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A NOTE ON SINGULAR
QUARTIC MOMENT PROBLEM

CHUNJI L1

ABSTRACT. Let v = v(23™) denote a sequence of complex numbers
Y00, Y01,Y105 " ** »Y0,2n, " - * »¥2n,0 With yo0 > 0,7;; = ¥, and let K
denote a closed subset of the complex plane C. The truncated K
complex moment problem entails finding a positive Borel measure
p such that v;; = [2%27dp (0 < i+ j < 2n) and supp p C K. If
n = 2, then it is called the uartic moment problem. In this paper,
we give partial solutions for the singular quartic moment problem
with rank M(2) =5 and ZZ € (1,2, Z, 22, Z?).

1. Introduction and preliminaries

Given a closed subset K C C and a doubly indexed finite sequence
of complex numbers
(1.1)
7Y £ 7Y00,7Y015 71057025 Y115 7Y205 " 5, Y0,2ny V1,2n—15 " 3 V2n—1,1,V2n,0,
where g0 >0 and -« =%,

the truncated K complex moment problem entails finding a positive
Borel measure p such that

(1.2) Vij = /Zizjdu (0<i+j<2n) and supp pC K.

Any sequence « as in (1.1) is a truncated moment sequence and any
nieasure y as in (1.2) is a representing measure for ~.
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Forn > 1, let m = m(n) = (n+1)(n+2)/2. For A € M,,(C)
(the m x m complex matrices), we denote the successive rows and
columns according to the following lexicographic-functional ordering:
1,2,2,2%* 2Z,2% - ,Z", --- ,Z™ rows and columns indexed by
1,Z,Z%,--. | Z™ are said to be analytic. For the truncated moment
sequence (1.1), we define M (n)(y) € M,,(C) as follows: for 0 < i+j <
n,0 <1+ k < n, the entry in row Z'Z* and column Z¢Z7 is

(1.3) M(n),k),5) = Yitkg+l-

For example, if n = 1, the quadratic moment problem for ~ 1 Y00, Yo1,
Y10, Y02, Y11, Y20 corresponds to

Y00 Yoi 710
M1)=|v0 71 72|,
Y1 Yoz 11

and if n = 2, the quartic moment problem for 7 : Y00, Yo1, Y10, Vo2, V11,
Y20, Y03, Y125 Y215 Y30, Y04, Y13, Y22, Y31, Y40 corresponds to

Yoo 7Yoi1 Y0 Y02 Y11 720
Y10 Y11 Y20 Y12 Y21 Y30
(1.4) M(2) = Yo1 Y02 Y11 Yoz Y12 Y21
Y20 Y21 Y30 Y22 Y31 Y40
Y11 Y12 Y21 Y13 Y22 r31
Yo2 Yoz Y12 Yo4a 713 Y22

The quadratic moment problem was solved completely. In fact, it was
shown that v has a representing measure if and only if M(1) > 0 [6,
Theorem 6.1].

Let P, C C[z,Z] denote the complex polynomials in 2,7 of total
degree < n. For p € Pn,p(2,2) = Yociijcn a;;2°29, let p(z,z) =
ZOSi-f-an aijzizj and let p = (GOOa ao1,410,° " ,A0n, " - ,anO) e Cmm,
The basic connection between M (n)(7y) and any representing measure
p is provided by the identity

(15) [ fodn=(M1.9) (g€ P
in particular (M(n)f, f) = [|f]?du > 0, so M(n) > 0.
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THEOREM 1.1 ([6, Corollary 5.14)). If M(n) > 0 and M(n) is flat,
i.e., rank M(n) = rank M(n — 1), then v has a unique representing
measure, which is rank M(n)-atomic.

THEOREM 1.2 ([6, Theorem 5.13]). « has a rank M (n)-atomic rep-
resenting measure if and only if M(n) > 0 and M(n) admits a flat
extension M(n + 1), i.e., M(n) can be extended to a moment matrix
M(n + 1) satisfying rank M(n + 1) = rank M(n).

Recall from [6, Proposition 3.1] that if 4 is a representing measure
for +, then

For p€ Ppn,p(Z,Z) =0

(1.6) <= supp p C Z(p) == {2 € C: p(2,2) = 0}

It follows from {6, Corollary 3.5] that

7) If p is a representing measure for %,

then card supp p > rank M(n).

Further, let 7 := rank M(n) and let Cjs(,) denote the column space of
M(n), so that in Cps(,) there is a dependence relation of the form 2" =
col+c1Z+-++cr—1Z" 1. The polynomial 2" —(cg+- - -+c,_12""1) has
r distinct roots, 2o, - - - , zr—1, which provide the support for the unique
representing measure for v(2**2) corresponding to the flat extension
M(n + 1). The densities of this measure, pg,--- , pr—1, are determined
by the Vandermonde equation

V(zo, -+, 2e—1)(pos -+, pr-1)" = (00, -+ »Y0,,-1)
where (*,---, )" is the transpose of (x,---,*). Thus, the representing
measure is g = 3770 Pi0z,-

For the quartic moment problem, R. Curto and L. Fialkow obtained
the following results.

