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AN ADDITIONAL TERM BETWEEN
ARITHMETIC MEAN AND GEOMETRIC MEAN

E. G. Kwon, S. T. Lee AnD K. H. SHON

ABSTRACT. An additional term between the arithmetic mean and
the geometric mean is presented.

1. Introduction

Throughout we let X = (X, S, ) and Y = (Y, T, v) be o-finite
measure spaces with positive measures u and v. When we call f defined
on X x Y measurable it refers to (Sx7 )-measurable. uxv denotes the
product measure of y and v (see [5, Chapter 7]). L(u) denotes the
space of those Lebesgue integrable (with respect to x) functions defined
on X and LP(u), 0 < p < oo, denotes the space of those complex
measurable f defined on X for which |f|P € L(u).

In Section 2 we give preliminary results. In Section 3 we give our
main results which are related to a result of H. Z. Chuan ([2]) on the
arithmetic-geometric mean inequality. In Section 4 we give proofs of
the results of Section 3.

2. Preliminaries

Concerning the arithmetic-geometric mean inequality, H. Z. Chuan
([2]) inserted a continuum of additional terms between the two sides of
the inequality as follows.
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THEOREM A ([2]). If n is a natural number, s >0, a; > 0, q; >0
(j=1,..,n),and ¢ + ... + g = 1 then

—s—1

(2.1) Ha?j < (s/oo [H(x+aj)qf} dx) = < quaj.
=1 0 L= 7=1

Theorem A was generalized as

THEOREM B ([4, Theorem 2]). If s > 0, u(X) = 1, and f is a
positive function of L' (u), then

2.2)
Cxf < { [ e ([ e+ pan (o)) dy}_”s < Axf.

Either of the equalities in (2.2) holds if and only if f(z) = constant a.
e. [u].

Here

Gxf =exp ( [ 108 12 (o))

Axf = /X £(z) du(z)

are respectively the geometric mean and the arithmetic mean of f over
X.

If 0 < z < 1 then Hoélder’s inequality says that
(2.3)

[ nwrner-=aw < ([ awaw) ([ rwaw)

for all positive functions f; and f; of L(v). It is known that (2.3)
can be extended to the case of a multiple product of functions (See, for
example, [1], [3], and [6]), and even to a countable product of functions
(provided the product converges). The following is a continuous form
of (2.3).

l1-x
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THEOREM C ([4, Theorem 1]). Let u(X) = 1. Let f(z,y) be a
positive measurable function defined on X XY . Then

(24) /Yexp (Alog fdu> dv < exp {/xlog (/deu> du}.

Equality holds in (2.4) as a nonzero finite value if and only if

f(z,y) = g(z)h(y) ae pxv

for a positive p-measurable function g with —oo < J x log gdp < oo
and a positive v-measurable h with [, hdv = 1.

If we take
X = {1)2}’ f(fl?,y) = fz(y)a TE X1

and

dp = (txquy + (L — O)xq2y) dm,
where dm is the counting measure and x } is the corresponding char-
acteristic function, then (2.4) reduces to (2.3).

LemMA ([5, p. 74]). If u(X) = 1 and F is positive function of L' (i)
then

_]5
2.5 li FPdy) = log Fdu) ,
(2.5) limy ( /X u) exp ( /X og u)

and the convergence is monotone decreasing.

3. Main Results

THEOREM 1. If n is a natural number, s > 0,0 < p <1, a; > 0,
g >0(=1,..,n),and g1 + .. +gn =1 then

(3.1)
" —(s+1)/p -1
00 n s n
Hagj < (s/ Z($+aj)qu dm) < quaj.
j=1 0 =1 j=1

In view of Lemma, Theorem 1 reduces to Theorem A by letting
p — 0. A continuous form of Theorem 1 is as follows.
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THEOREM 2. If s > 0,0 < p <1, u(X) = 1, and f is a positive
function of L'(u), then

(3.2)
o —(s+1)/p ) TV/®
Gxf < {s /0 ( /X (y+ f(z))? du(w)) dy} < Axf.

Either of the equalities in (3.2) holds if and only if f(z) = constant a.
e [u].

4. Proofs

Proof of Theorem 2. To prove the first inequality of (3.2), note that
by Lemma

(y + f(2))* du(=) ” 2exp| [ log(y+ f(z))du(z) ), y>0,
X X

so that by Theorem C

/o ” ( /X (y+ f(z))P du(w)> T dy

< [ {or ([ oat+ s auo) }_H dy
@) <o { [ 1o (] "+ )y ) dute) |

= exp ([ tog @) auto))

- %exp ( /X log f(x)dp(z)>—s = %(fo)‘”,

which is the desired.
To prove the second inequality of (3.2), we note that if 0 < p <1
then by Jensen’s inequality

(| w+ s (o))

1/p

< / (y+ £(2)) du(z) =y + Ax f
X
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for all y > 0. Thus for s > 0

/; i ( /X (y + f(z))P d#(w)) e dy

(42) > [T+ dxsy

= %(Axf)—s-

This gives the second inequality of (3.2).

Next, in order to have equality sign in the one of the inequalities of
(3.2), we should have equality either in (4.1) or in (4.2). By considering
the equality case of Jensen’s inequality and that of (2.4) as stated in
Theorem 1, we conclude that f = constant a.e. [u]. The proof is

complete. |

Proof of Theorem 1. Theorem 1 follows from Theorem 2 by taking

X and p appropriately. O
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