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BRATTELI DIAGRAM ISOMORPHIC
TO CHACON HOMEOMORPHISM

SEUNG SEOL PARK

ABSTRACT. We construct a stationary, properly ordered Bratteli di-
agram B = (V, E, >) so that its Vershik map is isomorphic to Cha-
con’s homeomorphism. It is the simplest stationary, properly ordered
Bratteli diagram isomorphic to (X, Tc). We also find a primitive
and proper substitution of Chacon’s transformation.

1. Introduction

The present paper explores substitution minimal systems and their
relations to stationary Bratteli diagrams. We construct a stationary,
properly ordered Bratteli diagram (V, E, >) so that the Vershik map is
isomorphic to the Chacon homeomorphism (X¢, T¢), where T is a shift
homeomorphism. In 1972, O. Bratteli introduced Bratteli diagrams in
the context of special infinite graphs(l]. From a different direction came
the extremely fruitful ideas of A. M. Vershik[Ve] to associate dynamics
with Bratteli diagrams by introducing a lexicographic ordering on the
infinite paths of the diagram. Through a careful investigation of Vershik’s
construction, R. H. Herman, I. F. Putnam and C. F. Skau[6] succeeded
in showing that every Cantor minimal system is isomorphic to a Bratteli-
Vershik system, i.e. the dynamical system of a properly Bratteli diagram
with Vershik map.

One of the simplest ways of constructing minimal symbolic dynamical
systems is by means of substitutions. We have the following Theorem[3]:

Received December 1, 1999. Revised March 19, 2000.

2000 Mathematics Subject Classification: 58F03, 28D.

Key words and phrases: Bratteli diagram, Chacon homeomorphism, substitution,
return word.

This research is supported in part by KOSEF 985-0100-001-2 and BSRI 99-1441.



Seung Seol Park

The system associated to any primitive and aperiodic substitution is
isomorphic to the system associated to some stationary, properly ordered
Bratteli diagram.

One of the key methods of the construction in the proof of the above
Theorem is a sequence of Kakutani-Rohlin partitions of the system asso-
ciated to a primitive and aperiodic substitution[6]. That is, we construct
a sequence of Kakutani-Rohlin partitions so that it satisfies some neces-
sary conditions. Then we can construct Bratteli diagram isomorphic to
the given primitive and aperiodic substitution. It is well known that the
topological Chacon transformation is a substitution system via 0 — 0010
and 1 — 1. Clearly this substitution is not primitive. Therefore, we can-
not directly apply the above method to construct a Bratteli diagram
which is isomorphic to Chacon transformation.

The author would like to thank Professor K. K. Park under whose
guidance this work was done.

2. An Ordered Bratteli diagram

We shall explain here some notations and definitions concerning an
ordered Bratteli diagram.

DEFINITION 1. A Bratteli diagram consists of a vertex set V and an
edge set E satisfying the following conditions: We have a decomposition
of V as a disjoint union VU Vj U -, where each V,, is finite and non-
empty and V; has exactly one element, vy. Similarly, £ is decomposed
as a disjoint union E; U E; U - - -, where each E, is finite and non-empty.
Moreover, we have maps r,s : E — V so that r(E,) C V, and s(E,) C
Va1, m = 1,2, .- ( r=range, s=source). We also assume that s7'(v) is
non-empty for all v in V and r~!(v) is non-empty for all v in V \ V4.

