2%, 20001, pp. 457-476
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sampling : BSS), Singh ‘:(1968)91 B Al % 5% (modified systematic sampling : MSS),
Fountain} Pathak(1989)2] =4 H &3 S(Centered modified sampling : CMS)# F4 %

%% (centered balanced samphnU . CBS UL §(two end sampling : TES) %°| 3l

) =
o} 3l Kim(1985)2 CSS9 MSS e H%% 7—3%6& il ﬂliii(centered modified
systematic sampling : CMSS)3}, CSS2} BSSE] 7% g3t F 417 8 Al B 3 (centered
balanced systematic sampling : CBSS)& #|<}s 32
3 Cochran(1946)& oj&] WRES FE&AHE dtste do £ o238 &

7 EHE ¥ fﬂf’c,‘}’_@ th 2 & (infinite superpopulation model)& A7) 3}S1 2™, Bellhouse 9}
S CSS, BSS, MSSel & 84 & ] 8k =2 813i ok Tachan(1982)2 Buck-
95 <) —a—};'m.

m

oo =~ H
Hol ARFE) o] WL FEAT] n(> 5)°] Foln %%%Q el /€7} ”L'r\_] 3%
of Ap&3l7] A3 Aot B =Fel A AetE e Y 7Y A2 wHEI vt B
2 #BA 9 thAto] F e, o] 2 g ¥l wE Cochran(1946)c] A7 3h T3 2 23 2 & ol u}
g2g & 7|t 74 F & 2 (expected mean square error) & 7|22 gt o] Fojzitt.

A7I7F N = knsl 2R E A48 2349 S A ste NS @ ldls 158 N7t
Aol a7} Bol dvtm dta, o] N HAES U, Us, -, Uv 22 YEIHZ]I 2 1A} o]
IR A7) nQl BES HWoy gt

olA Jg EEFEUHEN YHT Bdo] olom ol F Fa 7re= =
%591 Z 28} (clustering)of] #Adted A2tatr1 8 gt thg 3t 22 A 7ER] B e ] 2e)

2 Qzpeal. zhzbel 74 o BE-e n Y B9 E S e ke JFo 2 ozt
1) 517527 t ')Sk

r\:}-’ Si = {Ui+(j"1)k : J: 1727"' ,Tl} (2 = 1727"' ,k)
2) 81,85, S,

e, no] A o
Si= Ui + 7=12, 0/} {Uns1- v + 7=12,-,n/2}
(Z: 1)27"'uk)
nol 44 o
Sé = {Ui+(j~l)k D 3=12 (n+ 1)/2}U{UN+171'—(]>1)1¢ =12, '7(" - 1)/2}
(l:1727 uk>
3) 87,8y, -+, 8¢
o, nol B
SZU = {Uz+2] 1)k . _] = 1,2,- . -,n/Q}U{UijJr],i . j: 1,2,- . ,n/2}(2 = 1,2,-~- ,k)),

nol 44 uj



SE={Uiag w0 7=12, - (n+ 1)/ UH{Uspr—s :+ §=1,2,---,(n—1)

(i=1,2- k).

OIKI 2.1: N=20, n=50] 1 wheba] k=48] 255 47taint o] 22 AolA
A gyel Aeshe T

) Sy = {UUs, Ug, Uy, Urz}, Sy = {Us, Us, Uy, Upy, Ups ).
S = {Us, Uz, U, Uns Uig}, Sy= (U, Us, U, U, U}
2) Sy = {U,Us, Uy, Urg, Ung}, Sy = {Us. U, Uyy, Ups, U},
Sy = {Us, Uz, Uy Uhy, Uss}, Sy = {Us, Us, Uy, Ups, U3}
3) 81 = {U1,Us,Ug, Usg, Uz}, S5 = {Us, Uz, Uno, U5, Uys},
Sy = {Us, U, Upy, Ura, Upo}, S = {Us, Us, Ura, Usg, Usy}

ojAl & =AM AIEE 7T ES o}
yir BAT Qe WA ©h e U7 b D e EA-E (i=1,2,- -, N)

gi %Z%]S O]—/] C}H;g %/\ ﬁkg ﬁgﬁ(i:LQﬂ"vk)
J=
yij . "I }‘"] JH&H E]—'r] ] %‘ é%/{- ([ = 1127"'\}"" . / - 172""771‘)

