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REMARKS ON APPROXIMATION OF FIXED POINTS
OF STRICTLY PSEUDOCONTRACTIVE MAPPINGS

TAE-Hwa KimM* AND EUN-Suk KiMm

ABSTRACT. In the present paper, we first give some examples of
self-mappings which are asymptotically nonexpansive in the inter-
mediate, not strictly hemicontractive, but satisfy the property (H).
It is then shown that the modified Mann and Ishikawa iteration
processes defined by 41 = (1 — an)zn + anT"z, and Thy1 =
(1 - an)zn + anT™[(1 — Bn)zn + BnT™x,], respectively, converges
strongly to the unique fixed point of such a self-mapping in general
Banach spaces.

Let X be a Banach space and let K be a nonempty subset of X (not
necessarily convex) and T : K — K a self mapping of K. There ap-
pear in the literature two definitions of an asymptotically nonexpansive
mapping. The weaker definition (cf. Kirk[14]) requires that

lim sup sup(HT"x - T"yll —llz—yl) <0

n—oo ye

for every x € K and that TV is continuous for some N > 1. The
stronger definition (briefly called asymptotically nonezpansive as in
[10]) requires each iterate 7™ to be Lipschitzian with Lipschitz constants
L — 1 as n — oo. For further generalization of an averaging iteration
of Schu [19}, Bruck et al. [3] introduced a definition somewhere between
these two : T is asymptotically nonexrpansive in the intermediate sense
provided T is uniformly continuous and

limsup sup (|T"z —T"y|| - [l —yl)) <

n—o0o z,ycK

2000 Mathematics Subject Classification: 47TH06, 47TH09, 47H10.

Key words and phrases: asymptotically nonexpansive in the intermediate sense,
strictly pseudocontractive (or hemicontractive) mappings, strongly accretive map-
pings, fixed points, the property (H).

*Supported by Korea Research Foundation, 1998-015-D00039.



T. H. Kim and E. S. Kim

A mapping T : K — X is said to be pseudocontractive [20] if for all
z,y € K there exists j € J(z — y) such that

Re(Tz — Ty, j) < |lz — %

where J denotes the normalized duality mapping from X to 2X°, i.e.,
with each z € X, we associate the set

J(z) = {f € X* : |IfII* = ||z||* = Re(z, )},
where Re(z, f) denotes the real part of f(z), the value of f at z. In [13],

Kato discovered the relationship between pseudocontractive mappings
and accretive mappings, proving

LEMMA K([13]). Let z,y € X. Then |z|| < ||z + ay|| for every
a > 0 if and only if there exists j € J(z) such that Re(y,j) > 0.

Applying Lemma K, we know that a mapping T is pseudocontractive
if and only if (I — T') is accretive, i.e., the inequality

e =yl < e —y+r{(I-T)z - (I - T)y}|
holds for all z,y € K and all » > 0. A mapping T : K — X is said to
be strictly pseudocontractive 7] (or [20}) if there exists ¢ > 1 such that
for all z,y € K there exists j € J(z — y) such that
) 1
Re(Tz — Ty, j) < $llz - y|l*.

Let F(T) denotes the set of all fixed points of T', i.e., F(T) = {z €
K : Tz = z}. If F(T) # 0, the mapping T : K — X is said to be
strictly hemicontractive [7] if there exists ¢t > 1 such that for all z € K
and z* € F(T) there exists j € J(z — z*) such that

1) Re(Tz - 2", 3) < 7|z — ="

Using Lemma K, it is easy to check [7] that the strict hemicontractivity
of T is equivalent to the following inequality

o —z*|| <1 +7)(z—2") —rt(Tz—z7)]
holds for all z € K, z* € F(T) and r > 0.