There is a natural and obvious notion of isomorphism between Bratteli
diagrams (V, E) and (V', E'); namely, there exist a pair of bijections
between V' and V' and between F and E’ respectively, preserving the
grading and the intertwining of respective source and range maps. We
denote the vertices at horizontal level n by V,, and the edges connecting
the vertices at level n — 1 with those at level n by E,,. If [V,_i| = t,
and |V,| = t, then E, determines the t, x t,_; incidence matrix. For a
given Bratteli diagram (V, E) and non-negative integers k < [, let Py
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denote the set of all paths from Vj to V]. Specifically,
Po=  {(extr,--,e)|les€ Bifori=k+1,---,1
and r(e;) = s(ejy) fori =k +1,--- 1 —1}

Note that we may identify Py k.1 with Eyy;. We define r : Py — V)
by
r(ersr, -+ ,e) = r(e))
and s: Py — Vi by

s(ek+11 e ’el) = S(ek+l)'

DEFINITION 2. Given a Bratteli diagram (V, £) and a sequence mg =
0<m; <my <--- in Z*, we define the contraction of (V| E) to {m,}
as (V/,E') where V| =V, , forn > 0 and E] = P, _, m, and 7/ = r,
s’ = s as above.

It is routine to check that (V', E') in Definition 2 is again a Bratteli
diagram. We let ~ denote the equivalence relation of Bratteli diagrams
generated by isomorphism and write (V) E) ~ (V’, E'), whenever (V', E")
is obtained from (V, E') by contraction.

We say that (V, E) is a simple Bratteli diagram if there exists a con-
traction (V', E') of (V, E) so that the incidence matrix of (V’, E’) at each
level has only non-zero entries.

DEFINITION 3. An ordered Bratteli diagram (V| E,>) is a Bratteli
diagram (V, E) together with a partial order > on £ so that edges e, €
in E are comparable if and only if 7(e) = r(e’). That is, we have a linear
order on each set 7 ({v}), v € V\ .

For a given ordered Bratteli diagram, we let E,,, and E,;, denote
the maximal and minimal edges of E, respectively.

Note that if (V,E,>) is an ordered Bratteli diagram and & < [
in Z*, then the set P; of paths from Vj to V, may be given an in-
duced(lexicographic) order as follows : (ex1,€xt2, < e1) > (fest, Frr2s
-+« fi) if and only if for some ¢ with k +1 < i < L.

e;=f; for i<j <l and e > f;.

It is a simple observation that if (V, E,>) is an ordered Bratteli dia-
gram and (V| E', <’} is a contraction of (V, E, <) as defined above, then
(V',E',>') is again an ordered Bratteli diagram.
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DEFINITION 4. The ordered Bratteli diagram B = (V, E, >) is prop-
erly ordered if the following holds:
1. (V, E) is a simple Bratteli diagram
2. There is only one sequence (ej, ep,- - ) with each €; in Epup (Emin
respectively) and s(e;;1) = r(e;) for all 4 > 1.

Let B = (V, E, >) be an ordered Bratteli diagram. We denote by Xg
the set of all infinite paths in (V] E), i.e.,

Xp = {(e1,e3,--)le; € E and r(e;) = s(e;1) for all i>1}.

To topologize, we define open sets U(f1,-- , fi) for each (f1, -+, fx)
in PO,k as

U(flyf?: e fk) = {(81,82, . ) € XBIG,’ = f‘ia 1 S 1 S k}

Note that U(fy,---, fr) is also closed. We call X with the above
topology the Bratteli compactum associated to B = (V, E, 2).

In this paper, we assume that our Bratteli diagrams are properly or-
dered unless otherwise stated. We define a minimal homeomorphism
Vs : Xp — Xp, which is called the Vershik map, as follows: We let Z,.
be the unique infinite path in E,,,;. We define Va(€maz) = Tmin, Where
Zmin iS the unique infinite path in Eny,. Let £ = (ey, €2, +¢) # Trmag-
Since z = (e1,€2, ) # Tmaz, there exists the smallest number k such
that e, is not a maximal edge. Let f; be the successor of e; in F and let
(f1, f2»- -+, fu-1) be the unique path in E, from vg to s(fi). That is,
(fi, fay-++ , fe=1, fi) is the successor of (er, ey, - ,ex) in Pyx. Then we
define

V(e ez, -+ 4) = (fi, for -+ frs€rar )
noting that since f; is comparable to e,

r(fi) = r(ex) = 8(ext1).

