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Development of the Massless Link Model including External Force
and Bushing Deformation
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ABSTRACT

In this paper, a massless link model transmitting external forces is developed to achieve the
numerical efficiency in simulation of vehicle suspension systems. Forces acting on links are
resolved and transmitted to attached points with a quasi-static assumption. Also, a theoretical
derivation and computer implementation of a massless link with bushing elements are proposed.
In the massless link with bushing elements, one end is connected to the adjacent body with
bushings and the other end is connected with a spherical joint. The deformation of a massless
link with bushing elements is theoretically determined by minimizing the potential energy
function with quasi-static equilibrium assumption at each time step. Several simulations with a
full vehicle model are carried out to compare the efficiency of the developed massless link
component. From the results, it is concluded that the proposed approach can reduce the
computational time considerably.

F87]€80] : Vehicle dynamics(3} 35 % &), Suspension(¥7}742]), Bushing(¥-4]), Massless
link(F2 2 31), Potential energy(¥ &€l ol 1]%])

1.H &

AFe @7t FAe ANFFE ANGHA F
Al =9 B3] Foll A% e FES &
sl Fedte] WEol AF Y HEHe

« 29, PAdSE gee
A2

o 84, Q3D AFAD
exx 89, BAR S 7| AT
sone 8] 9, SR YA A B

< UAgY £, I Ho o)y HE

AL AA AAE HAH3} S A
g} olggt EXoz MASHE drt AAoE=
ZJAE dZARHY FA(bushing)& A3}
7178 ZREROZE AS = e A4 E
Frtstaglth #4L fHEeto]d2(compliance)
84224 @7t A" 9o 7teix A&
AA7E A o, 3jeke] zFokAA Muk olg)
SARE T4 B4 d%E 9H d7t Alzd
o] AA Al BtEA] mEsjol 3= g4l

A
o
=

M9H MI1E, 2001 163



EHE - A - B - FYH - olFY

Blundell’& 87} F9] HZAl BA 9 Qg
< ZRUERY % HE 7Y, vy FARdS
d2 B9 A9 9FE =3z, Zdgd 9o
A 2ol Yo AAEAL o] FFPEL B
& AHE3t @7t AR o] HEEo|AL B9
HH A B¢ dFE FIFAL AT =2
SAEE¢ower control arm)¥ A E FA
o2 AZE 7§, AAAF(full car) AlEHA
S 3, 2LFUEEYY FFo] AA o]
o B3 diHoZ FowA FAo] AA A}
g3 Ao gig Ao EFNEL Foy A
F4E gopdt? o), AEE Bl A
AAA 2L FAH 02 F3Hstiff) A 25o] H
W FRAXELZ o] FolxA AMtEE] Hojx|
A ddh 2828 £33 840 ¥ AFF
4% qM S Adxe R EFE JHEMT
FRAHOZ 73 A2do] HA ¥rE A A
Ao} HHg mdgo] a7 AR5 E @
7b AA o] AFE FASE Y3 AAY :5E
& Zc dvt FFF  YA(generalized
massless link)2 2233} 1/4 AFR D of
& AEHIAE FHIAY. F, A EFUA
oA FAFOR 3¢ EA9 FHAHYS
AASL, FHH APEE At a9

, AR Y30 RYo| nHE A9 Yol
Fgate 3¢ ndsA gtk 3EFVsLS
g7t 717E Aol Y& JIZ s B
ZRER Rdyste] AatF A EGo|AS 3
oo, FA9 dFge ¥3FdA gt

B =FdMe 24 anE X3 FAF g
3 2dg s en, 5% gad e
Faivt AgatE AL LT £3 o] B
d-& AHE3te At T8 A E A BE&H
o A9 ZSAEEY RdE /N dsnt

u

2. R4 Y39 48N pAY

2 eRd ASH ZSUE
Fig. 1o EAsidc 29Asgge uz

uk
a®
1o
E
H1
i

164 BI=RASXSetE =2

(knuckle)¥= FHZAE(spherical joint)Z,
AAge FAoZ dFd EAFHEe B4 Qo
29 A W & FH2 33 EAE LGN
7Im, 2 BA4& 39y yAaxy . dng 3
el sdaxey - due Ay 2oz 2}
3to] A

C,

r‘w

body
frame

@V
o

Fig. 1 Massless link with bushing

tire

=

Kv

2.1 WX WY Y YA HAAG
Fig. 194 24HEE%9] Uad ddd:
FHZUAESY A & F AW, S P2

E AR UE EANEAY 5UA
< T3 uE AN AAE 7 5= Uk o
2hM, ZHH o FAo WYF 9 £5E AL
¢ 4 glom, 0|22 Fa7] Adkd Bua Y
o] Fgasjr}.

