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A UNIQUE COMMON FIXED POINT
THEOREM FOR A SEQUENCE OF
SELF-MAPPINGS IN MENGER SPACES

BINAYAK S. CHOUDHURY

ABSTRACT. In this paper, a unique common fixed point theorem for
a sequence of mutually contractive and commuting sequence of self
mappings on Menger spaces has been proved.

1. Introduction

DEFINITION 1.1 (Menger spaces [3]). A Menger space is a triplet
(M, F, t) where M is a non-empty set and F is a mapping on M x M
to the set of distribution functions such that,

(a) Fzy(0)=0 forall z,ye M

(b) Fry(s)=1 forall s>0 if and only if z =1y

(c) Fuy=Fy for all z,ye M

(d) Fey(u+v) > t(Frz(u), Foy(v)) for all u,v >0 and z,y,z € M,
where ¢ is t-norm, that is a function ¢ : [0,1] x [0,1] — [0,1] which
satisfies for all a,b,¢,d € [0, 1],

(i) t(l,a)=a

(i1) t(a,b) =t(b,a)

(iii) t(c,d) >t(a,b) if c>a and d>b

(iv) t(t(a,b),c) = t(a,t(b,c)).

By a distribution function F', we mean a left continuous non-decreasing
function from R to [0, 1] with

inf F(z) =0 and sup F(z) = 1.
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The following are a few necessary concepts associated with the concept
of convergence in a Menger space([1], [2], [3]).

A sequence {p,} C M is said to converge to a point p € M if given
€ >0 and XA > 0, we can find a positive integer N, » such that

Fp.p(€) >1—X forall n> Nj.

A sequence {p,} C M is said to be a Cauchy sequence in M if given
€ >0 and A > 0, we can find a positive integer N, such that

Fpnpa(€)>1—AX forall m,n> N,.

A Menger space is said to be complete if every Cauchy sequence in M
is convergent in M.

DEFINITION 1.2. A sequence {T;}$° of self-mappings on a complete
Menger space is said to be mutually contractive if for s > 0,

(11) FT‘szy(s) 2> ny(s/p)

wherez,ye M, 0<p< 1, i# jand = # y.

2. Main results

In this section, we prove a unique common fixed theorem for a se-
quence of self-mappings on Menger spaces. We also obtain a corre-
sponding result is metric spaces.

THEOREM 2.1. Let (M, F,t) be a complete Menger space and {T; }$°
be a sequence of self-mappings on M such that

(a) T; is continuous for all i =1,2,....
(b) {T:}3° is mutually contractive (DEFINITION 1.2)
(c) TiT; = TyT; forall i,j=1,2,...

Then {T;}{° has a unique common fixed point.
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Proof. Starting with any zo € M we construct a sequence {z,} C M
as follows:

(2.1) To €M, z1 =Tixg, 2 = Tox1y..., Tn =TnTp—-1,..-.

The following cases may arise.

Case-I No two consecutive z,s are equal.
Then for any s > 0,

(22) F$n$n+1 (S) = FTn-'Dn—xTn+1-12ﬂ (S) Z Fm,‘_1xn (3/]7) (by (11))

By repeated application of (2.2), we obtain

(23) F$nmn+1 (3) Z on$1 (s/pn.).
Then

(2.4)
F-’L‘n-’tn+k (3)

k-1
i (Fa:nzn+1 (E)7 Frpir @i (Ts))
s 8
t<Fwnzn+1 (E)’t(anH,znn (E)i . ))
s s
> t(onzl(W),t<Fxozl(W),--- )

S S
t(on:n (W),onzl (W), .. ))

Z F:to:l:l (—k—:;;) .