It is known that Vjp is a minimal homeomorphism(See [6]).

We say that (X,T,z) is essentially minimal if for every neighbor-
hood U of z, UpezT™(U) = X. We say that (X;,71,z;) is pointedly
topologically conjugate to (X2, Ty, z2) if there exists a homeomorphism
® : X1 — X such that ¢(z;) = z3 and ¢o T} = Ty 0 ¢. The rela-
tion between a Cantor system and a properly ordered Bratteli diagram
is characterized by the following theorem of Herman, Putnam and Skau.
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THEOREM 1. [6] Let (X,T,z) be an essentially minimal dynamical
system, where X is Cantor set. Then there exists a properly ordered
Bratteli diagram B = (V, E, >) such that (X, T, z) is pointedly topolog-
ical conjugate to (X, VB, Zmin), Where Zpy, is the unique minimal path
of X B-

Moreover, this correspondence established a bijection between equiv-
alence classes of properly ordered Bratteli diagrams and pointedly topo-
logical conjugacy classes of essentially minimal systems.

The proof of the above theorem is given via Kakutani-Rohlin parti-
tions, whose definition is as follows.

DEerFINITION 5. A Kakutani-Rohlin partition of the Cantor minimal
system (X, T) is a clopen partition P of the kind :

P={TZ:keA and 0<j< h}

where A is a finite set and hy is a positive integer. The k’'th tower of P
is {T?Z; : 0 < j < ht} and the base of P is the set Z = UgcaZy.

Let (X, T, z) be a fixed minimal system. Then there exists a sequence
of Kakutani-Rohlin partitions P,, with

Po={T'Zxlk € A, and 0 < j < hpy} Po = {X}

and with base Z,, = Ukea,Znk. It satisfies the following conditions:

(1) Zn+1 C Zp.

(2) Pps1 > Pn as partition.

(3) The intersection of the bases (Z,, : n € N) of the partitions (P, ;n €
N) consists of only one point z.

(4) The sequence of partitions spans the topology of X.

We construct the properly ordered Bratteli diagram B = (V, E, >)
using a sequence of Kakutani-Rohlin partitions satisfying the above con-
ditions, so that the systems (X, T,z) and (Xg,Tp, Zmin) are pointedly
isomorphic. Its Bratteli diagram depends on the choice of Kakutani-
Rohlin partitions. From Theorem 1, we see that equivalence class of the
ordered Bratteli diagram constructed from (X, T, z) does not depend on
the choice of Kakutani-Rohlin partitions.

A Bratteli diagram (V, ) is stationary if V,, has the same number of
vertices and the incidence matrices between level n and n+1 are the same
matrix for all n = 1,2,---. Also, we say that (V, E, >) is a stationary
ordered Bratteli diagram if (V, E) is stationary and the ordering on the
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edges with range V(n,a;) is the same as the ordering on the edges with
range V(m,aq;) forn,m=2,--- and i =1,--- ,|V,|.

REMARK 1. If Bratteli diagrams A and B have the same graph from
Vi onward for some k, then we say that two graphs are finitely related.
It is easy to see that this defines an equivalence relation.

3. A Substitution

Let A be a alphabet. We denote by A™ the set of finite words over
the alphabet A. A substitution on the alphabet A isamapo: A — A*.
Using the extension to words by concatenation, o can be iterated: for
each integer n > 0, the n?” iteration 0 : A — A" is again a substitution.

DEFINITION 6. A substitution is primitive if there is a positive integer
n such that for each a,b € A, b occurs in o"(a), and for some a € A,
lim,, . [o™(a)| = +00.

