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Outlier Identification in Regression Analysis
using Projection Pursuit

Hyojung Kim! and Chongsun Park2?

Abstract

In this paper, we propose a method to identify multiple outliers in regression
analysis with only assumption of smoothness on the regression function. Our method
uses single-linkage clustering algorithm and Projection Pursuit Regression(PPR). It
was compared with existing methods using several simulated and real examples and
turned out to be very useful in regression problem with the regression function which
is far from linear.
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slAEA M o) date] EA AR —5‘:—‘]—4 Ao B2 IS v AH ol o] F 2 3
BAo Mo o]zl Ao Ui BE A7t o)FAA gt st olitgko]l A& Ao HAE
HAl o) AdghE ’ﬂ‘ﬁ% Ae HHE 7}]‘%}545\’12‘4, AA ] ol Y ol dgte] &4
oz & 5 gith ] el thF ol dEgS FHEEA AW 4 e AEE AT, gE-E
o A% AH 5’\1‘“ of Faol o) ol g oldgke] obd go= AW AY, o] dgkel
old kg old@peE *‘%5}5 A7 A dot HAAe F9-E 7 & F(masking effect)
st Txte] A$E #HAS5 AN (swamping effect)et ok oA & o)At o]atzte] &3}
7S 23 FTAES HEE7] A% A2 AFE Uiy AHRI)2 A
Ay FARAA Y thF o]da AHEYHESY HREES Fo4F AEE oldgte] XEHA &
& &5 ¥ (clean set)T Hl-EFIFLE FEIE WYY YE F1 Uk A A
HoE Gentleman®} Wilk (1975)o &3 HE& AAHAL™, Hawkins$} Bradu 231 Kass
(1984)& ol&l & TT%‘J?"i o] FolX 7IEUYHE ol &3l A LA FRE AT MY 2y
Az A o) dFES AHIE TAE AT £ TR FE EH2EF X FAHFE
£ o] 83y 7}-78‘.'91-"}9*} H4ENE F43sle Y B AAHR e, Bradu®t Hawkins (1991)
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Rousseeuw (1984)9] 2 F43 AFS ol &3t o 712HFY /MdE AHEsAY &
Hadi¢} Simonoff (1993)% 9l <& AAl" &Y o] dat(single outlier)*d-& o] &3st= WH,
Krasker$t Welsch (1982)9) Z2W2E 3|9 FA W Fol Art Sebert T (1998)& A 3| Aof
A Aoy &g Azl 9d 94 TIEH S JEso o)A e AEEArt

Marasinghe (1985)& 7129 WHES o ¥ &= etz (multi-stage) HZ W | Al
e, o] HHE UE B A4S 73t ©He] Adnk o] Yok Paul®t Fung (1991)3 2
aA wHHE A A

H -8 HAEN i tF ol dgt AHEAL
Hardle® Gasser (1985)7} ©]/dgtol |3F& w2 ¥+ -
Naes (1986)= 2 ¥ o A& Ze 48 &3
] Gasser, Sroka 283 Jennen-Steinmetz (1986) & Ade #AEFEY T e F F
3 A QA7 JAQA fFAFEHpseudo-residua) & ©]-&3te] o] FFET of-F4te HA
Attt Simonoff?} Tsai (1986)F YHrE<Q 2HAE HE o} olidgte] FAE 7HR L B& A-AHE
HoH(FARes Aavelx HIW)E AAsdt. £ dutst Ay 2y, 1 FolME 53
2228 238 w3 2L AFSo] o]FoA gon, o7ldE Jennings (1986), Follman
Lambert (1989), Bedrick®} Hill (1990) 52 {A-+71 o

oy 71Ee RE AFEL AY EE v-AY FATTE AAA MRS o) dg s AEE
= Wy Eoln watd olAgtold HAE IAATFFANA Judoez e Holx e AZUES
oju|sti gt

B =FdMe AT gejol g 7H3E X @1 dA HES deate sPEsA o
AEE A tesAde 1A IATFY FAAJ] FHed diE JHg, dE W AFES
U H&E A4S (canonical link function)& 2t ¥old 23 T2 71Ao] glo] ©x HETsohe
TV stoll A o] o) dgtoldt FEg NAIATFAA AiHoeR de Bz FSPES Avdn
¥ T U