We first introduce an example of a Lipschitzian self-mapping which
is not strictly pseudocontractive but strictly hemicontractive.
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ExaMmpLE 1([7]). Take X = R with the usual norm |-|. Let T':
R — R be defined by

2
T = -5:1: COSZT

for all z € R. Obviously, F(T) = {0} and since (T'z,z) = 2z%cosz <
-":.;Iac|2 for all z € R, T is strictly hemicontractive with ¢ = % > 1.
However, if we can take £ = 27 and y = m, then

(Tz — Ty,z —y) = 2n2 > = |z —y|%

Therefore T is not strictly pseudocontractive. Further, if we can take
K = [-2m,27]) C R, T : K — K is a Lipschitzian mapping with its
Lipschitz constant 2(1 + 27).

Motivated by the definition of strict hemicontractivity, we can con-
sider a mapping T : K — K satisfying the following property, i.e., there
exists ¢t > 1 such that for all z € K and z* € F(T)(# ), there exists
j € J(x — z*) such that

(H) limsup Re(T"z — z*, j) < %Hx—x*"z.

n—ro0

Obviously, any mapping T : K — K which is both strictly hemi-
contractive and asymptotically nonexpansive (cf. Goebel-Kirk [10};
|Trz — Ty|| < knlz — y|| for all z,y € K and all n € N with
lim sup,,_, . kn < 1) satisfies the property (H). Here we shall give two
examples of self-mappings which are asymptotically nonexpansive in the
intermediate sense, not strictly hemicontractive, but satisfy the above
property (H).

EXAMPLE 2. Let X = R with the usual norm |- | and let K =
[0,1]. Let an, = % for each n € N. Then, construct a continuous
mapping T as follows. On the each subinterval [@n+1,an], the graph
of T consists of the sides of the isosceles triangle with base [an+1,an)
and height an41. Thus, Ta, = 0 and, if z, denotes the midpoint of
[@n+1,@n), then Tz, = any1. If we further define 70=0,T: K — K
is uniformly continuous (but, not Lipschitzian) and only F(T) = {0}.
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Since T™z — 0 uniformly as n — oo, T is asymptotically nonexpansive
in the intermediate sense. Indeed, for each n € N, there exist z,,,y, € K
such that

sup ([|T"z —T"yl| — llz — yll) = 1T"Tn — T"Yull = | 2n — ynl|-
z,yeK

Taking limsup,,_,., on both sides, we get

limsup(|T"zn — T"Yull — [|Tn — yul]) < — linnligf lzn — yall < 0.

n—oo

It is obvious that T satisfies the property (H). Now assume that T is
strictly hemicontractive, i.e., there exists ¢ > 1 such that

1
(Tz,z) < ?Imlz

for all z € K. If we can choose n € N so that —2n1—+1 < %, it is easy to
check that (Tz,,zn) = ant1Zn > %Ixnlz, which gives a contradiction
and so T is not strictly hemicontractive.

Also, we shall give an example of a Lipschitzian mapping T : K — K
(in fact, nonexpansive, i.e., | Te—Ty|| < ||z—y|| forall z,y € K ) in the
space {2 which is not strictly hemicontractive but satisfies the property

(H).

EXAMPLE 3. Take X = ¢ with the usual norm || - ||. Let K be the
unit ball in £; and let f: [-1,1] — [~1, 1] be defined by

= if —1<e<-3,
f@) =4 0 if z =0,
(@ eigh) g 24l < g < 2L
1 if $<z<],

for all z € [-1,1} and all n € N. Then we readily see that f is nonex-
pansive, i.e., |f(z)— f(y)| < |z—y| for all z,y € [-1,1] and F(f) = {0}.
Define

Tz = (f(z1), f(z2),--+)
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for all x = (z1,%2,---) € K. Clearly, T : K — K and F(T) = {0},
where 0 = (0,0,---). Since

Tz = (f*(z1), f*(22), ")

for all z = (z1,22,--+) € K and, for each j € N, f*(x;) — 0 asn — oo,
it immediately follows that 7"z — 0 as n — oo and so

lim (T"z,z) =0

n—o0

for all z = (x1,%2,---) € K. Thus, T : K — K satisfies the property
(H). However, T is not strictly hemicontractive. Indeed, if there exists
t > 1 such that