In this section, we only consider primitive substitutions on the alpha-
bet A. Note that if a substitution is primitive , then for each a,b any
word in {o*(b)} appears in 0™(a) for some n. We denote by L(c) the
language of ¢ i.e. the set of words on A which occurs in o™(a) for some
a € A and some n > 1. We let X, C AZ consist of all those sequences
xr € AZ whose every finite segment of z belongs to L(c). Clearly X,
is closed subset of AZ and invariant under the shift. We denote by T,
the shift restricted to X,. The dynamical system (X,,T,) is called the
substitution dynamical system associated to o. It is well known that
every primitive substitution dynamical system is minimal and uniquely
ergodic|7].

Substitution dynamical systems are often defined by a different method
using a fixed point as follows. For every integer p > 0, the substitution
o® defines the same language, thus the same system, as o does. Sub-
stituting o for o if needed, we can assume that there exist two letters
r,1 € A such that :

(1) r is the last letter of o(r)
(2) 1 is the first letter of o (1)
(3) rl € L(o)
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Whenever r and [ satisfy the conditions (1) and (2), it is easy to check
that there exists a unique w € AZ such that

wor=r:iwp=1 and o(w)=w.

Such an w is called a fixed point of o. If r and [ satisfy also (3), we say
that w is an admissible fixed point of .

The subshift spanned by a sequence z € A? is the orb{z, T’} endowed
with the restriction of the shift to orb{z,T'}. We have that orb{z,T} is
minimal if and only if z is uniformly recurrent point i.e., for every word
z € L(z) there exists n > 1 such that for all words v € L(z) with |jv| > n,
u occurs in v[7]. By minimality of X, if w is an admissible fixed point
of o, then X, is the closure of the orbit of w for the shift.

DEFINITION 7. A substitution ¢ on the alphabet A is proper if there
exists an integer p > 0 and two letters r,] € A such that :
(1) For every a € A, r is the last letter of o®(a).
(2) For every a € A, ! is the first letter of o”(a).

It is easy to see that a proper substitution has only one fixed point.
For every letter a € A, we write [a] = {z € X,;20 = a}. Then there
exists a clopen partition P, of X, with

P, = {T¥(o"([a])]a € 4,0 < k < |o™(a)]}

for every n > 0. The base of this partition is { J, 4 0™([a]) = 0™(X,). It
satisfies the following properties.

THEOREM 2([3]). The sequence of partitions {P,} satisfies the fol-
lowing conditions ;
1. The sequence of bases {(6™(X,) : n € N)} is decreasing.
2. For every n, Pp1 > P, as partitions.
Moreover, if the substitution o is proper, then
3. The intersection of the bases consists of only one point.
4. The sequence of partition spans the topology of X,.

Now, we describe a return word in substitution dynamical system. It
was used to prove that every substitution dynamical system is isomorphic
to the system associated to some stationary properly ordered Bratteli
diagram.

Let (X,T) be a minimal subshift on the alphabet A and z a given
fixed point of X. Let u be a word z(_, _j) of Z(_c,-1) and v a word xjpm)
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of Zjg+o0) for n > 1 and m > 0. We call the word z(_pn 1} (0,m)) suffix (
prefix ), respectively. We define an occurrence of u.v in z to be an integer
n such that T,y neje) = 0.

DEFINITION 8. A word w on A" is a return word to u.v in z if there
exist two consecutive occurrences j, k of u.v in x such that w = x;).

As z is uniformly recurrent, the difference between two consecutive
occurrences of u.v in z is bounded, hence the set R,, of the return
words to u, v is finite.

Let u.v be as above. The cylinder sets [u.wv] for w € R, are obvi-
ously pairwise disjoint: they are included in the cylinder set [u.v]. Let
y € [u.v] and n be the smallest positive occurrence of u.v in y, then
W = Yo is a return word and y € {u.wv]. Thus {{u.wv]: w € Ry} isa
partition of [u.v]. Moreover, if w € Ry, and y € [u.wv] the first return
time of y to [u.v] is |w|. It follows that

Q = {T[uwv];w € Ry, and 0<j < |w|}

is a Kakutani-Rohlin partition of X with base [u.v].

