (a1 +ag) # 0, z = 52
Let J(s) = (b1 + b2)s + w. Thus

|f(2) = Jf(B(2)l| < ¢(B(2), B(#)), ze X
and so
1 £(B(2)) = JF(B*(2))|| < p(B*(2), BY(2)), z€ X.

Now
|7£(B(2)) — J2f(B*(2))|| < |b1 + b2l 0(B*(2), B*(z))
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and so
[72£(B*(2)) — J3£(B¥(2))|| < |1 + bal® 0(B3(2), B3(2)).
By induction we have
|7 F(B™(2)) = I f(B™ 1 (2))| < |by + bo™ " 0(B"(2), B™(2))

for every z € X. Let gn(z) = J"f(B™(z)).
Since 300 | by + ba|" (B (z), B™(x)) converges,{gn(z)} is a Cauchy
sequence. Thus we can define a function g(z) from X to Y by

g(2) = lim gn(z).
Let G(s1,s2) = 151 + azsy + w. Then G(s,s) = J(s) and

J(G(s1,82)) = (b1 + b2)(b1s) + basy + w) + w
= b1((by + b2)s1 + w) + b2((by + b2)w) + w
= b1 J(s1) + baJ(s3) +w
= G(J(s1), J(s2)).

Now we have

llg(a1z + azy) — (big(z) + bag(y) + w)|
= |lg(arz + a2y) — G(g(x), 9())||
= lim ||J*f(B™(a1z + azy)) — G(J" f(B"(x)), J" f(B™(y)))|l
= lim ||J"f(B™(a1z + azy)) — J"G(f(B"(x)), F(B"()))|l
< Hm |by + by || f(B™(a12 + a2y)) — G(f(B"(x)), f(B™(y)))|l
= lim b1 + b2|"|| f(a1 B™ (x) + a2 B (y))
= b1 f(B™(x)) — b2 f (B™(y)) — w|
< lim by + bo|"(B" (), B"(y))
= Q.

Thus we have
9(a1Z + azy) = byg(z) + bag(y) + w.
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For every z € X,

1) - 9@l = lim [If(2) - J"F(B (@)
< lim (If(z) - JF(B@)I + | J£(B@) - J*£(B*(z))|
oo [ I (B @) - I H(B))|
<3 Iby + bal" " 0(B(2), B"()).

n=1

Assume h is a solution of
h{a1z + azy) = bih(z) + bah(y) + w

and

Ih(z) = F@)| < D [b1 + ba| T (B (), B'(=).

n=i

Consider y = z and z = (a; + a2)z. Then

h(z) = Jh(B(z))
= J2h(B*(2))

= J"h(B"(z)).
Thus we have

Ih(z) - g(2)l| = lim |T"R(B"(2)) - J"F(B"(2)]
= lim by + bal" [(B™(2)) - F(B"(2))]

n
= lim |by +ba|" ) b1 + baf T @(B"(2), B™(2))
i=1
n
o nti=1 o pitn i+n
= nlgr;oz |b1 + ba| e(B*"(2),B*T(2)) — 0

t=1

as n — 00 And so h(z) = g(z) for every z € X.
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COROLLARY 2. Let X and Y be Banach spaces and w € Y fixed.
Assume that f : X — Y be a mapping such that

|f(a1z + a2y) — b1 f(z) — baf(y) — w|| < M
for ay,az,b1,b2 € R withay + a3 # 0,|b1 + b2| < 1 and every z,y € X.
Then there is a unique mapping g : X — Y such that for every
z,y€ X
9(a1z + agy) = big(z) + bag(y) +w
and for every z € X
1
- & e
15@) =9 < =
Proof. By theorem 1 with ¢(z,y) = M, we complete the proof of the
corollary.

COROLLARY 3. Let X and Y be Banach spaces such that

1f(az + by) — af(z) — bf (WII < 6(ll=lI” + llylI”)

forevery z,y € X,0# |a+b/<landp<1inR.
Then there is a unique function g : X — Y such that g(az + by) =
ag(z) + bg(y) for every z,ye X

and 26 |z
”_f(.’L‘) - g(z)” S ’a+ blP . |a+ bI

Proof. Let ¢(z,y) = 0(||z||” + ||y||") and B(z) = ZZ5z. By Theorem 1,
there is a unique function g : X — Y such that

g(az + by) = ag(z) + bg(y)
and

17 (2) = 9@ < D la+ " 'p(B™(z), B*(z))

p X
_ _....._..'“;Z “_:’QI 3 (87"
_ w1
T 1—latb"" Jatof
26 |||l

“lat b —la+ b
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THOEREM 4. Let X andY be Banach spaces and w € Y fixed. Assume
that f : X — Yand ¢ : X x X — R are mappings such that

£ (@12 + azy) — b1 f(z) — b2 f(y) — w|| < p(z, )

for fixed a1, az,b1,b; € R with ay +ay # 0 and every z,y € X and assume
that

Y oneo g P(G™ (), G"~!(x)) converges, where G(z) = (a;+ay)x

and o= p(G™(x), G™(y)) converges to 0 as n — co.
Then there is a unique mapping ¢ : X — Y such that for every
T,y € X

9(a12 + azy) = big(x) + bag(y) + w
and for every x € X

- 1 n—1y n—
I f(z) — g(z)]| < ngl mSO(G Yz), G" (x)).

