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This paper deals with the problem of determining the optimal ordering quantity under the condition of
a free addition. It is assumed that the supplier permits a fixed free addition depending on the amount of
the quantity purchased by the customer. Investigation of the properties of an optimal solution allows us
to develop an algorithm whose validity is illustrated through an example problem.

1. Introduction

The basic economic ordering quantity model has
been extensively studied in the literature. One of
the realistic extensions is based on the assumption
that the supplier offers some incentive policy to the
customers in order to stimulate the demand for the
product he produces. In this regard, a number of
research works appeared which deal with the quantity
discounts model(Abad, 1988a, 1988b; Hadley and
Within, 1963; Kim and Hwang, 1989). The tra-
ditional quantity discount models have analyzed
solely the unit purchase price discount and considered
two types of price discount, "all-units" and "incre-
mental” discount. Recognizing another type of discount
structure, Lee(1986) formulated the classical EOQ
model with set up cost including a fixed cost and
freight cost, where the freight cost has a quantity
discount(economies of scale).

The common assumption held by the above
authors is that the customer must pay for the items
as soon as he receives them from a supplier.
However, some supplier will allow a certain fixed
period(credit period) for settling the amount the

customer owes to him for the items supplied.
According to Mehta(1968), a major reason for the
supplier to offer a credit period to the customers
is to stimulate the demand for the product he
produces. Also, Fewings(1992) stated that the
advantage of trade credit for the supplier is
substantial in terms of influence on the customer's
purchasing and marketing decisions. Based upon
the above observations, some research papers dealt
with the problem under trade credit. Chung (1998),
Goyal(1985), and Hwang and Shinn(1997) examined
the effects of trade credit on the optimal inventory
policy. Also, Shinn et &/.(1996) introduced the joint
price and lot size determination problem under
conditions of trade credit and quantity discounts for
freight cost

However, in some supermarkets or discount stores,
it has been observed that the supplier suggests a
fixed free addition related to the bundle size for
reasons of marketing policy. Therefore, the customers
can get some extra with no additive cost depending
on the amount of the quantity purchased. The
availability of opportunity to get some extra with
no cost effectively reduces the customer's total
purchasing cost and it enables the customer to
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choose an optimal ordering quantity from another
options.

This paper deals with the problem of determining
the optimal ordering quantity when the supplier
allows a fixed free addition depending on the
amount of the quantity purchased by the customer.
In Section 2, we formulate a relevant mathematical
model. A solution algorithm is developed in Section
3 based on the properties of an optimal solution.
A numerical example is provided in Section 4,
which is followed by concluding remarks.

2. Model Formulation

In deriving the model, the following assumptions
and notations are used:

1) The demand rate is known and constant.

2) No shortages are allowed.

3) The order size is considered as a discrete value.

4) The supplier allows a certain free addition
depending on the amount of the quantity
purchased.

: Annual demand rate

: Unit purchasing cost

: Order size

: Ordering cost

: Inventory carrying cost, excluding the capital
opportunity cost.

: Capital opportunity cost(as a percentage)

: Bundle size for a free addition

a : Free addition rate(as a percentage of U)
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X

In this situation, the supplier suggests a constant
bundle size (U) and a certain free addition rate (ga).
For the first U, as products are purchased to

(1— @)U, the unit purchasing cost C is charged for
each unit. Therefore, the total purchasing cost

becomes CQ for Q<(1— @)U . When the order size

Q becomes (1— ¢)U, the products are sold in a
bundle of size U as the total purchasing cost is
C(1— a)U. Namely, there is no additive purchasing
cost for qU units.

<Figure 1> illustrates the total purchasing cost
to the order size and note that the feasible quantities
of Q are Q=[(G—1DU, G-1DU+(1~a)U), j=1,
2, ---. Therefore, the total purchasing cost, C(Q) is

Q) =C(1- )G-DU+ Q- (j—1U)

=@ o (G— DU),
RELG-DU. G-DU+(1 - )U),
J=1,2,.

Note that when o« =0, the total purchasing cost
Q) reduce to CQ.
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Figure 1. Total purchasing cost vs. Order quantity.

The objective of this model is to minimizes the
annual total cost 7C(Q) and the annual total cost
consists of the following four elements.

1) Annual ordering cost = A—g.
2) Annual inventory carrying cost = %HQ.
3) Annual capital opportunity cost = %RC( Q)

=1 RC(Q- « (G-DD),

QELG-DU, G-DU+(1- a)U).

~ L
c(Q)Q

4) Annual purchasing cost =

= Q- (G-DNE,
RQELG-1DU, G-DU+(1—-a)U).

Then, the annual total cost 7C(Q) can be ex-

pressed as

TC(Q) = Ordering cost + Inventory carrying
cost + Capital opportunity cost +
Purchasing cost.