We now consider return words for longer and longer prefixes of zj 1)
and suffixes of z(_, 1. To avoid unnecessary heavy notations, we write,
for all n > 1;

Rn = ’R':c[_,,._l].zio_,,)-
We get a sequence of Kakutani-Rohlin partitions P, where
P = {T’[-n-1jwEpm];w € R, and 05 < |wl}
The base of P, is B, = [T|-n-1).Zpn]- It is not hard to see that the
sequence {P,} of partitions is a nested sequence satisfying all the hy-
potheses (1), (2), (3) and (4) in Definition 5. Hence it can be used to

construct a properly ordered Bratteli diagram B with (X, Vi) isomor-
phic to (X, T).

THEOREM 3. Let B be a stationary, properly ordered Bratteli diagram
with a single edge from top vertex to each vertex in first level. Then there
exists a primitive and proper substitution, called a substitution read on

B.

Proof. Define the substitution as follows. For each n > 1, we consider
the labeling map which assigns to each v, in V,, a label v, , from the finite
alphabet A. That is, V, = {v,, : a € A} for all n > 1. Fix an integer
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n > 1, we read the label of source vertex in the order of the edges which
end at vp,, say (a1,a2, -+ ,ax). The map a — aa2-- - a; from A to A*
defines the substitution 7 on the alphabet A.

We now prove that 7 is primitive. Since B is proper, for any a,b € A,
there exists n such that v, is connected to v,p. By the definition of 7,
a occurs in 7" 1(b). Therefore 7 is primitive.

Suppose T is not proper. Without loss of generality, we may assume
that for each n > 1, the set {r"(a) : a € A} has at least two elements with
distinct first letter. Let ¢(7"(a)) denote a first letter of 7"(a), for a € A
and n > 1. If for each pair (a,b), there exists k such that i(7*(a)) =
i(7%(b)), then there exists NV such that for n > N, 7" has only one first
letter. Thus We note that there exist at least one pair (a,b), a,b € A
such that i(t"(a)) # i(7"(b)), for all n > 1. Therefore, there exist two
sequences {a,} and {b,} such that i(7(@ns1)) is a, and i(7(bpy1)) is by,.
Since for each n > 1, the edge from vnga, (Vnp,) t0 Vni1,a, (Vnitpe.,) I8
minimal, there exist two minimal paths z,y € Xjp such that for every n >
1, z goes through V(n, a,) and y through V(n, b,). This is a contradiction
to the fact that B is proper. 0

4. A Bratteli diagram isomorphic to Chacon substitution

We will find a sequence of Kakutani Rohlin partitions that satisfy
required conditions given in Definition 5. We will construct a station-
ary ordered Bratteli diagram B = (V, E, <) and show that (X, V3) is
isomorphic to (X¢, Tc).

The Chacon transformation is a substitution system via 0 — 0010 and
1 — 1. Another way to define the Chacon transformation is via successive
construction of blocks. First we define the By, block inductively as follows

B() = O, Bl = 0010, Bk+1 = BkBlek.

We let X¢o C {0, 1} consist of all those biinfinite sequences z such
that each finite segment of z is a segment of By for some k. Clearly X¢
is a closed shift-invariant subset of {0, 1}2. We denote by T the shift
homeomorphism on Xe.

There is a natural way to produce sequences for z’s by a nesting pro-
cedure as follows[2]. Choose a sequence £ € {1,2,3}" which we may call
the nesting instruction. Starting with a By consider it as the £(1)th By
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of its By, which in turn is considered as the £(2)th B, of its By and so
on. In this way the By’s expand to define an infinite sequence £*, which
is well defined only up to a shift. £* will be a doubly infinite sequence
unless £(z) = 3 eventually in which case £* is a left sequence we denote
by B_x, or £(i) = 1 eventually which yields a right infinite sequence
denoted by B,,. We can now give a precise description of X¢.