—.31—. nO] KZL/\%]‘ H‘H
yz] yz-r (j—hHk (.] - 1 2 n/2)
Yy = YNt 1otk = Y-k (J =71/24+1,n/2+ 2, n)
nel E4Y o
Yo =VYirgoge U=1,2,-(n—=1)/2,(n+1)
Yy = T UNFL ek T UL gk (J=n+3)/2,(n+35)/2, - n)
v = lzyw L SIote) S o) BAgke HF (1=1,2. k)

Yl '{’ ?_}4 JHA el £ (i =
2, nol w4 u
Y = Yig-uk U= 1,3,5, - n—1)
y;/] = ylflfjk (J = 27416) s '771)
nol &4 uj
y‘l] yz+] 1)k (]7135 )
yz] yl i+jk (]"2)4767771_1)
v = 1Zy D SY kel B ENEY HF (1=1,2,- - k)

Y



L ofw Ko < - -y
. ’K — o3 w
N % ol N> o
= o)l & i > < T op
2 oy i T
- _ R 25 S
Y B = 1_m i wrm
OM Ot l.l\_ —_ ﬂ. FL
s 1 N ol i
o o Al = i+ C)
< — = T m 7o o
ix SRR 2 %
T = ~ m HO —~ e X of
T & 10 ~ f oo )
~ ol - I mx e o
T w K & "W E o= #
o W L % %
i A —_— —_— & —
oj Um olp 5 ol = K m ca el = - %A
R " ; w FORT 1| e Y 5o SR g ﬁu
e =X 3 TR R 5 op
K " T s R il T o .m Tom > )
o 5 < % =~ e m S
i~ <] —
it § T g Y % o o 2 A
-3 Hz._ H;l s Py e 1:\_ = = ot
oV A _A ol s s 3 o
~ A — u Z(L I~ =] &» m o
o oA 2 _ ol o 5 o= S
— = X o\ e = o} Jﬂ_ = Ho
S ™A S 2o g ov
s K omw o 3 to
(p.b\ = QF vt ! v [}
e = J_/n m N W = Sy
R P R & o = + 7 A
A o vz £ T %o O
N o O ey c} B
N4 & . Il =) o ol 2o 4 ol
S XS oz gomP %
‘Mia‘ul e — = HLLOB Y nEme
S 3l ~— N —_— B ‘:.._
Ho_am X ﬂzf_/ — N o
o T opay ~ g % NI
& e Eny B il %O ol

(3.4)

(3.2)
(3.3)

} Yin

2i—-k—-1

2k(n—1)
2
('yil - ym)}

1

n

[e]

=
2%—k-1

Yi,n-1+ {
* 2k(n — 1)

z) 2k
=

H
1

[ B
n

p—

pu

5]

©

=128
=]
Fot

2

)

1
Yir T Y2+

n
o
=

o}

r

Z

}
(yi1 — Yin)

2i-k-1

T -1
20—k —1

TN

1

&

'g .

2}(mean square error) 2}



3) ¥ AHF 3% (modified systematic sampling MSS) (Singh et al., 1968)
52 T e FAYUE Yot AEAT G VY E FH I fnoas YO HIHEEH
golu}, 4k
1k
V{Gmoa) = 7 Z (3.5)
g 2

4) 2 (balanced systematic sampling: BSS) (Sethi, 1965; Murthy, 1967)
S F T otUE FAAZ Yot BEAT B VE FHIT g, Vo) v gkiy
]