2) (Te,2) = 3" 237(zs) < 3 lal?
j=1

for all z = (z1, %2, - ) € K. Choose n > 2 so that 5= < (t—1). Setting

27 +1

mj = 22j

for all j > n and u = (Zyn, Tnt1, ), it easily follows that ||u|| <1 and

(Tu,u) = ngf(mg) > ~|Iu||2

j=

because f(z;) > 1z; if and only if 3 < (t — 1) and 9y < 3= < (t—1)
for all j > n, wh1ch contradicts to the assumption (2). Therefore T is
not strictly hemicontractive. It is easy to check that T' is nonexpansive,

ie.,
[e o]

1Tz - Tyl = (3" 1f(=25) - Fw)")? < llz —yl

j=1

forallx=(a:1,x2,"‘), y= (y1$y27"') € K.
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Recall that a mapping T : K — X is said to be strongly accretive [2]
(or [23]) if there exists a positive number k such that for each z,y € K
there is j € J(z — y) such that

Re(Tz — Ty, j) > kllz — y|*.
Using Lemma K again, this is equivalent to
lz =yl < llz -y +r{(T - kI)z — (T - kDy}|,

for all » > 0, where I denotes the identity mapping of X. Without loss
of generality, we can assume k € (0,1). Then it was known (1] that
the similar connection between strict pseudocontractivity and strong
accretivity is that a mapping T : K — K is strictly pseudocontractive
if and only if I — T is strongly accretive, i.e., the inequality

@  le—yl<llz-y+r{I-T-kDz—(I-T-ky}|

holds for any z,y € K and r > 0, where k = gt_%g € (0,1).

Recently, the convergence problems of Ishikawa and Mann iteration
sequences (cf. Ishikawa [12] and Mann [17]) have been studied exten-
sively by many authors (see Chidume [4-7], Deng [8], Deng-Ding [9],
Haiyun-Yuting [11], Liu [15], Liu {16], Reich [18] and Tan-Xu [22]) for
strictly pseudocontractive (or strongly accretive) mappings.

Especially, Liu [15] proved by the inequality (3) that the Mann it-
eration process converges strongly to the unique fixed point of a Lip-
schitzian and strictly pseudocontractive mapping, which extends corre-
sponding results of [4-6], [22] and [23] to the general Banach spaces.

THEOREM L([15]). Let K be a nonempty closed, convex and bounded
subset of a Banach space X and let T : K — K be Lipschitzian and
strictly pseudocontractive mapping. If F(T) # 0, then the sequence
{zn}S2, generated by

Tnt1 = (1 — an)Tn + anTzn, 71 €K,
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with {a,} C (0, 1] satisfying

oo

E a, =00, o, —0,

n=1
converges strongly to q € F(T) and F(T) is a singleton set.

The following lemma was recently proved by Haiyun-Yuting [11].
Compare our easy observation with the proof of Lemma 1.1 in [11].

LEMMA H-Y([11]). Forany z,y € X and j € J(z +y),

lz +yl? < l|lz|* + 2Re(y, 5).

Proof. For any z,y € X and j € J(z +y),

|lz|* + 2Re(y, ) — llz + yl* = |zl* + 2Re(z + y — z,3) — ||z + y||?
= ||lz||* — 2Re(z, §) + |z + yl|®
> ||z|? - 2llzllllz + vl + llz + g
= (lzll = llz + 9D > 0.

At the same time, Haiyun-Yuting [11] proved, using the above lemma,
that the Ishikawa iteration process converges strongly to the unique
fixed point of a continuous and strictly pseudocontractive map without
Lipschitz assumption in a real uniformly smooth Banach space.