THEOREM 4([2]). The set X consists(up to shifts) of all doubly infi-
nite sequence &*, £ € {1,2,3}" and the sequences B_q, By and B_,,1B.

REMARK 2. We note that B_,.By and B_.1B, are fixed points of
the Chacon substitution.

PRrROPOSITION 1. There is a Kakutani-Rohlin partition P,,n = 1,2,---
with base [B,.B,] of the system (X¢, Tc).

Proof. Let R, be the set of return words to B,.B, in B_.B,, for
n>0,n=12,---. It is immediate to find that

R, = {By, By1B,, B,1B,1B,}.

To get easier notation, we put;

Wy = B, Wy = Bnlewn,Z'; = B,1B,1B,

The cylinder sets [Bp.w,xBp] for waix € Ry are obviously pairwise
disjoint. They are included in the cylinder set [B,.B,). Let y € [B,.B,]
and [ be the smallest positive occurrence of B,.B, in y. There exists
integer k such that yps = wpe. Thus {{BrwniBn] : wnix € Ry} is a
partition of {B,.B,]. Moreover, if w,x € R, and y € [By.wpxBy), the

first return time of y to [B,.By,] is |wp k|- It follows that

Pp = {T%[BnwWnBn] : Wny € Ry, and 0< 7 < |wnil}

is a Kakutani-Rohlin partition of X¢. It is easy to proved that [B,.B,]
is the base of P,. O

Let Py = {T2[BpwniBn] : 0 < j < |warl}, k = 1,2,3 be the k™
tower of P, with a base Z,; = [Bp.wpiBs). If F, be a subset of Z,4,

528



Bratteli diagram isomorphic to Chacon homeomorphism
then we call the set {T5F,; : 0 < j < |wyul} a subcolumn of Ppy.
Therefore, we get a sequence of Kakutani-Rohlin partition P, where
Pn = {Pn,lypn,2>Pn,3}
with the base Z, = [B,,.B5)] (See Figure 1).

Po

Poa Po,2 Po,s

P

Pra P P

Figure 1.

PROPOSITION 2. The sequence {P,} is satisfies the following condi-
tions:
(1) Zp+1 C 2y, for alln > 0.
(ii) Ppr1 > Py, for alln > 0.
(ili) NZ, = B_oo-Boo-
(iv) The sequence of partitions spans the topology of X¢.

Proof. (i) is obvious. Every word in R, is made up of the words in
R,,. The word wyy11 belonging to R, consists of words B, and B,1B,
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in order. Also w,1;2 can be written as a concatenation of words B,
B,1B,1B, and B,1B, and wn13 is a concatenation of B,, B,1B,1B,,
B,1B,1B, and B,1B,. Hence P, consists of a subcolumn of Py
and a subcolumn of P, in order and Pp412 consists of a subcolumn of
Pr.1, a subcolumn of P, 3 and a subcolumn of P,o . Also Pp,13 consists
of a subcolumn of P, ;, a subcolumn of P, 3, subcolumn of P,3 and a
subcolumn of P, ». We proved (ii). Since Z, = {B,.B,), (iii) is obvious.

Given an integer m > 0, we claim that any cylinder set z_,, m in X¢
is a union of levels in some tower of partitions P,,. Choose n such that
[B,| > m. Fix wox and 0 < I < |w,x|. For each z € Tho™([wox]), there
exists y € X with o jug,|) = wox such that z = T¢o™(y). The word B,
is a prefix of 6"™(¥)(0,0) and suffix of ¢™(y)(e0,-1)- Hence

O™ (Y) (- 1Balwns +1Ba)) = 0" (Bo)-0™ (wo,)0™(Bo)-
We get
m[—m,m] = a"(Bo).cr”(wo,k)a"(Bo)U_m,Hm].
Therefore, any cylinder set with length 2m + 1 is the union of levels in
P, for some large enough n and (iv) follows. a

THEOREM 5. There exists a stationary and properly ordered Bratteli
diagram (Xg, Vi) isomorphic to (X¢, Tc).