&
1
V(Gat) = ¢ ZI: (3.6)
& Deg
5) T4 A& 5% (centered systematic sampling: CSS) (Madow, 1953)
k7b Zol® He Sy, ng 32 VY 2828 §.,2 5 Yikr1y2°1 ™, HEF
B(gccn) g(hl /2 -Y (3-7)
o A F A}
AJSE(@,_/C(W) - (Z:/(A~+l),/2 - }7)2 (38)

~ .
k7b #aold F e Sy 0% Sy & SUE Bt e 7zt 1/2). Geene Gapp

B(ﬂccn) =

MSE(Yeen) = % {(@k/z =Y+ (U1 — )7)2} (3.10)

(Grs2 + Grj2r1) = Y (3.9)

6) TAHE A 532 (centered modified systematic sampling: CMSS) (Kim, 1985)
o] W& MSSe CSse] /g A Aoz, MSSE “2438 3 Rolatq & 2 g
o}
KPFEFOIE W 5, & WETh 28 of B 8, 0 Sy, B8e U5
st 2 CMSS+ CSS$} 28 Hhyol #rt.
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k7b Aol bzt 1/29] SR F 2 5] ,9 5, F S Wedh Vo 4
Yom= Y2 =T yk/2+lol wm, HE
_ 1 _
B(ycm) §(yk/2 + yk/g* ) Y (3.11)
ot A F 23
MSE — . 1 ~1 _ }7 2 —1 _ }7 2
(Jem) = 5 (Fis2 )"+ (Frjosa ) (3.12)

7) S4B A% 3% (centered balanced systematic sampling: CBSS) (Kim, 1985)

E %B Set €SS9 /Nd-& A 322, BSSE Z*’i}ﬁl Zloltth.

k7} Z4ol™ et S&H)/z% Wt o o] AL S//Hl /2‘_ Sikiny25 B3 42
sho2 CBSSE CSsel e 4 ol et

k7} Bgrol . Zhzt 1/29) Q%i T A S S, TS Bt Vo %
Peb = yk/z Ee yk/2+1 | =, #Hek

_ 1, _
B(yer) = E(yg/z +Uijpr) =Y (3.13)

MSE(Yaw) = {(3?1(«//2*?)? (Trjae1 — )—/)z} (3.14)

[SeR=

8) & ¥ ¥ 3% (centered modified sampling: CMS) (Fountain®} Pathak, 1989)
12 6)9] CMSSeh o] Bl 2@ ulg-2 than], g} Zo| gaith nol &
Fold 3)9] MSS2 E¥S Werh nd} 7} 25 o™

{Uiii-tyr Unvicicgoie 17 =12, (n = 1)/2} U {Uns1y2}
g XE8o=2 ¥ouw no] EF0l1 gy} HagolH
{Uie-v> Unsioioip 13 =1,2,-+ ,(n—1)/2} U{UM}

S ¥erh 971 ML N/2 B N/2+ 1o tH(#E S 742} 1/2). CMSe| o & = o)
TR EEHT)E ALAEY ol FE WA JonrpE VYERA 7] Z SHCE

o

9) ¥4l 1% 3% (centered balanced sampling: CBS) (Fountain®} Pathak, 1989)



o] W% 7)2] CBSS¢} 87
Folul 4)¢] BSSE #2223 Hreth n¥ k7F BF Bl

{Uiiag-ve, Usjpsr-i 23 = 1,2, (n—1)/2} U {Uns1-(kr)y2}

€ BEEOE Hov, no) E5ola koh Aol

{Uivog-1ks Unjrsr—i 0= 1,2, (n—1)/2} U{UM}
Suet Q7N ME N - k/2EE N4+ 1 -k/20|tHEF S 242 1/2). CBSol| 93 =
Wit FHH(EEHT) S AMAEY o] 5 WA JorpR YEHZIZ &Y

= (two-end sampling: TES) (Fountain®} Pathak, 1989)

{Ui) UN+1~i t1= 1727 T 7”/2}

il

E2oz Wt nF k7l BF E40]H

{Uis (]N+17L i=1,2, a(n - 1)/2}U {U(N+1)/'2}

Solw

tlo
i)