Depending on the relative size of @ to U,

7C,(Q= 42 + L o+ § Re(@- « i-D 1)
+C(Q-ali—DU) B,
Q=[ (= DU, (= DU+(1— &)U,
i=1,2,+. ()
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Note that if ¢ =0, then equation (1) reduce to
the total cost function for the classical EOQ model.

3. Determination of optimal policy

The problem is to find an optimal ordering quantity
Q’, which minimizes 7TC,(Q).
For j<1+A/(CaU), TC,(Q) is a convex function

for every j and thus, there exists a unique value
Q;, which minimizes and they are:

Q,-:\/ 2D(A—=Ca(G=1)U) )

H+RC

For j=1+A/(CalU),TC;(Q) >0 and so TC,(Q) is
an increasing function of Q.
Q; and TC;(Q can be shown to have the

following properties.

Property 1.
Q1> @, holds for j<1+A/(Cal).

Property 2.
For any Q, TC,(Q)) TCj}l(Q)’ j=1,2,"'.

Property 1 indicates that if @, exists, then the
value of @, is strictly decreasing as ; increases.
TC,(Q) is strictly
decreasing for any fixed @ as j increases. From
Property 1, we have the following useful property.

Also, Property 2 implies that

Property 3.
There exists at least one Q; = (;—1)U.

Proof. Because A/(CaU)> 0, TC,(Q) must be a
convex function and thus, there exists at least one
Q,. Also, from Property 1, if all @, < (j—1)U for
every j, then @, <0 holds, which contradicts the
feasibility of @, i.e., 0 <(Q (». Q.E.D.

Now, we are going to investigate the char-
acteristics of the annual total cost at Q=;U,
j=1,2,-. With Q=;U as a function of j, the
following single variable function is obtained:

TC'(j) = A].% + %-(H+ RC(1 - )iU+ C(1— a)D.
(3)
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For the first and second order conditions with
respect to j, we have

.dlgl_jiil:_}%é&a+é-(H+RC(l~a))U, @)
dTC) 11 AD 5)
df* 2

So, TC'(j) is a convex function of j, and there
exists a unique value ;*, which minimizes 7C°(j) as

follows:
=y

Therefore, the annual total cost at Q= U, j=
1,2, -, satisfy the following inequality

2AD
U (H+ RC(1-a)) *

(6)

TC;,GU)zmin{TC - ., U), TC,; ,,(i"U)},
where ;' =1[;"1 and j = [;*]. @)

Now, from the above properties and the ine-
quality (7), we can make the following observations
about the characteristics of 7C/(Q) for Qel,=

QI G-DULQLU-DU+U-aU}, j=1,2, -

These observations simplify our search process
such that only a finite number of candidate values
of @ need to be considered to find an optimal
value Q. Let m be the largest index such that
Qu=z(m—1U and Q' =(m—-1DU+(1—a)U—1.

Observation 1.

(@) If Q,=¢", then we only have to consider
Q=¢" for QelI, as candidate for @ and
Q=q".

(ii) Else if @,>(m—1)U, then we only have to
consider Q=[Q,1, 1@, ) for Q=I, as can-
didate for Q" and @Q*>1Q,,].

Proof.
(i) Because Q,>Q°, TC,(Q) is a decreasing
function for Q=1I, and so, we have

TC(Q)STC(Q) for QeI

Therefore, if Q,>Q", then Q=¢" vyields the
minimum total cost for Qe/,,.
Also, by Property 2

TC(Q)XTC(Q), j<m.
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Hence,
Q=q"
(ii) Since (m—DU< @, <Q", TC,(Q) is a

convex function for Q e I,. So, by definition
of @,, we have

Therefore, if (m—1)U< Q,, < @, then the total

cost becomes the minimum at Q= [ Q,,1, | Q,,] -
And by Property 2
TC,.LQ) ( TCLQ), j < m.
Hence,
Q= 1Q,!.
Q.E.D.

Also, by definition of the index m, TC(Q) is
increasing in Q< J; for j» m. And so we only need
to consider Q=(—1DU, j> m, in finding an op-
timal value @' for @ > mU. But, by the following
observation, most of the candidate values can be
dropped from consideration in search of Q.

Observation 2.

For Q= mU,

(i) if /" <wm, then we only need to consider
Q=;"U in finding Q"

@) if ;*> m, then we only need to consider
Q=;"U, j U in finding Q".

Proof.
() Because o is a positive number representing
the free addition rate,

| 24D _ 2AD
TU=\grrci—a > 9=V HrRC

So, if Qe[(£—1)U, kU), then ;'>k—1. Also,
from definition of the index m and &, if ;"<wm,
then m=4 and m—1<;*<m. Therefore, by the
inequality (7) and Observation 1, ;7 U(=ml)
becomes the only candidate value for Q.