HA A2HAME o] dgkel g 71§ AHE ARy B A7 AlEd FoE UFAL
o, A3doME B =8dA nddln e B gundFe d&] AR v ge g A4
HolMde B =FdA a3 dHEe] §84S EAEY HAASES Tl AHE %o
AES As5dd ¥Rl

ot e

Manski (1984)9 ¢jste] Al &E}om,
Z A Z(kernel estimator)S A A&l
28] dist o]t AEE nHIAL
A

1m r 10

2. 2g 2 o] dgkel did A9

AENA AHE uviet Zo] FHAHAEAM o]t HE B ATELS AFE A- ¥ =

Hl Ay AT Ee AARFEE HAGT o] Yoy FAFSF HFS FI FIAHA
o] &3t o]fghg Atk mEA ol FES FHAF IAAFolM FHHos He ¥
BEAE &, FAV & BEFEHT AT 5 Uk 2 HAFAGT FHol AF vt
e Atde A% & 71EY Age 9 o) FeorstA o A4 v3n 22 IAR
¥

o&.?.rzirlr
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Ex19 4% w4 deold. waAd g kx19 nxe 24 wEs}t @b 7t zte] gas)
ShehdA B AMgE ErW ER4E aolztm A of w ol 4ze Aoy A
HARYAN WaY 7HYe e gk

s rir rir

AR, HARSE fE 3 B(smooth)sHTh,
A, ol4gte] £t AR Fo vEYe 9 FHoz Ay,

A AR A EH’W}TCHI W Agzdolt. BAGTE AHH] &A] RdhEs 74 s el A
ATt B3R X B ol W Aoe A EVFEIA €dh wed dAgs
o 2ad H2ge 7ML T’é%*ﬂl H9, o] % & #E5%ELS EY 4 F(smooth trend)
YehlE AT FHAM #52 Aojth, 2R oAYES BT AT B
s ool BEPER "3742} AT BEE FATrE Aol glo] YA ®Ite S4E
A doe RE 2, &8 F48A WA gt MM BE5HE FSUES oY
FEZ LT 5 Y& Aok & =FolA Y o) dge At Z2 M olugE AR Ao
o

(el ol4zk - & WA AN FrHoz Pe) "ol BZFOE A
e BYYE AAE BEY

T oHA AFERAL o]k AVd #F AFxoltt ot ok A & vy
S o oY w7 BAH sRY guy, A FHS AR A AAGS FHo)

ohd, o4zt AFl % ol ggel W HAWS F4ol A Aotk WA olagel £
AAAE A4S & QAT Al v Ao Hohs s4go) Wasy ok YA o
Ak AEPESAA GRE AR A Aol

ot

3. dugE

Ao AAN AT o BFEL Fohhyl A YuYF S VAN AWu 7 A o
@ FAHY W8S BFI2 B

SAL olAgke] e £5AY ML BE

9 A2, 95237 (Projection Pursuit Regression - Friedman® Stuetzle, 1981)& o)
43 &Pz RY BYo] Wad HyussSe NyAY R 2=

BA3. BA20M T B xe yol 715 Loess (Cleveland, 1979)8 A &3] oo
2L 1AAE Aisn e AR LExTEoE Ugdn

— Loess( ﬁTx) _
oV 1— diag(sS) *

d,’= 4
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Loess® 7}5 % ={ (1)’001 zz%
—~2 RSS Loess
=

RSS [ oess | Loess® Za4A| 33
S:H&E7 YL, h: M9 =)

9A4 (h+1)dR 271 337 QAR gD, h—k-us) BT Z0E (h+1) WA
BERE YT UvA BERES olNFoT Awsn, Fod A
(h+DaA B2%e F7hsted BAYE oA wEEh,

Zt GAE FAHoZ AHHEHA,
A E Y 93 2IEHE o839 &4 FAj(clean set) Hl-TF I F(non-clean
set)S A Ik LM xHFETN yHSE RE BEXH U 4 nHd JEFS

Z=(X:V)@sx 0|8 EZH8 AL W=23'8n A o] ¥ X anxk golx

YE ax1 WEH7 99 = var(Z)oltt. Wel disid dd 9428 THWHE o) &3t z7)
&4 1% ML Z2A I 27 &F AY Mo e (ntk-1)/29 A5 FE2A koo,
o] W& Simonoff$t Hadi(1993)7} A8 AR g o] ibghe] oA AHE7 Wyl x|7h