THEOREM H-Y([11]). Let K be a nonempty closed, convex and
bounded subset of a real uniformly smooth Banach space X. Assume
that T : K — K is a continuous strictly pseudocontractive mapping.
Let {an}22, and {$,}32, be two real sequences satisfying

()0< apn,fn<landap, —0, B, = 0 asn — oo;

(ii) Yo7, o = 00.
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Then the Ishikawa iterative sequence {x,}52, generated by

1 € K,
(4) Tnt1 = (1 — an)Tn + anTyn,
Yn = (1 - ﬂn)xn +ﬂnTx'n, n2 19

converges strongly to the unique fixed point of T'.

In these respects, it seems natural to ask whether the above two the-
orems are still valid for any mapping T : K — K satisfying the prop-
erty (H). For our affirmative argument, consider the following modified
Ishikawa iteration process instead of (4):

T € K,
(4') Tnt1 = (1 — an)Tn + anT"yn,
Yn = (1 - ﬂn)zn + ﬂnTnmn, n2>1.

The above algorithm (4)' was used by Schu {19] and Tan-Xu [21] to show
the weak convergence of the Mann and Ishikawa iteration processes to
a fixed point of an asymptotically nonexpansive self-mapping.

We first begin with an easy observation of the property (H). The
first equivalent is

)  lminfRe(r—17z,5) 2 L - a7,

Let £ # z*. For a fixed ¢ with 0 < € < @, it follows from the
property (H;) that there exists ng € N such that for all n > ny,

. t—1 *
(Hz) Re(z —T"2,j) 2 (= —e)lle — = I
= killx - .’L‘*HZ,
where k. := —:—1 —¢€) € (0,1). This inequality is obviously equivalent
to

(Hs) Re(T"z — z*,5) < (1 — k)|l — z*|?, Vn > ng.
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For employing the method of the proof in {15], we need the following
equivalent form of the property (Hz2) by virtue of Lemma K:

(Hy) z—z*<lle—2"+r{({-T" - kl)z— (I —T" — kJI)z*}|

foralln > ng and all r > 0.

Using the property (Hj), we are now ready to present the following

THEOREM 1. Let K be a nonempty closed, convex and bounded
subset of a Banach space X. Assume that T : K — K is asymptotically
nonexpansive in the intermediate sense satisfying the property (H). Put

¢n = max{0, sup (|T"z —~T"yl| - ||z —yl})},
z,yeK

so that lim,,_,o, ¢, = 0. Let {0, }52, and {8,}52, be two real sequences
satisfying

i)0<Lan,fpn<landa, -0, B, - 0asn — oo;

(ll) E‘;L.o=1 Qn = 0.
Then the modified Ishikawa iterative sequence {z,}5>; generated by
(4)' converges strongly to the unique fixed point of T in K.

Proof. We employ the method of the proof of Liu [15]. Since F(T) #
0, take ¢ € F(T). From the definition of {z,}, we have

Tn = Tpt1 + AnTn — anT yn
=1+ an)znt1 +an(f - T" —keD)zn+1 — (2 — ke)anZni1
+ tnn + an(T"cn41 — T yYn)
=14+ an)znt1 +an(I —T" —k)xni1 — (2 = ke)an[(1 — an)zn + anT"yn)]
+ anzn + on (T en41 — T"yn)
=1+ an)znt1 +an(I =T —ke)zn+1 — (1 — ke)anzn
+ (2 = ke)a2 (zn — T™yn) + an (T Tns1 — T yn).