Fig. 1A F4 9329 A% & BAY] 93
718 FEAE A 2AE FEA Cuy. 014,
EE AL o] HEAE JIEoE YehiUTh
Ci, Co= A BAAZAAHE B8, By, Be
T EFUESYY FAH9ZPS BN SE
EFHEEYH Uge] dZHe THRIE o
A7 otk By, B:9) #E g2 dE Gy, C25H
e Wy Fo] AMEH RAYHS ANE +
A B R AWM RS A1) 2ol 7t
ek 9471M, x; y,.2; & B8 HE Folw,
X2,¥2,22 < B9 }‘]'.E gholoh.

4%

u=1[x1,31,2,,%2,¥2 25] T )



Aya BAWES e 7% 33 Bd 4

By, B: AL AfAAZ FFolE Aol oH
gl A(2)9} ol Padelst A AT
& Z27AAL BEey F Ao gt

(n—s:) 2+ (3—s)t+(2—s) £ =0

(xz_sx)2+(y2_sy)2+(22+13_sz)2_lg=0 (2)
(=2 + (3= 4 (2t =2 -4 =0

A7, 5,5, 5.5 A BPFRANA
SHe FHE oW, 4= BS, L= B,S,
l;="B,B, °th.

=93t HMe FYA Y, RSUEELY 2
g w3 ggenz B, B:4E 737 §
& o) A|Zojc} A5 el (static equilibrium
state)ol Aotz 7HAEA, FHA FYFHE 3
Aatch dAd FyAEY fXe T
A)(potential energy, V)7} 47t € we] 94X
olttf mata, By, B A(3)& EolM 7%
4 Arh

subject to O{%) = 0, i=1,2,3 3)

A@)N W) $4YA9 TaduA
g, 0,(wx HQE Juidth oA 51
(Lagrange multiplier)& ©] €31 21(3)9] ¥H
3 EAE A9 2ol & & At

min [ V) + giw,(‘&)] )

N)E BEHE wE T Hed, o
g Ao] XY AP olnz FH-PY&H
(Newton-Raphson method)& ©]&3ta] A
ok =3 B4 e A A% B
&E ANLTLAYE F= HEDH] =Y

og  E9aE(backward  difference
method)& o] &3t 2(5)8} #o] AU
du _ 4=

dat 4t )

A7)N, e BAY ¥EF, we ol WA
o WYY, s ARDIAE Grgh

2.2 3|8 Y U J|E HESRE

2.14A 7% By, B:¥E& o] &3l 2HUE
99 ANE 7 4 Utk Fig. 144 0HL
ZLAEEY FEA 94& Yudt=d, 04
¢ BB, L 0S9 ¥o2 AA}HT

0dezxy BA7NANY @I E((unit
vector)E ¢ &, SHZAY dHHEE 752
2 &, £&5L pxtE AR AR 5 3
on o] GYHEst RAARFAY W 2+
E89¢e] wHFAARRI(direction cosine)e] HE
2 W38 ¥ (transformation matrix, Aus)S
F¢ 4 g1, Bgo]dEZ(Bryant angle)2.&
FA5H, 26)% gk RAFEA N A 24
AEES¢ A A WyZrE ZZ H(D), 4
(8), A(9)s} #o] A€t

an a2 a3
Aup = a9 ann as
L a3 as; asy ]

.. Chacds — chaspy s¢z -
= C¢13¢3 + S¢1S¢2C¢3 C¢1C¢3 - S¢1$¢2S¢3 - 5¢lc¢2 -
s¢i5¢3 — CP15Pacy i sbr0dy+ chr1sPass; cdicdy

(6)
Al A, c s= ZtZ} cosined} sined
AR, 41, ¢n, b= A4 T AT

$,=sin" (- —2—) )

cos ¢ o

¢ 5= sin “lay ®)

¢ 5=tan "' (-~ 2E) )

AA Al o gHE ¥4 a4 04F 3
o) HAZ( g5 )& ANT W WY B
H2H ¢, 4 oFF Ahn ARE F Jom

-

M9 MI1Z, 2001 165



S - A - A A ol

E cosgyxl , singyxép0] Hi, 2(7),2(8),
A9 210)7} o] & 4 Qi

$1=—ay, $r=a, ¢3=tan“(—:—if) (10)
3, 9y gEee g7 WYLz e

Moz ZAstgt

2.3 FH=E9 Aot
BA AR B A1 2el, A A4
39

29 FAEL A(12)9 o] Yehd & gt
=T a+c u an
=%+ P (12)

AN, B ot A9 9 4R Ay 4
‘——’L_

A% AS WEolth Tt B4 33 WYy
g, ut ¥4 SEHEE, JE 7 ¥y 9y
g, 4t A7 NYSEUEE e, o4
A% 2AES A FA F4o OiF W} =
AER tsd 22 4(13), 4(14)% 2k,

—Ff = 7 (13)
Ti= AT+ T (14)

4714, A A AuiFEA dE B
BEALE, 5= AAAEANY 2 AT
NN FAE7A A HEE gt U2
27 F40 0@ Y3 2AEE 27} 4(15), 4
(16)3% 2.