ARG tat 7t WA gorg B =FJdME £3 glo] AHEE F Uth

GARAAME GALAA FHold 27 es AFE ol 8o AT Fad AFAFES AHY
2 37 (Friedman¥ Stuetzle, 1981)8 o] &3le A Hrh AHGFAHIAAAME 3oz &
7] olae MBAFS(HYWUSFE)o] B3o] EFHAT B =FdMe dvte] AEFAFx0]
Ho| W32 oA FAEA dr

G A3 E GA2A FopA MEAFA I F4 AR (Local Regression Model :
Loess-Cleveland, 1979)¢] &) olaiA 7§ od=g3 #=3 3,9 #AolE& T3 FFFAZ
o ZAARYL FolF AuMse 2 FAHLE MF J7hE €A 9 BEHHE
NEIARY S HALeE FAFS EE F2Fo 98 HL3e vEsH JALE FEA B
YA 02 LoessE TF3E B TFHY HIVNEL 42T FF S B3HFE 53 Sy
Pele A =9 ot UwrH M¥EIAY H=X(X"X) "'XTd dgsts Roer AAY
At} E23lE 4,5 A¥3AY EAYET HE Y] PEA SE dAst] ANHAUH.

QutE ol &7 (smoother)E CIAFEN & FAsA o Fert wAEE £ ok 549
Ble] FAT WAL oAz HAsA A EaA s g s olHE HEvle &
e &4 Ay n-a5AFd e AFRL Fo ARG F &FAF 23¢E BEH 3%
e 2 A2 3, -3 deMe dddez 2L @S FA d0 HE
Zte H-£5Agd TaEe] e AE R oligtad osle IAFF] FATFA BB
Z:(smooth function)7} F2A3] #Maste AL WA Hu, FAld & Hg9¥se] Hed o
3t o Zzk(prediction value)& AlF3tA €.
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Aoz BAIME BASNA PR 4,8 (REe] AR wmste ol a@;e 4w
s 8k d,Ee B9 Belbias7t FAY A2 A P FuAon PEE wmar
Aoz Yeid gon (Hadle 1990) t2Ee] A4EE YA FB71Y AFED tr( )9}
gl £8 2eiste] AUSAT £G AL GAA &5 A%el 21} wEgke a7
w3 27 HE ol ggel Yt ACE B

3.1 7ksstd A Fe] 43

GAZANAM ALEEHE T4 AR F(Loess)NA giEojod F23 BEAle AEzd ggE
(bandwidth)®] & A o]t}

T ZtEae A AT FAH ol dFgEel FFE WA FowAH EE BEHHEA
& dEgs ATAES AAHojof gt WM 7tFHS e8P % g FHo) FFL =
T e -7y ASHEY IS HagEe WFgeRZ F ovl-FHTo 23H
e A REE o]gtEdd o HE F7t g8 A Hesle RS WA e Wtoz 4
lojof gt} EF HAYYPELS T FAH AlEHE Jrli%l o] A= AFHE st
&g AT FAW, Y HoMeE S B dESAe ATHFH K 28y £F
A%} v-cFIATY ZE BEZZ A IAE T3] HEH*1 EE BEFEA U3 =3
o] Wasich s Ry A &I TEEE AZFE Y EFE 12 39 e
AS vl-ExAo 28" BSHE S shFgko] 00103told Ao F iR AL FEF24A
71e Aeg Uewt B =29 4dAsdAe H-FdTd d 7tE3S 00012 148l
AFEBE R o 0.010]3He] o gk kg ARt E Ao ¥ %A "o

IR oz AHG gZe] A4 EE—"‘, A A, HH ':°ﬂ FYgS Pe Aoz @
HA ok AT FAHE A4 dIgEFS AFEA HAs =1} “}E} AHe AT g
7} @k x A "o} ol 4 #te 4 Es] -r]?fﬂ AbEE e FEYd o3 FAFHE AT A4 3
At Azsid, 34 AT ondn JES FHE Role dAZS HAsE Ao
A Aotk g F 9 Al E EFstn F4 AT ot vlnds HE3 JegeE B
ojAl HW, AEEE o|FUEL E AolE HolR ¥+ AL AHE £ Jd uel] W3 HY

el eje] GAES AlgElE ol4de HAsA Ad” Aol ¥ =RME ydZoz
A A2 UE H&(span)e AEHAT GaA ddZo] 16 HeSE H¥A HARS
qeE AN "o dGEe Aro we ARIRoH AN WEE 72 Aol wet oA
ARz Bt