Proof. We will construct an ordered Bratteli diagram B. Let V_;
consist of one vertex. For each n = 0,1,2---, the set V, denotes the
set of vertices of the nt* step and E, be the set of edges connecting
the vertices of (n — 1) step with those of the step n. A vertex in V;
represents a tower in the Kakutani-Rohlin partition P,. Let v, € V,
correspond to the tower Prx, k = 1,2,3. That is,

Vo = {'Un,lavnza Un,3}

For n = 0,1,2,---, edges appear between v,; and vni1; When the
tower Py.1; contains a subcolumn of the tower Py, x. We order the edges
so that it represents the order of the subcolumn of the level n appearing in
the tower P,,1;. For n =0, E consists of edges from V_, to each vertex
in Vp, representing level sets of each tower Py k = 1,2, 3(See Figure 2).
It is clear from the Kakutani-Rohlin partitions that B = (V,E,>) is a
stationary and properly ordered Bratteli diagram.
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To define the conjugacy G : X¢ — Xg, we note that it is enough
to specify the edges, egejes---. For any x € X, if z is located on
some level of Pyx, k = 1,2, 3, then we choose the edge ¢ in E; which
corresponds to that level of Py;. We find a tower in P; which contains
z. We choose the edge e; such that s(e;) = r(ep) and the range vertex of
the e; is the vertex in V}, say v, , corresponding to the tower Py, which
contains z. At each step, we find the edge e, such that s(e,;) = r(e,-;)
and the range of e, is the vertex v,, where P, contains . Moreover,
we choose the i edge among the edges with the same range vertex if
lies in the #** subcolumn of P,_; in a tower of P,. Hence G(x) consists
the edges through v,;’s where the corresponding P, contains z. It
is easily seen that G(B-w.Bx) = ZTmin, G(B-w-1Bx) = 5333--- and
G(T5Y(B-o-Bx)) = Trmaz-

We claim that G is an isomorphism between (X¢, Tc)and (Xg, Vp). It
is well known from the construction that G is one-to-one. It is also easy
to show that Go Ty = Vo G.

We now want to show that the map G is continuous and onto. For
z,y € X, suppose T(_iy = Y1, for sufficiently large I. We find £ > 0
such that some concatenation of the block B, and 1 is located around
the 0%-coordinate in x(-1y. So, there exists &’ < k such that one of the
names of the bases of the towers in P appears in the concatenation
of the block B; and 1, and the name of the base is located around the
0*-coordinate. By the construction of the sequence {P,}, it is clear that
points = and y are on the same level in the partition Py. Thus G(z) and
G(y) share the same finite path from top vertex to some vertex v in V.
Hence G(z) and G(y) are close.

Suppose zg € Xg. Let g = ege;---e,--- . We read a vertex name of
v = r(e,) in V, and find the minimal finite path z, from the top vertex
to v. We choose for some [ such that Vé(mn) = g€y - - - €. Then we know
that the finite path ege; - - - €, corresponds to the Té- (the base set wp x
of the vertex name of v) which is a some level set in P,. Since the level
sets generate the o-algebra, there exists a unique point z¢ belonging to
all the level sets. Clearly G(z¢) = zg. Our claim is proved. O
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Va

Vi

v
B,.B;B; B,.By1B;B; By.By1B;1ByB;

[ ]
Figure 2. (B)

We have constructed a stationary and properly ordered Bratteli dia-
gram so that its Bratteli-Vershik system is isomorphic to the substitution
system associated to neither primitive nor proper substitution.

We know the following facts using the results in [5] and [3]. From
the stationary and properly ordered Bratteli diagram B, we get a sta-
tionary and properly ordered Bratteli diagram C, so that there is one
edge between the top level and each vertex in first level and (X, Vp) is
isomorphic to (X¢, V). We find the primitive substitution of Chacon’s
transformation.