F=-7 1s5)

7‘/‘ = (A,'?,'.’)X(_T) (16)

A7IM, A UE9 HdEAd g %3
HE 38, 5/= UEFEANM E UEFA
M FRZEJIE H7HA e AHEE ou|gih

166 BHRAISAZ oS =27

24 4839 =g g

body 3
trame

r4

C

Fig. 2 Massless link with bushing and external force

¥43a9 9oe) Fo| o] HL¥ no
d9 AL g9 wjE(force distribution) & £
sl AA@T) Fig. 2014 F= dozs 4%
A2) @7t AR A= drhaxy . AR} olof
Aaln), 92 A AAHTL e BEL
29AEEY AAAL AT . dne ye
£33 AYFH AYLES T4 A,
2SABEYY PA9 A 2 £%7} 2145
28d)Me} o] AR, Az . Aol W

7

S 16

Do

]

X EEE ZAAEHA Hof Yo Axdrt
9 - A% AL AL 2BEEGA A
@93, 29UEEYY A4 Y& PHAN
9 I3 HHEZ YA FHE o, PEL 99 7
EHAA 0-S Aol +4& WA Holtk. PHol
Ao A3 EEE o]&3td O3 SH uHy
< A, Sy HEE Yg ZAFHAEY
I EHES S7HIA dAE @4, OFdl
Ao WY& o83t B B, e T
gtef Aol FAFANA Y ¥ 2ZER F7}
AA AAER ol2iE o] ARAHQA AL o}
el 2o

of
> of

241 O3 SEQ & W=

3 F7F FoiRe o O3t SHe Al v
AMSAT O ¥4 424 4o Hog
B 67he] o] ot B A% 7
ol s Rorg olg FAEHY, 5709 ut
ol 1pow, SHLE FHRIE dFAHo=R 3
o Whgo] 4om2 0-SH& A RAYEA
(statically indeterminate problem)7} €t}

tlo



slgs RauYe Tele RA% 23 By AR

Fig. 30} O-S A4 #&ste JES 4 %
FE2 YeERRAT
¢

bSI”
T

Rse

To,

Q 7 p\

lf a \-1

Rog Feg
(a) €& -direction

o P s

Ro, @ FZ-C, b Rs,

(b) 7 -direction

Tog Tpg ?
E—e— L,
Ro¢ Fre jj:
(¢) ¢ -direction
¢
o AN s I n
(d) torque

Fig. 3 Force calculation along O-S line

Fig. 3(a)9l™ OH9 ¢ & FA9 F53%
o024 3ol 8L SHL FH ZAERA
3 Aol &850 0-S He derz & 5 9}
o mebA, Ao FPPAHAA AN FE £
e w2 4(18), A(19)3 ol At

Rse+Rw+Fp5=0, Rse‘b_Roe'a‘f‘Tp;:O (17)
Fp-a+ T
= K €7 7
Ry - LRSS as)
—Fp-b+ T
=
Foom SFAE Tn 9)

Fig. 3()ell A 7 8] W e Bo) Hopigy
MY Fo] TAA derte 2A2ZHE 4
(20)2 o] Aitdrt.

Ry = "%FPq » Rg = __lq:FPq (20)

Fig. 3(c)ollA §4ate] wte g Aidsteof 3}
€, 39 HZeAYL 270012 wAFE 30

24 234 EA7} 5o} SH AAo| F(zero)
e AAzAERE AMNYE FaYen 4
@D BAAxAAE, 4(22),4(23),2(24)0 W
g vehidch

3 _
Llr oo B, Tas@Llo0) (o)

2 _ —
Roc=[‘g‘('32%)‘—l ]F"+_3£(22%-g)_ T e (22)
2 _— p—
Rg=-2le=30) ;L - FP:'*‘M__QZ‘”;L Ll 1, (23)
2 — —_
Toe=[i%%z—gl—a ]FK+M§%2—QT»5 (24)