4 RIAE 2 AAAE A

2 oM e IAARACAY o4 AEE Y B =34 AAE dhEn &9
LMS(Least Median of Squares) %%, HS(Hadi¢} Simonoff) ¥MH-& =ojxtael AAARE £3)
o vlaste R7|12 ok Mo+ Hadi®t Simonoff’} S-plusE o]-&3le] 2Ad Zz2 188 B
=29 o R & At AR
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41 2oAx x5 1

2oARF 1AM AE3ARZYEY 7tAHo] B©HZI AHfd 7= WEHY HuE Hdto
Hawkins, Bradu 22831 Kass (1984, Table 4)2] 714 A AEE AL&39} o] A= 713
32 Jehli= 10709 o)dghol 3=l glow o]igto] ofd 49 (i AFTEHE g
YEZE 5o glo] M-3A4Y, x4 A (sequential deletion) W¥ 5 B Wy Eo] #EA 1-10
o] o)A S A u AdstE Aoz <A rh

o] Ago EFHo YE 10719 olAge HFHew = WYPEZE Hawkins, Bradu 28
3 Kass7} A A% 9y, HS W9, LMS ¥¥ Soly & =FdA AAE Uy FFsAs 0001
NI EL 06) £ 10709 ol FaE FF3] s

42 7 olxtw 2

2R 204 H-AYRY) A9 A5 RYE

y=exp(x;+ 23+ x5+ x4+ x5) + &

oled, x,~U(0, 1), e~N(0, (0.4)%) o™ 10071 BEAE =oFF sgct 23z gz 17,
20, 33, 40, 46, 77, 82, 83W A F}Eo| 8& bt ol e AAAAG <a¥ 1> FHE A
WSS MEATEFT NS gEY MHEY AAE W oM =AY AATFE ¥
Fatn Uk ol AUELS FA FAMAA FdH oz "o g AEFFoRE aFAA A
aaE £ o

LMS W2 8719 ol gzt o1l 2070 ol gkel old FAFHHE L ol dgte = s, HS
W e 28709 #EFE ol d@em At AMAlE WHE 17, 20, 33, 37, 40, 46, 77, 82,
83 A #AZE ooz AEEHT. LMS W HS ¥y ol d#e Fd Adigon
ol A¥RFe s1Ao] 3R F& s AFRFS AFAN AHE2 AZE AAE F
He 37HA #&g 4e AR AEdgen ddEL 038 AR

<a¥ 1> 8% $3E A2, 7S5 sy 24 243
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43 AAA =
AHE® A E+ Brownlee stack-losszt&olty, MFEAYHI 23 Wi #A=27 1, 3, 4, 21
ol ggre 2 st A Tt (Andrews, 1974; Hawkins, 1980). #Fd, LMS HHd & #2321, 2, 3, 4, 21
HS ¥y #3531, 3, 4 218 oldgtes Adsdn B =FoA AAg e godZe)
fﬂr"/} Ao o]zt Ut A4 g FHo] 05-072 HFole B2 4 212 082 ASE B
3,4, 218 1831 092 ZHSole LMS Wz Zol TE3 1, 2, 3, 4, 218 o|Agor Bdatg
c},
AANE HEe g Zo uet Ao HEA Ha a1 gto] FHe 73*?-"*]% ZFo] AuHez
Ag FAo] Ho o] idgte] 7 AUl oz HojAA HY gho] AAFF HXMo) AHAA =
o o]y FE Bopx|A 4

5.4 &

71& 9] °]’b%l‘ AEUHEL 37 REE /AR, 7Y R A3 A A
S At wEtM, ¥ i stAe] H -SR] A HA Z&Ho
< ﬂ‘é@ F g9A droh
AAE BYPE AAGFAE AL P o3 FHE S ATFE o] &3l o)AFgS Hdsn
At 4. wetA A 2Eo] g sAA 2AT F e EAE HAEY £ Ay 2
W g 8HE AR wZed JHEaT dgEe Hdgo] ZA7F ") $2E olgd EAES F
oz dHFo met =Y IJATFIE AA 5]?11—2}-’?-3}31 AAQs 1, e v-eFAgel F
AE AT A TS HAFeHA BRE BE5gd U dEFRE ATIE 2AY
o},

AR AL FA 5= 27 olAe] HEAFE XdsE By FET 4 oy B =R
Me sty AyEATe] s AT nEsgdoy Brixe BAYE HATIGE sy oA
of HYAYE Ze A2 F24E 5 Ak wHA F ) ojide] M¥ATol R AP A
of g A7 2.8 Aoz AT g oA T 4,59 Hoge A9 E“o“ﬂ |
e FgAlele] AAE & 5 ATtH FFH(leverage point)ES st o AHgE £ ¢l
ot}

tio
N

b TR

[1] Andrews, D.F. (1974), A Robust Method for Multiple Linear Regression, Technometrics,
Vol. 16, 523-531.