Proof. Let y = x. Then we have
£ ((a1 + az)z) — (b1 + b2) f(z) — wl| < ¢(z, ).

Let G(z) = (a1 + a2)7, L(2) = 533 (¢ — w) and H(z,y) = by + bay + w.
Then we have

H(L(x), L(y)) = biL(z) + b L(y) + w

= bl n bg (bl.’E + be)
= L(H(z,y)).

For every z € X

1 1
rmeE) -w - s < DAL

and so

ILFGE)) ~ F@ < fgmrelana)
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Thus for every z € X

IL2(£(G* @) - LHGC@ € G IEU (G @) - 1G]

<

by + b2'2 w(G(z), G(x)).

By induction, for every x € X we have
NL"f(G"(:L‘)) _ Ln—-lf(Gm—-l(x))”

< ms«a(a""‘(xm*l(w».

Let g,(z) = L*(f(G™(z))), for each £ € X. Since

- 1
— Gn-—l T ,G"-'l T
converges, {gn(z)} is a Cauchy sequence for every x € X. Thus we can
define a function g(z) from X to Y by
| g(z) = lim gn(2).

Now we show that g is a solution of a generalized Cauchy equation.
Thus we get

llg(a1z + azy) — big(z) — brg(y) — w|
= lim |L"f(G™ (@17 + azy)) ~ H(L" f(B™(z)), L F(B"(W)))]
= lim ||IL"f(a1G"(z) + 426" (y)) ~ L"Hf(B"(z), f(B"(v))]

= lim mw(G"(w),G"(y))
= 0.
Therefore, g(a1z + azy) = big(x) + big(y) + w for every z € X.
I f(z) — g(2)|
= lim ||f(z) - L"f(G"(2))|
< lim [|f(z) - LA (G())
+[|LF(G(=)) - L2 £(G*(=))|
oo+ [LPHAGT @) - LG )]

=Y G R @6 ).
n=1"
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Assume that A is an another solution of
h(aiz + azy) = b, h(z) + bah(y) + w

and =
1 73— n—1
Ih(z) = F@I < 3 (6™ (2), 67 @),

n=1

Let y = z. Then L(k(G(z))) = h(z), and
L(h(G*(2))) = L(h(G(2))) = h(z).
By induction we obtain h(x) = L™(h(G™(z))). Thus we have

I1h(z) - g(=)]
= lim ||L"h(G"(z)) - L"f(G"(x))|

. 1 n n

_ 1 1 - i 31 ” i1 n
= Jlim G +62,n;1b1+b21¢<a (G™(2)), G'"1(G™(x)))
= lm 37 by + bl (G o), G (m)

=1

= Jim 3 I+ bl e(67(2), G7(a)
= 0.

forevery z € X
Therefore we get h(z) = g(z) for every z € X and so we complete the
proof.

COROLLARY 5. Let X and Y be Banach spaces and w € Y fixed.
Assume that f: X — Y bea mapping such that

I1f (1w + azy) — by f(z) — baf(y) — w|| < M

for ay,a3,b1,b2 € R with |by + by| > 1 and z,y € X.
Then there is a unique mapping g : X — Y such that for every
T,y€ X
9(a1z + azy) = big(z) + bag(y) + w
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and for every x € X

|6y + ba|
If(x) — g(=)ll £ m

Proof. By Theorem 4 with ¢(z,y) = M, we complete the proof.
COROLLARY 6. Let X and Y be Banach spaces such that

£ (az + by) — af(z) — bf W < Ol + liyl”)

for every z,y € X, |la+b/>1andp <1inR.
Then there is a unique function g : X — Y such that

g(az + by) = ag(x) + bg(y)

for every z,y € X

and 20 |ja]?
x
1) - 9@ < o

Proof. Let o(z,y) = 0(||z|” + lylI*) and G(z) = (a + b)z. By Theorem
4, there is a unique function g : X — Y such that

g(az + by) = ag(z) + bg(y)
and

1

HOBOIESS mW(G"’l(x),G"’l(x))

=Y e 2olla+ b el
n=1

p °°
= DU S o0

el
la+b| — |a+b°

Thus we complete the proof of corollary.



46

Lee, Eun Hwi and Na, Young Yoon

References

P.Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approzimate
additive mappings, J. Math. Anal. Appl. 184 (1994), 431-436.

D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad.
Sci..

Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc.
Amer. Math. S8oc. 72 (1978), 297-300.

Th. M. Rassias and J. Tabor, What is left of Hyers-Ulam stability?, J. Nat. Geom-
etry 1 (1992), 65-69.

S. M. Ulam, "Problems in Modern Mathematics” Chap. VI, Science editions, Wi-
ley, New York,.