THEOREM 1.3 ([8, Theorem 1.10]). Suppose M (2)(~) is positive and
recursively generated. Then v has a rank M(2)-atomic representing
measure in each of the following cases:

(i) {1,Z,Z,7?%} is linearly dependent in Cm(2);
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(i) {1,2,Z,2%} is a basis for Cpr(2), ZZ € (1,2,Z), and the mo-
ments vy;; are all real, with the possible exception of Yp4;

(iii) {1,Z,Z,Z%} is a basis for CM(Q),ZZ € (1,Z,Z), and the re-
duced C-block test ¢11 = cao passes;

(iv) {1,2,Z,22,Z?} is a basis for CM(z),ZZ € (1,Z,Z), and the
reduced C-block test c11 = cqo passes for some choice of vgs.

In our recent work [11], we have obtained the following further results
on the quartic moment problem.

THEOREM 1.4 ([11]). Suppose M(2)(y) is positive.
(1) Let rank M(2) = 4.
(i) If{1,Z,Z, 2%} is a basis for Cpy(y), then there exists M (2)
admitting no representing measure.
(ii) If {1,Z,Z,Z*} is a basis for Cu2) and ZZ € (1,Z,7),
then M (2) admits a unique representing measure.
(2) Let rank M(2) = 5. If{1,Z,Z, 2% Z?} is a basis for Cps(2) and
ZZ €(1,2,Z,2Z%), then M(2) admits a representing measure.

Thus the remaining problems for the quartic moment problem are
as follows:

_ PROBLEM 1.5. Assume that M(2) is positive and rank M (2) = 5. If
ZZ €(1,2,7Z,2%,Z%), does M(2) admit a representing measure ?

PROBLEM 1.6. Does arbitrary nonsingular positive quartic moment
matrix M(2) admit a representing measure ?

For Problem 1.6, we also obtained some affirmative partial solutions
[11]. In this paper, we consider Problem 5 and give partial solutions
for the singular quartic moment problem with rank M(2) = 5 and
ZZ€(1,2,2,2% Z%).

We conclude this section with an introduction to the extension prob-
lem for positive moment matrices. For k,l € Z,, let A € M (C),A =
A* B € My ,(C),C € M;(C); we refer to any matrix of the form

(1.8) A= [1;4* g}

as an extension of A.
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PROPOSITION 1.7 ([6, Proposition 2.2]). For A > 0, the following
are equivalent:
1) A>0;

2) There exists W € My 1(C) such that AW = B and C > W*AW.

If A>0and AW = B, i.e.,, Ran B C Ran A, there is the unique flat
extension of the form (1.8), which we denote by [A4; B]. For M(n) > 0,
we want to construct a positive flat extension of the form M(n+1) =

[M(n); B(n)).

PROPOSITION 1.8 ([6, Proposition 2.3]). If Ran B(n) C Ran M(n),
then M := [M(n); B(n)] satisfies M, g)(r,s) = M(s,r)(q,p) for all choices
of p,q,7,8 > 0 such that p+q=r+s=n+1.

2. Main results

Throughout this section, we assume that M (2) is positive and rank
M(2) =5.

LEMMA 2.1. If {1,Z,Z,7Z% Z?} is a basis for Ca(2), then 727 =
al+bZ +b7 +dZ? +dZ?, wherea € R and b,d € C.

Proof. Suppose 727 =al+bZ+cZ+dZ%+ e_Z2. Since p(Z, Z)=0
implies p(Z,Z) = 0 [6, Lemma 3.10], it follows ZZ = @l + bZ + ¢Z +
dZ? + &Z2. Thus we have

(a—a)1+b-—EZ+(c-bZ+(d—e)2Z>+(e—d)Z*=0.

But since {1, 7, Z, Z?%,Z?} is linearly independen, it follows that a =
a,b=c¢,d=eé. a

Let C = (cij)1<i,j<n+1 in [M(n); B(n)]. By Proposition 1.8, we have
the following proposition.

PROPOSITION 2.2. If Ran B(2) C Ran M(2), then [M(2); B(2)) is
a flat extension of M(2) if and only if ¢;1 = ¢ and ¢91 = c32.

From now we consider the quartic moment problem with the moment
sequence yoo = L,vo1 = 0,72 = 0,71 = 1,73 = 0,712 = 0,704 =
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h,713 = w,v22 = z. Hence the corresponding moment matrix is given
by

(1 0 0 0 1 01
010 0 0 O
0 01 0 0 O

(21) M(2) = 0 00 z w h
1 00 w =z w

L0 0 0 h w =zl

We first analyze the positivity of M(2) in (2.1).