By T'q = q, this implies that

zn —g=(1+ a'n)(zn+1 - @)+ an(I =T —ked)(xn+1 —q) — 1 -ke)an(zn —q)
+(2—ke)ak(zn — T yn) + an(T znt1 — T yn).
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By the property (Hy), we obtain

|zn = qll Z(1 + an)l|znt+1 — gl — (1 — ke)an|zn — gl
—_ (2 — ke)aiﬂxn - T"ynll - an“Tnmn+1 - Tny'n”’

for all n > ng. Since

141 - ke)an(1+ an) Tt S [14+ (1 - ke)an)(1 - an + al)
=1—keon +02 — (1 —k)oZ(1 — ap)
<1—kean +02,

it follows from the above inequality that for all n > ny,
(5)
fent1 —gll <[1+ (1 = ke)an)(1+ an) " |za —qll
+(2- ke)aﬁ(l + an)_1||3-'n = Ty
+ an(l+on) " HIT 2nt1 = T ynll
< — kean)|lzn — gll + o2 [llzn — gll + (2 = ke)llzn — T"ynl])
+ andn
<A = keon)llzn — gll + Mo + andn,

where d, = ||T"zp+1 — T"ynl|| and M = 3diam(K) (since K is
bounded). Since {z,}, {T"z,} and {T"y,} are all bounded sequences
in K,
Yn — Tn41 = (an - ﬂn)zn + ﬁnTnxn - anTnyn —0
as n — o0o. Since ¢, — 0 as n — oo we get
dn = |T"Yn — T"zpt ||

= [HTnyn —T"zpall = llyn — xn+1”] + |lyn — Znt1l
<cn+||lyn — Tnt1]l 2 0 asn — oo.

Applying Lemma 4 of [23] (or Lemma 1.2 in [11]), we have z, — ¢
as n — oo. Finally, we prove that F(T) = {q}, a singleton set. If
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p € F(T), by using the property (H), we obtain

lp—ql* = (p - g,5)
= limsup Re(T"p ~ ¢, j)
n—o0

1
< 't'llp - ql*.

Since t > 1, we have ¢ = p. O

REMARK 1. In view of the example 2 and 3, the above theorem is a
new approach of the strong convergence problems of iterative sequences
to the unique fixed point of self-mappings which are not strictly hemi-
contractive (hence, not strictly pseudocontractive). Compare this with
Theorem L. Following the steps of the proof of Theorem H-Y, it is easy
to see that if X is uniformly smooth and if T : K — K is a continuous
mapping with the property (H) Theorem 1 is still valid.

REMARK 2. Using Lemma H-Y and the property (H3), we can sim-

ilarly prove Theorem 1. Indeed,
[Tn+1 — ‘I"2 <(1- an)znxn - QH2 + 20, Re(T"yn — q, jin)

< (1 - an)2“xn - q“2 + zanRe<Tnyn - Tn$n+1a Jn.)

+ 20,Re(T"Tn+1 — ¢, Jin)

<(1- an)2||$n - QHZ + 20ndp + 205 (1 — ke)l|[Tnt1 — QH2
for j, € J(zpn41 — q), where d, = Re(T"yn — T"Tn41,Jn) — O as
n — oo. In fact, since K is bounded and ¢,, — 0 as n — oo, we obtain
IT"Yn — T"Zn41ll = IT"Yn — T"Tnt1ll = lyn — Tat1ll]l + lyn — Tt

<cn+||lyn — Tns1ll = 0 asn — .

On the other hand, since Y. ; &, = 00 and a,, — 0 as n — 0o, we can
choose n; (> ng) so that o, > 0, 1 —2a,(1—k) > 0, and 2k, —a,, > 0
for all n > ny. Then, the above inequality can be written as follows:
(1 — an)2 20t,dy,

—g|? <
6)  |lznr1 —al* < 1= 2an(1 — k) —20,(1— k)

ln — I + 1
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Since %‘_(—f‘fm — 2k as n — oo and k. € (0,1), there exists a ng

Qn

(> n1) such that
2k — an,

- <
1-20,(1—k) 2ke| < ke
for all n > ng. This implies that k. < 1——325,,_(_?31755’ that is,
< (1 -

=201 — kg = (1~ kean)

for all n > ny. The inequality (6) can be expressed as follows.