[2] Barnett, V., and Lewis, T. (1994), Outliers in Statistical Data, John Wiley & Sons, New
York.

[3] Bedrick, E.J., and Hill, J.R. (1990), Outlier Tests for Logistic Regression: A Conditional
Approach, Biometrika, Vol. 77, 815-827.



640 Hyojung Kim, Chongsun Park

[4] Bradu, D., and Hawkins, D.M. (1991), Sample Size Requirements for Multiple Outlier
Location Techniques Based on Elemental Sets, Research Report, 1-17.

[5] Cleveland, W.S. (1979), Locally Weighted Regression and Smoothing Scatterplots, Journal
of the American Statistical Association, Vol. 74, 829-836.

[6] Follmann, D.A., and Lambert, D. (1989), Generalizing Logistic Regression by Nonparametric
Mixing, Journal of the American Statistical Association, Vol. 84, 295-300.

{71 Friedman, J.H., and Stuetzle, W. (1981), Projection Pursuit Regression, Journal of the
American Statistical Association, Vol. 76, 817-823.

[8] Gasser, T. Sroka, L. and Jennen-Steinmetz, C. (1986), Residual Variance and Residual
Pattern in Nonlinear Regression and for the Detection of Qutlier, Biometrika, Vol
73, 625-633.

[9] Gentleman, J.F. and Wilk, M.B. (1975), Detecting Outliers: II Supplementing the Direct
Analysis of Residuals, Biometrics, Vol. 31, 387-410.

[10] Hadi, A.S., and Simonoff, ]J.S. (1993), Procedures for the Identification of Multiple Qutliers
in Linear Models, Journal of the American Statistical Association, Vol. 75,
1264-1272.

(11] Héardle, W. (1990), Smoothing Techniques With Implementation in S.

[12] Hardle, W., and Gasser, T. (1985), On Robust Kemel Estimation of Derivatives of
Regression Functions, Saandinavian Journal of Statistics- Theory and Applications,

Vol. 12, 233-240.
[13] Hastie, T., and Tibshirani, R. (1990), Generalized Additive Models, Chapman & Hall,
London.

[14] Hawkins, D.M. (1980), Identification of Outliers, London: Chapman and Hall.

[15] Hawkins, D.M., Braduy, D., and Kass, G.V. (1984), Location of Several Outliers in
Multiple-Regression Data Using Elemental Sets, Technometrics, Vol. 26, 197-208.

[16] Jennings, D.E. (1986), Outliers and Residual Distributions in Logistic Regression, Journal
of the American Statistical Association, Vol. 81, 987-990.

[17] Krasker, W.S., and Welsch, R.E. (1982), Efficient Bounded-Influence Regression
Estimation, Journal of the American Statistical Association, Vol. 77, 595-604.

[18] Manski, CF. (1987), Adaptive Estimation of Nonlinear Regression Models, Economic
Review, 3, 145-210.

[19] Marasinghe, M.G. (1985), A Multistage Procedure for Detecting Several Outliers in Linear
Regression, Technometrics, Vol. 27, 395-399.

[20] Naes, T. (1986), Detection of Multivariate Qutliers in Linear Mixed Models, Communications in
Statistics— Theory and Methods, Vol. 15, 33-47.

[21] Paul, S.R., and Fung, KY. (1991), A Generalized Extreme Studentized Residual
Multiple Outlier Detection Procedure in Linear Regression, Technometrics, Vol. 33,
339-348.

[22] Rousseeuw, P.J. (1984), Least Median of Squares Regression, Journal of the American
Statistical Association, Vol. 79, 871-880.



Outlier Identification in Regression Analysis using Projection Pursuit 641

[23] Sebert, D.M., Montgomery, D.C., and Rollier, D.A. (1998), A Clustering Algorithm for
Identifying Multiple Outliers in Linear Regression, Computational Statistics & Data
Analysis, Vol. 27, 461-484.

[24] Sockett, EB., Daneman, D., Clarson, C., and Erich, RM. (1987), Factors Affecting and
Patterns of Residual Insulin Secretion During the First Year of Type I (Insulin
Dependent) Diabetes Mellitus in Children, Diabet, Vol. 30, 453-459.