(2.4) implies that {z,} is a Cauchy sequence in M([3]. Hence it is
convergent in M. Let

v
@

v

(2.5) zn, — 2z (say) as n — oo.
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Since two consecutive terms of {z,} are unequal, for an arbitrary integer
t,8 >0 and A > 0, we can find n such that z # z,_1,n > i,

(2.6) F,2.(s/2)>1=X and F,, _,(s/2)>1-A

Fir,s(s) 2 t(Fua, (5/2), Fapmia(5/2))

t(Fuan (5/2), Proz,_ima(s/2)

( Fuz,(5/2), Fr,_,:(s/2)) (since 2 # zn_1)
-X  (by (26))

Since s > 0 and A > 0 are arbitrary, F,r1,,(s) = 1 for all s > 0, that is,
z=Tzforalli=1,2,....

Case-II z; = z;,_, for some integer i. Then z;_; = T;z;_;.

Let

IV

IV

(2.7) z=x;_11e Tiz=z

Let
z #Tjz for some j.

Let further
(2.8) z#T}z for all n=1,2,....
Then, for s > 0

Fszzz(s) = FTiZTj(TjZ) (S)
> F, 1,2(s/p) (since z3#Tjz)

Fors2(s) = Fromy122)(9)
2 Fz,TJ?z('s/p)
> F,1,2(s/p?). (since z # T?z)
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In this way,
(2.9) FzT;-z(s) > Fszz(s/p"'l), n=23,..

where z # Tz for alln = 1,2,....
Making n — oo in (2.9), we see that

(2.10) Tz — 2z as n— oo.

Again Tj is continuous, therefore,
(2.11) T;(T7'z) = TJ’."‘Hz — Tjz as n — oo.

But in a Menger space any sequence can converge to at most one point.
Therefore, z =Tj2,j=1,2,....
This is a contradiction, so z = Tf'z for some k. Let k be the smallest
integer with this property. Then

(2.12) z#T"z for some m=1,2,...,k—1.
For s > 0,
(2.13) FT;‘"‘zz(s)

= FT,-(T}";)T,-z(s)

> Fre-2, (s/p) (by (1.2) and (2.12))
= Tj(T;’_az)Tiz(s/p)

ZFTgc—az’z(S/p2) (by (1.1) and (2.12))

\Y

2 Fszz(s/pk._z)'

(2.12) and (2.13) show that 2, Tjz, T?z, ..., T*~12 are all distinct.

M
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Then for s > 0,

(2.14)
F,1,.(s) = FT]’.‘szT.-z(S)
= Fr,r*-1,)1(1,2)(8) (since TLT; = T;Ty)

> FT;:—Iz’sz(S/p) (by (1.1) and since T;’“lz # T;z)

2 FT;—zz,sz(s/pz)

\%

> FTJ?szz(s/pk_z)
= F(TJ?T,-z)sz(s/pk_z)

= FT,-(TJ.’z)sz(s/pk_2)

> Fra,.(s/p*™) (since T}z # 2)

= Fr,(1,5)1,2(s/0* 1)

> Fszz(s/pk) (since by our assumption Tjz # z).
(2.14) thus gives a contradiction. Hence z = Tjz for all j = 1,2,... .
Next we prove the uniqueness. If possible let z; and 23 be two common

fixed points such that z; # 2.
Then for s > 0,

(2'15) F21Z2 (3) = FTilejz2 (s) (here ( # .7)
> Fiy2,(s/p)
(2.15) is a contradiction. Therefore, z; # 23, that is, the fixed point is
unique.
This completes the proof of the theorem. a
We state the following result in metric space as a corollary.
COROLLARY. Let (X,d) be a complete metric space such that the

following conditions are satisfied with a sequence {T;}$° of self-mappings
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defined on X such that

(2.16) (a) T; is continuous for all i=1,2,...
(b) T:T; = T;T; for all i,j=1,2,...
and (c) d(Tiz,T;y) < pd(z,y) for all z,ye X

withz # vy, for all 1,7 =1,2,3,... withi#jand0<p<1.
Then the sequence of self-mappings has a unique common fixed point.

The proof of the corollary is complete in observing that a complete
metric space (X,d) may be treated as a complete Menger space if we
put Fyy(s) = H(s — d(z,y)) where H is the heaviside function and
t(a,b) = min{a,b}{3]. It may be seen that (2.16) then implies (1.1).
The corollary is then proved by the application of the theorem.
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