LEMMA 2.3. Let M(2) be a moment matrix as in (2.1). Then
M(2) >0 and {1,2,Z,22 7%} is a basis for Cp(g) if and only if

(2.2) z>|h| and (2? — |h/2)(1 - 2) + 2xjw|? — 2Re(w?h) = 0.

Proof. Suppose M(2) > 0 and {1,Z,Z,2%,2?} is a basis for Cpy(2).
If we let

A= M(2){1.234.6) =

OO OO
OO OO

0
0
1
0
0

>R o000
8 MO OO

then

det A=z%—|h]* >0,
det M(2) = 2Rc{w?h) — 2z|w|? — (2 — |n|*)(1 —z) = 0.

Thus we have (2.2). Conversely, suppose (2.2) is satisfied. Then it is
clear chat M(2) > 0 and {1, 2, Z, Z?, Z?} is linearly independent. (I

For the moment matrix (2.1), we want to construct a positive flat
extension of the form | M (2); B(2)]. Thus by Proposition 2.2, we should

detect the conditions ¢17 = ¢20 and ¢91 = ¢35.
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THEOREM 2.4. Let M(2) be a moment matrix as in (2.1). If

(i) = > |r| and (z® — |A|%)(1 — 2) + 2z|w|?® — 2Re(w?R) = 0,

(ii) there exist y,z,v in C such that

(2% — |h|?)z = (zw — hdD)y + (z@ — wh)v,

(&% — |h12)y = (zw — h@)F + (@ — wh)z,

(z® — |h|%)? — 2Re(hyz) + z|2|? = z|v|? — 2Re(hyD),

(wh — zw)(z? — |h|?) + zy? — hyZ + 22v — hyv = 2zjz — hj? — h2?

then M(2) has a flat extension M(3).

Proof. First note that condition (i) implies M(2) > 0 and {1,Z, Z,
Z2,Z%} is a basis for Cpy(2) by Lemma 2.3. If we construct B(2) satis-
fying Ran B(2) C Ran M(2), ¢11 = ¢o22 and co; = c32, then Proposition
2.2 guarantees the existence of a flat extension. To define Z3 so that
Z3 € RanM(2), let va3 = y,7v14 = 2,705 = v. Since [M(2)]{1,2,3,4,6} >
0, there exist unique scalars k1, ko, k3, k4, kg _such that

[M(2)]1,2,3,4,61 (k1 k2, k3, ka, ke)* = [Z%](1,2,3,46) = (0,w, B, 723, 705)"-

In fact,

zy — vh :w—hy)

(k1>k2>k3)k4yk6) = (O’w’h’ 2 — |h|2’ r2 — [hl2

To ensure that Z3 € Ran M(2), we are forced to define

T t
3 xy — vh v — hy
Z° = M(2) (O,w,h, 2 lh|2,0, . |h|2)

This relation defines 14, i.e.,

_ wTy — wvh + zvW — hyw
714 - $2 _ |hl2

This is the first equation of (ii). The same argument for ZZ?2 gives
(z% — |h|®)y = (zw — hd)F + (2@ — wh)z.
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Since {Z*%,ZZ?} and {ZZ?,7%Z} form normal bands and since Z2Z
and Z° are symmetric with respect to Z2 and ZZ?, respectively, we can
conclude that the B block of a proposed M(3) is symmetric and satisfies
normality. Thus we have constructed moment matrix extension block
B satisfying Ran B C Ran M (2). Now the existence of a flat extension
depends on the reduced C-test, that is, ¢;; = c22 and co1 = c32. But
since

zy —vh zv—yh
' p2 \h‘z’ T2 — |h|2

= t
e
es2 = (0,3, , 1, %) (o,x,w, 2y = zh @z y) ,

(0,@,h,5,) { 0,w,h

o)
A,
=

Il

22 — |h2 22 — |R2
zy —vh zv—yh
? 3 ’$2—lhl2,x2—|h|2

zj—zh zz—hjy ¢
2T PR )

C32 = (07w,$a 2, :’j) (0) z,w,

the third and the last equations of condition (ii) implies ¢1; = coo and
¢21 = c32. This completes the proof. O

Unfortunately, we have not been able to decide if the condition (ii)
of Theorem 2.4 holds. However for specific forms we have the following:

COROLLARY 2.5. Let M(2) be a moment matrix as in (2.1). If
z=1,|h| <1 and w =0, then M(2) has a flat extension.

Proof. In Theorem 2.4, take y = z = 0 and v with jv| =1 —|p|2. O

3. Examples

In this section, we give two examples by Corollary 2.5 in order to
find the representing measure of them.