Fow, nol Zoli k7t

{Us, Uvirii=1,2,-+ ,(n = 1)/2}{ J{Un}

& BEvh o714 M N/2 8 N/2 41 o|th(E& S 717} 1/2). TESe] 9§ waiwe)
“;—F‘Xé aok(gx_ﬁoj \_)% thc:si "}'E}LH 7] - §}L}

(o]
<+ ﬂ*l ob_ZP Cig= ] W2 Kim(1985)9) CBSSE Al &8t HES 23 3 mEd
= e}

N=28n=7 k=49 ZAFZ d& o M2 FHYYS dEs72 gt} &
CBSSa WA Syt S & ’}‘4—4 J@?% e S = {U, U7yU107U157U167U237U26}

._._4

o N Uk MR R

= {Us,Us, Up1,Urq, Urg, Uy, Upr} @1 B2, S ool 1= @] EL W3 & FalH 1010
5"4 745 1020] ), By chol] M A7} EA st 7 Foll= o] F A U] A gt 2ol =
3 F= Fol FL Aottt dysty, F7hste A FA ] F ol dWNITE M

o)

é

dil

UEMEE 4 Welzk o 2 ge 2t A%e] donz vse Wi Fol 2
o] At etk 2 PR 271 Fa, FLst AFEA B Felt 1w Aol
mFolv. mehd Ged HEAR g e At R0 248 9B LR VE 3



464 HE T, A2
3t o) utg A& oot St W3l A ol yioth Al “yios” T 2AY yisthA “yss” &
23, S57F B3 Aol e yntAl “yios”E 2AY g9t Al “yi557 S 2 FE o] o] Fojzl
th 22 A7 yios9 yisse= A ZE 28] & 7HAFA Q) grolo).
Sy7F BB B F yosE v visE N FEE F ok B S 2 g5 (1/10)
(9y10 + vis) 2 FE ETt. Wb yethal o] &g *}30}@1 Y&
i 1 1
¥ (3) = z {y’) +y7 + ﬁ(gylo + Y15) + Y15 + Yis + Yoz + y?()‘}
1
—/r'
_ _ 4.1
V2t =5 == (Y15 — Y1o) (4.1)
o7 FAHE & UTH B2 WA 02 AT, yissE AR E A F yiss e (1/10) (yis +
y3) O 2 FHEBE yth A o] & AEdd Y E

= @},
si7h el

(1/10)(y14 + Yy19) 2

2 FYE,

1 1
gy’ (5) = 7 {92 +yr + Yo + y15 + E(9y15 + y23) + Y3 + y-zs}
1
= o+ o5 (ym - vs) (4.2)
AAHE WA e, SEvF el A9 vel 23S bzt 1/29) 2
i , 1
U2 (3) = ¥ + =5 (v2s — yzs) (4.3)
7o (5) = Gy + 70 == (Yo — as) (4.4)
Aol e, y0sE (1/10)(ys + Yyn) 2 F3b yu Al AFRSEAY yiss S
7 3]'04 Yo A ALE3} Azle] A Ve
g 1 1
37 (3) = 78 + ys + E(% +9y11) + Y + v + Y + 927}
1
= g - %(yu - ) (4.5)
kel A S e
—l/* 1 1
37(5) = 7 (s +Ys + Y1+ Y+ 1—0*(?414 + 919) + Y22 + yor
_ 1
= U3 - 70 —=(y19 — Y1) (4.6)
22 AL WA eI, SYOF Ml A - Vel 3 gke bz 1/29] shg
— % —t 1 ' "
73 (3) =05 — 70 = (Y33 — Y30) (4.7)