. REMARK 3. We note that the minimal path corresponds to B_ o.By
in Xc.
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REMARK 4. We note that for n > 0 and k = 1, 2,3, a minimal finite
path from the top vertex V_; to each vertex v, in V; corresponds to the
base w, x of the name of a vertex v, .

REMARK 5. For each n > 0, a finite maximal path 33-.-33 with
length n corresponds to a cylinder set 7 gB"lB"I—l) [Bn.By1B,B,]. Hence
it is clear that the maximal path corresponds to T, Y(B_o-Bwo)

REMARK 6 The point B_..1Bx in X¢ corresponds to the infinite
path 5333--- in Xp.

5. Construction of other Bratteli diagrams isomorphic to Cha-~
con substitution

5.1 Construction of (Xg, Vg)

We define 7 by 70 = 0012, 71 = 12 and 72 = 012. It is known that the
shift map generated by 7 is isomorphic to the shift of the Chacon substi-
tution({4]). Since we have two letters 0 and 1 each of whose substitution
begins with itself, there exist exactly two fixed points.

Since 7 is not proper, we look for proper substitution to find the
Bratteli diagram. We note that {0012,001212,012,01212} is the set of
return words to the word 2.0 in the fixed point 77°(2).7°(0). We let
a = 0012, b = 001212, ¢ = 012 and d = 01212. Then we find the
substitution 7’ such that 7'(a) = abe, 7/(b) = abde, 7'(¢) = bc and 7/(d) =
bdc. Here 7’ is a proper and primitive substitution. We construct the
ordered stationary Bratteli diagram B’ corresponding to 7' as follows.
Let A = {a,b,c,d} be alphabet. Each letter t € A corresponds to a
vertex vy in V,, in B’ for all n = 0,1,2,---. The edges with range vertex
v, in each V,, are ordered so that the names of the source vertices in the
order of the edges are the same as 7/(t). For each t € A, the top vertex
V_, is joined by |t| edges to the each vertex ¢ in the 0** level V;. Then
(X, T:) is isomorphic to (Xg, V&)(See Figure 3).

REMARK 7. Let A’ be the stationary properly ordered Bratteli di-
agram which is identical to B’ except that there is one edge between
the top vertex and each vertex in the 0" level V5. Then (X4, Vy) is
isomorphic to (X, Tr).
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REMARK 8. We note that the minimal path in B’ corresponds to
B-W'BCX) in XC-

REMARK 9. The point B_,.1B, in X¢ corresponds to the infinite
path 5222-.. in Xpg.

Figure 3. (B')

5.2 Construction of (Xpv, V)

We note that R = {abe, abdcbe, abdcbdebe} is the set of the return
words to c.a in the fixed point of 7. We call the words o, ¥ and ¢
respectively. We get that

a’ = 0012 001212012,

b = 0012 00121201212012 001212012 and

¢ = 0012 00121201212012 00121201212012 0012012

We find the subset R’ = {0012, 001212012, 00121201212012} such that
the words @', b’ and ¢ are uniquely decomposed by the elements of R'.
Therefore every word in R admits a concatenation of the elements of
R'. We assign a = 0012, # = 001212012 and v = 00121201212012.
We find a new substitution 7" such that a = af, "8 = ay8 and
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1"~ = ayyB. Since 7" is proper and primitive, we construct a stationary
and properly ordered Bratteli diagram .A” using the same method as the
above construction of A’". Hence (X, Tpr) & (X g, Var).

Let B” be the stationary properly ordered Bratteli diagram which is
same as A" except the edges from the vertex V_; to the each vertex in
0™ level V5. We add the |a(|8],]v]) edges between the top vertex V_;
and the vertex a (3,7, respectively) in 0* level V;.

Figure 4. (B")

REMARK 10. (Xp, Ve) = (X;,V;).

REMARK 11. We note that if we constract from V_; to V5 in the
Bratteli diagram B, then the resulting diagram is exactly the Bratteli
diagram B".
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