20,d
a1 — 2<(1—k . 2 nln
fnes =l < (1= kean)lon = gl + g,

for all n > ng. Then it follows from the lemma 4 of Weng [23] that the
sequence {z,} strongly converges to the unique fixed point ¢ of T

For evaluating the error estimate of the strong convergence of the
Ishikawa type iteration {z,}52; generated by (4)' to the unique fixed
point, in addition to all assumptions of Theorem 1, suppose that T :
K — K is uniformly L-Lipschitzian, that is, there exists a constant
L > 0 such that

7"z — T"y|| < Lilz —y|,
for all n € N and z,y € K. Obviously, every nonexpansive mappings
are uniformly 1-Lipschitzian.

Now we are ready to present the following error estimate of the
convergence.

THEOREM 2. Let K be a nonempty closed, convex and bounded
subset of a Banach space X and let T : K — K a uniformly L-
Lipschitzian mapping satisfying the property (H). If a, = ﬂ@_i_—:fm—)
and 3, = 4—L"(’Ef,-2|52—L"—'I7 where k. is the positive real number in (0,1)
as in the property (Hy) and F(T) = {q}. Then the modified Ishikawa
iterative sequence {z,}32 ; generated by (4)' converges strongly to the
unique fixed point of T in K, and we obtain the estimate

1 —all < p™|lz1 — 4l
k2
where p = 1 ~ gr3iqrey-
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Proof. Let Tq = q. Note that

lzr, — T"yn|| < ||Tn - ql| + Lilyn — ql|
< ||zn — gl + L1 + Bn(L — 1)]||zn — ql)
=[14 L+ B,L(L —1))||zn — q||

and

IT"zn41 — T"yn|| < L(lzn+1 = zall + lzn — ynl))
= L(an|lzn — T ynll + Bnlien ~ T"zn )
S Llan(1+ L+ BnL(L - 1)) + Bn (1 + L))||zn — q||
= [enL(L + 1) 4+ anfaL?(L — 1) + BoL(L + 1)]||zn ~ q||.

Combined with the inequality (5), the required estimate is now ob-
tained.

lzn+1 —gqll (1 = kean)l|lzn — gll + @B [llzn — gll + (2 = ke)llzn — T™yall]

+ an||[T"znt+1 — T ynl|

<(1 - kean)fizn — gl + @3 [1+ (2 — ke)(1 + L + BnL(L — 1))]llzn — gl
+anlanL(L + 1) + anfnL?(L — 1) + B L(L + 1))||lzn — q||

S(1 = kean)|len — gl + @21+ (2 — ke)(1+ L) + L(L + 1)]flzn — qi|
+ anfBn((2 — ke)L(L — 1) + L3(L + 1) + L(L 4 1)]||zn — gl

<(1 = kean)lien — gll + a2 (3 + 3L + L?)|lzn ~ ql|
+ anfnL(L? + 2L — 1)|lzn — q|)

k2
=1 - —fe _
[ 8(3+3L+ LZ)] Izn = al
=pllzn —q||.

Hence ||zn41 — g < p")|z1 — 4] o

Taking 8, =0 for all n > 1 in Theorem 1, we have the following

COROLLARY 1. Let K be a nonempty closed, convex and bounded
subset of a Banach space X. Assume that T : K — K is asymptotically
nonexpansive in the intermediate sense satisfying the property (H). Put

¢n = max{0, sup (|T"z—-T"y| - |l —yl)},

z,Ye
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so that lim,_,oo ¢, = 0. Then the modified Mann iterative sequence
{zn}32 o generated by

Tnt1=(1~-an)zn +0xT"z,, T1€K

with {a,}52; C (0, 1] satisfying

o0
E ap =00, oy, —0,

n=1

strongly converges q € F(T) and F(T) is a singleton set.

REMARK 4. Compared with Theorem L and Theorem H-Y, our

iterative algorithm can be applicable to the approximating problems of
all continuous mappings with the property (H) in the finite dimensional
spaces.
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