e
G =8 75k~ v (4.8)
7 et
O] *o‘"‘g} LH%‘% %15}6—}'% E}‘%‘-ﬂ} 7?51";}‘ k7}- 3.31“5?—0]_',1 no] 5 O]}\o}—ql jez_/r_?l 73_?_ CBSSOH
olsted shutel Wehe Wevh F, 24 129 482 F Y& 5,9 57, ¥ HE ¥e
Vel 2o 2 S, WA ARl E SRHEE §L,0), 50), o #j(n-2) F
g dotel Abgatnl 5, o BE Aol DA SEBR G, (3), T (5) . U
(TZ - 2) 3 —6]'1’]'% @15}@1 A}%ﬂu} Eh of 71 A
@Z;z(m) g;Ll/Z + 2n(k n 1) (y}\/Q m+1 y;j/z m) (4 9)
0]1
. ~ 1
y'k//-zﬂ(m) = yg/%l - m(yi«{/zﬂ,m - yx/zﬂ,m—l) (4.10)

o|t}. o] Y-S CBSSI(centered balanced systematic sampling with interpolation) 2 U} E}
W7l 2 skxh. CBSSIel 2l gt Yol %4 %8 g4, ot¥

P(Gon = Tiia(m)) = P(Getr = Fita, 1 (1)) = — (m=3,5-,n-2) (4.11)

o] =% st Aolth ot THE U Be WY FRAFLAES ZEThE AL HA 2

& gk
— 1 ~% —H* {/
Bljn) = — Z {iam) + Ggaar (m)} = ¥ (4.12)
_y2 _ 32
MSE(fen) = BZ[{Q';; m) - ¥} +{y*§:72+1(m)~Y}} (4.13)
B e e m =35 n-20 AR A &L eAvjeinl, o w nlaisbx ol
m
.

o] Aol AtH FHHHE AA ZAAAME A L8 F Ut £ AFFEHE
Sryel dFoldn €+ Yed, BeEEue 9H F shish e ol 4, g
£A70] YER(Z QBN MBS ) ahe Aol 22, ole @ BN 2 ol % % 3
2ol #¥E RFE Zo| v goletn &+ Aok

5. PeIXZAE TS SIHMSl BANZLXC| JICH&Y

o] Hojl A= Cochran(1946)¢] A7Hst F 2R R EH S AL L5t 3 T 44 A =
2] W Eof o & Rl 4 o] H A F 2 2} (mean square error)] 71 HE S

9

;'7_

o i

o
o},
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yi:;ufi+ei (i:1,2,--',N) (51)

A7IA e 19 TFolm g AT oA Ee) =0, E(e?) = 02, Elee;) =0 (i£) €
W) olth B Bz Awe] 27 7vhake ek

ol A EEl pot eol] T T 28 48] Gl A 2L oFale] 7158 AMESHE
g}, of 74
[\f
- 1
B = N ; 253
Mij = Miv(j-1)k
I R
Hi = o Z/Mj
i=1
=% ( ) =1 + 1 ( " _ " )
Mk/z Hi2 ——Qn(k+1) Hij2m+1 — Hkjam
/:L”* (Tn,) — ﬂ” _ 1 (M/I _ /.L” )
k/2+1 k/2+1 Qn(k & 1) k/2+1,m k/2+1m—1
So|ch.

olgfgt 7|55 o) /MY E, 2 38 4ol A B3 HAAFLAES o) &ty
s 2e Fel s 42 7 Ak Fele T F50] Fol 3l

ol 5.1 4 (5.1)S 7MEE o, g HH S o BRF Vo 23 Fe] BHAF LAt
A kEe e 2ok o, 471 A= o(1/n - 1/N)o|th
1~
EMSE(¥s) = EV (i) E;ml—u)%ﬂl (5.2)
EMSE(§e) = %_k"H- s A+ 2)(’“2_1)53
(Gec) —kZ{ mﬂzl_ﬂm)} + 6k2(n - 1)2 (5.3)
k
EMSE(Gad) = BV (nad) = 1, S (8, ~ 57 + A (54)