Fig. 3()E ¥ 4(25)8 2L wgo] AAt
\21=3
To,, = —Tp,, (25)
242 BEDM BE & E
Bi# B:& A& AL = A 3 Ant 343}
= 3A-3A ¥A(revolute-revolute link)Z
B 7 5led, o] A dd Rz 57 A
Ao, A B A B (statically
indeterminate beam)”} ®t}. Fig. 4ol &%
AEEYY £-¢HENA F& =AY

+

¢
TB]I) TO'] TBZI]
Lo “ “~
$f/ m n
R Ry R
815 1, ot lszg

Ly L)

Fig. 4 Force calculation along B1-B2 line

Fig. 414 9% 2410 ¥ Rt 2498
W9l By, B4 AAZE 77t 4(26), A@D)el,
ERIE To7t 838 wel A3zte zzt 4
(28), 4(29)91 Uehaieh.

R T oyl Tyl
I A Gl N o (26)

R I
I R R B

oA m=, 2001 167



SHE - AW - AR 9 - ol

00,= | 52 (B3 28)
00, = | g1 Ghn 30" ~28)] (29)

ZA% o8 AAAZGE AT F, BA
ZAARAA=00E ol &AM A-3Ad FY Ta,
, Tyt 22 2(30), 431 ol Axtdnt

TB,,=T’;(-%—1)"R0¢+[(I—’: +1)2—%]T,,, 30)

Tap=— (% —1)'nRa + [(F ~2)"~ Tir, @D

o] FPYANE o] 83, Rpe, Rmev
Ztz} 2)(32), A(33)3 Zo] ALtgE.

2
Rm5="—,§(3—21—';)R05+—};(3—%)To, (32)

Rpe=Rog— Rame (33)

7‘ H]—tgk,] ﬂo EI_,] 7&0]3&-6&: hﬂﬁﬂ\‘ﬂ:o] B]-
A Feths U2 REH 2(34)8 Zo| 7
s

Rmt=li3Ro¢, szr—Ta'Roc (34)

7% W) Y £ e B ge Py
oz AN & Utk

eay

oA Yagde #AE

A% JAZH 2 i]'%* 2d(full vehicle model)
& NEHA sk AT HE AMEAE
AHE oz FF A/NMAAE B EHUS(twist
axle)@ o2 FA&H) golo] Rde I,
Zupel 3 2 B9 RAEE 2% AXEE 4
A 2dz FAsA AEHoA RdL 24
AEZY 2dyd wet A 7HA 2 FAA.
Table 19 2$AEEY A S Yehh e,

168 SIFASAZEE =2

Table 20l 49 24 2 ZAFE Hed
Ak
Table 1 Modeling of lower control arm
Name 24y 9 A ge] AESH
Model 1 A2 2dy - ik
Model 2 | FA%#YaZ 2 5494
Model 3 ZA 2 2dy ZQE

Table 2 Stiffness and damping coefficients of bushing

coefficient radial(x) | radial(y) | axial(z)
k [N/ml] 1.0E7 1.0E7 6.6E5
¢ [N - sec/m] 4.6E3 46E3 34E2
ke [N - m/rad] 12 12 0.53
ce [N m-sec/radl] 05 05 0.1

3.1.1 HI Al=dold

&% km/hE FHE o o 48% F2E 2
o] 25m, &°] 0.06m¢ ¥R ¥ Z(half-sine

bump)& B AEAINE
5o AAe +A928 YeiIT, Fig.

3. Fig.

6l 2

Ao FANEEE =AEHY 9 A%
Azl JAM A AAA gkt

asia(m)

cha:

of

Modeil

Vertical position

Fig. 5 Vertical position of body frame

Modeit

--- Model2

Varticsl accal. of chasél{m/s

A A e - m ow

L

Time(sec)

Fig. 6 Vertical acceleration of body frame



9y BYWEYE oy FAF P33 2y A

3.1.2 BA(pulse) =& AMEd0IH
2% 80km/h2 FYPFUA AF 32 F5H
dule] W E A7) 12cm, ¥ 0322 ¥R
Hrg 28 43t Al EHolA A Fig. 7
of R£EE, Fig. 8 3 7I&EE 24 EAJ3
k.

o
w

Modelt

...... Model2
ammeee MoOd8I3

Yaw Rate{rad/sec)
o

o
o

1 2 3 4
Time{sec)

e
4o

. 7 Yaw rate of body frame

Modei1
------ Modei2
& [ — Model3

Lateral accelerationpnis

Time{sec)

Fig. 8 Lateral acceleration of body frame

Table 3 CPU times in pulse steer simulation

Name CPU time(sec)
Model 1 122
Model 2 28
Model 3 11
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Table 4 CPU times in pulse steer simulation

Name CPU time(sec)
Model 4 118
Model 5 13
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