ExAMPLE 3.1. If we consider the truncated moment sequence ~ygp =
1,701 = 0,702 = 0,711 = 1,703 = 0,712 = 0,704 = 0,713 = 0,722 = 1,
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then the corresponding moment matrix is

OO P, O OO
OrRr OO O
|l =2 ==« i« i ]

O O OO
OO o O Lo
OO O R OO

It is clear that the conditions of Corollary 2.5 are satisfied. So, M(2) has
a flat extension. Thus, by Theorem 1.2 the truncated moment sequence
admits a 5-atomic representing measure. In the following, we shall find
a representing measure. To do so, if we choose 23 = 0,714 = 0,705 = 1,
then ZZ2 = Z. Hence, 724 = 0,733 = 1,734 = 0,744 = 1. So

1 0 0 0 O
010 0O
[M(2)]{1,247113=10 0 1 0 0
0 0 010
0 0 0 01

and [Z°](12.4,711} = (5,0,0,0,0)*. Thus we have 2° — i = 0. By direct
simple calculation, we can obtain the following five atoms

9_7r,i 131r,i 1 i

g T4
0%, 21 =€2', zg=e10", 23 = 10° z4=¢10

g =¢€

and the densities pp = p1 = p2 = p3 = pg = % Thus, one of the
representing measures can be given by the following form

Q= L <5el,~ +0zi+ 0om; + 0usm; + ‘slf—o”) :

5 10 10 ¢

Note that the five atoms are in the unit circle |z| = 1 and these form
regular pentagon.
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EXAMPLE 3.2. If we consider the truncated moment sequences Yoo =
L1 = 0,%2 = 0,71 = 1,73 = 0,712 = 0,704 = 3,713 = 0,722 = 1,
then the corresponding moment matrix is given by

1
0
0
0
1
L0

M(2) =

OO O+~ O

0

0

ook o

0

VO OO O

1

o O OO0

0 1
0
0
0
1 ]

Do

It is clear that M(2) > 0 and rank M(2) = 5 and the conditions of
Corollary 2.5 are satisfied. Thus also by Theorem 1.2 the truncated
moment sequence admits a 5-atomic representing measure. Our goal is
finding a representing measure. To do so, if we choose 23 = 0,714 =
0,705 = 3 (sit. |yos] = 3), then ZZ2 = Z. Hence, 24 = 0,733 =

1,734 = 0,744 = 1. So

M(2)]1,2,4,7,11) =

oo o

2

SO O+~ O

OO OO
O O OO
O O ONe

and (Z°](1 2,4,7,11} = (%i, £,0,0,0)*. Thus we have

1 {

5 4 ;
A, _i=0.
2°+ -z z—1

2

By calculation through Mathematica software, we can obtain the fol-

lowing atoms and densities

20 ~ —0.974219 + 0.2256054,
21 &~ —0.734671 — 0.6784234,
2o & —0.197957 + 0.9802114,

z3 ~ 0.471733 — 0.8817417,
24 ~ 0.935113 + 0.354349¢,

po = 0.14882,
p1 = 0.183305,
p2 2 0.212184,
P 7 0.225448,
pa = 0.230243.

The five atoms are all in the unit circle |z| = 1. Note that po + p1 +
P2+ p3+ps = 1. Hence the representing measure is p = po6,, + p16,, +

p2522 + p3523 + p4624'

100



A note on singular quartic moment problem

REMARK 3.3. In the above two examples, the atoms of representing
measure are all in the unit circle |z| = 1. In fact, Theorem 1.1 of [9] said
that if let p € C[z, z],p # 0,deg p = 2k or deg p = 2k — 1, then there
exists a rank M(n)-atomic (minimal) representing measure for (")
supported in K, = {z € C : p(z,Z) > 0} if and only if M(n) > 0 and
there is some flat extension M(n + 1) for which the localizing matrix
My(n + k) > 0. In this case, the measure is a rank M (n)-atomic
representing measure supported in K, with precisely rank M(n) —
rank My(n+k) atoms in Z(p) = {z € C: p(z, Z) = 0}. For the moment
matrix (2.1), if we take p(z,Z) := 1 — 2Z, then the localizing matrix is

0
M,(3)=|0 1~z -—w
0

Hence, for the moment matrix (2.1), we know that there is 5-atomic
representing measure and supp u C {z € C : |z| < 1} if and only if
M(2) > 0 and there is a flat extension M(3) for which z < 1 and
1 > z + |w|. So, if we take £ = 1,w = 0, then the localizing matrix
M, (3) is a zero matrix, where p(z,Z) = 1 — 2Z. Hence, if we further
assume that M(2) > 0 and there is a flat extension M(3), then there is
5-atomic representing measure and supp p C {z € C: |z| = 1}.
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