‘4
I
—

EMSB (i) = EV (a) = 3 S (] ~ 10+ A 65



Ggpanm— )+ Ak EF
EMSB(ge,) = { e — i+ A G &) > (5.6)
3 {2 = 1)+ (e — 1)) + A (kB F)
~ Ay = 1 — PAY — P |4
EMSEen) = 5 { (o = % + (s — 02} + A (ks %) (5.7)
o = 1 = PAY =~/ =
EMSE(Ge) = ) {(/1/}1/2 - #)2 + (/L/i-/gﬁ.l - li)z} +A(k: 75,&]1:‘1:> (5.8)
T 1 e 2 1% RE 02
EMSE(§ei) = n_3 2 HMZ/Q(T”) - H} + {Hk/zﬂ(m) - lt} } A+ m
(k- #a, n:5olde &) (5.9)
5.2. MASFNE 2= ZEHC| &=
pi = a+bi (a9 be T, b£0)R) B, F 7 FHEEHT R
y=a+bite (=12 ,N) (5.10)
A ASE Az B ev 518 22 20 & BEA 7= 2atgoln} o] -7}
vt 2 kol ME EA7F EA8te 2 foloh
o W Ed o3 nald PG HaAFA MUgES 3] dg Fud
AZ oot 22 HES <s 5 Ut
p=atbi (5.11)
b
[L:a+§(kn+1) (5.12)
pij = a+b{i+(j— 1)k} (5.13)
b k+1
= a+ B(kn+1)+b(i —;*> {(5.14)
o) af %(kn +1) (n: &) (5.15)
’ a+ Shn+1)+ i85 (n:E&F) ‘
o ) atglkn 1) (n: 2) (5.16)
l a+§kn+ 1)+ L6058 (n:&F) '
agjn B omEel A Alke g B e AERAM, k7 Bgolinol 50)440 4 o
o AEe] ot (m=3,5,--- ,n—-2)
1
By jami1 = H1-k/2+(me ik = G+ b {1 +(m+ §)k} (5.17)
1
Hifom = Brjasim -k = @+ blm — 5)k (5.18)

2
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1
ILI}:/2+1,m = Hg/2e14(m-1k = o+ b {1 + (m — 5)/‘} (5.19)
3
Hifziimt = #1241 o1 = @+ bm — 2)k (5.20)
i _ 1 b
By (m) = by + m(ﬂﬁ/z,mu ~ Bij2m) = o+ glkn+ 1) (5.21)

e _ 1 b
Fyzea (M) = figoy — m(ﬂléml,m ~Hri1me1) =0+ 5(’6” +1) (5.22)

He 57 5189 Helg o] £otH it e ANE IA ) gell M9 2ol
A= 0%(1/n ~1/N) olth. A (5.23)%-€ 2] (5.27)7}A] & Kim(1985)3} Fountain¥} Pathak
(1989) Al Lozl ZAolw, SinghF (1968)ol| M % DF FALgH o] ozl u} i}, 4
(5.28)2 4] (5.29) & Kim(1985)0l 4] Lozl o]t} 4] (5.30) Fountain®} Pathak(1989)°]
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Efficient Estimation of the Mean for Populations
with a Linear Trend : An Extension of

Systematic Sampling *

Hyuk Joo Kim! Eun-Yang Seok?

ABSTRACT

In this study, we have proposed a sampling method and an estimation method for
efficiently estimating the mean of a population which has a linear trend. These methods
involve drawing a sample by the so-called “centered balanced systematic sampling”, which
is an extension of systematic sampling, and then estimating the population mean with an
adjusted estimator, not with the sample mean itself. We used the concept of interpolation
in determining the adjusted estimator.

We compared the efficiency of the proposed estimator with those of the estimators from
existing methods, under the expected mean square error criterion based on the infinite
superpopulation model introduced by Cochran(1946). The proposed method is for use
in the case when the sample size n(> 5) is an odd number and k{the reciprocal of the
sampling fraction) is an even number. A good result was also obtained in an example

using computer simulation.

Keywords: Linear trend; Centered balanced systematic sampling; Interpolation; Infinite

superpopulation model.
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