(i)) By the inequality (7), if ;"> m, then we only
need to consider Q=;"U, j U in finding an
optimal value Q.

Q.E.D.

To facilitate the explanation of Observations 1 and
2, we present <Figure 2> which shows the shape
of TC(Q) of an example problem introduced in
Section 4. Note that 7C/(Q) in solid lines satisfies
the above properties. Applying Observations 1 and
2 to problem, it is found that m=6, ;=12 and
7 =11. Hence, the candidates for an optimal @
are (6— DU+ (1—a)U—1, 11U and 12U, and the
optimal ordering quantity becomes 11U with its
minimum annual total cost of $4125.727 .

C@) 1

~Pe 0 -11) = 430701 (
1C, (1) = 4125720 optimy |

74120~ 4135

Figure 2. TC(Q) of an example problem in Section 4.

Based on the above observations, we develop the
following solution algorithm for determining an
optimal ordering quantity Q.

Solution Algorithm
Step 1. Compute @, by equation (2) and find the

index % such that Q, e[ (k— 1)U, kU).

Step 2. Find the largest index / such that
A
<1+ Cal -

Compute @;, j<min{4, /} by equation
(2) and find the largest index m such that
Qun=(m—1)U.

If Q,=2(m-DU+(1~a)U~1, then
compute the annual total cost for
Q=(m—-DU+{1-a)lU—1.

Otherwise, compute the annual total cost
for Q=T1Q,1. Q.-

Step 5. Compute ;* by equation (6) and find the

Step 3.

Step 4.
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Table 1. Results with various values of «

(m~1)U+Q(T— a)U-1 Q=101 9=l Q=i U Q=7 U

¢ mo Q  TCQ | m Q TC(Q | m TCQ | 0 TC (@ @  TC, (@
0.00| - - - 11 21917 4547.7237| 11 21907 4547.723"| 12 2200 4547.728 | - -

0.05| 8 1589 4393.010] - - - - 13 2400 4338 | 12 22007 4336.728
0.10| 6 1179 4307.011| - - - - - 13 2400 4126 12 2200° 4125.727
0.15] 5 969 4232.964| - - - - - 13 24007 3914° | 12 2200 3914.728
020 4 759 4240978 - - - - - 13 24007 37027 | 12 2200 3703.727
050 2 299 4696.272]| - - - - - 16 3000 2425 15 28007 2424.286

* Optimal solution for the example problem.

index ;" and ;™ such that ;7 =[;*] and
i =Ul.

If j*<m, then compute the annual total
cost for Q= ;" U. Otherwise, compute the
annual total cost for Q=;"U and ; U.
Select the one that yields the minimum
annual total cost as Q" and stop.

Step 6.

Step 7.

4. Numerical Example

To illustrate the solution algorithm, the following
problem is considered.

D = 2,000 units,

C =$2,

A = $300,

H = $0.053,

R = 0.1(=10%),
U = 200 units,
a = 0.1(=10%).

An optimal solution can be obtained through the
following steps.

Step 1. Since @, =2190.9, 4= 11.

Step 2.8ince 1+ A/(CaU)=8.5, [=8.

Step 3. Since min{11,8} =8, compute Q,.

for j<8. And since Q3 =565.7<7U,

Q; =979.8<6U and @ =1264.9>5U,
m=6.

Since Q= (6—1)U+(1—a)U~1=1179,
compute TCg(1179).

Step 5. Since j*=11.4, j =12 and ;” =11.
Step 6. Since ;" =11.4>m=2§,

Step 4.

compute TC4(2400) and  TC5(2200).
Since  TC»(2200) = 4125.727 =

min {TC;(1179), TC1,(2200), TC5(2400)},
an optimal order quantity becomes 2200

with its minimum annual total cost of
$4125.727.

Step 7.

For example problem, <Table 1> shows the
results obtained from the various values of «. Note
that for the case with a=0, the algorithm gener-
ates the same results as those by the classical EOQ
model.

5. Conclusions

This paper dealt with an optimal ordering
quantity when the supplier allows a fixed free
addition depending on the amount of the quantity
purchased by the customer. In some supermarkets
or discount stores, it is not uncommon that a sup-
plier offers some free addition to a certain degree
expecting that he can make more profit by stim-
ulating the customer demand. In this regard, we
think that the model presented in this paper may
be one of the realistic extensions for the classical
EOQ model.

After formulating the mathematical model, we
proposed the solution algorithm that leads to an
optimal ordering quantity. With an example, the
validity of the algorithm is illustrated and the effect
of the supplier's free addition rate (a) is examined
on the annual total cost and the customer's order
size. The results show that the total cost seems quite
sensitive to @ and the model presented in this paper
equals to the classical EOQ model when a=0.
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