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Three-Dimensional Performance Analysis of a
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Abstract

Fin effectiveness and efficiency of a thermally asymmetric rectangular fin are represented

as a function of non-dimensional fin length, width, fip tip surface Bioct number and the ratio
of fin bottom surface Biot number to top surface Biot number, For this analysis, three di-
mensional separation of wvariables method is used. One of the results shows that fin effec-
tiveness can be increased or decreased depending on the fin length as the fin tip surface Biot
number increases while fin efficiency decreases without depending on that as the fin tip sur-

face Biot number increases.

Nomenclature

! fin top surface Biot number, k,//k

: fin bottom surface Biot number, %y !/k
cfi
: fin right surface Biot number, kyl/&

=

n left surface Biot number, #//k

» fin tip surface Biot number, Agi/%

: fin top swrface heat transfer coefficient

[W/m?C]

: fin bottom surface heat transfer coeffi-

cient [W/m2C]

. fin left surface heat transfer coefficient

[W/m*C]

: fin right surface heat transfer coefficient

[W/m’C]
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: fin tip surface heat transfer coefficient

[W/m?C}

. thermal conductivity [W/mT}

 one half fin height at the base [m]

¢ fin length (base to tip) [m]

: non-dimensional fin length, L'/!

: heat loss from a rectangular fin (W]
: fin temperature [C]

: fin base temperature [T]

: ambient temperature [T]

: one half fin width [m}

. non-dimensional a half fin width, «'//
. length directional variable [m]

! non~dimensional length directional wvari-

able, x'/{

: height directional variable [m]

' non-dimensional height directional vari-
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able, ¥'/!

z' : width directional variable [m]

Z : non-dimensional width directional vari-
able, 2’/

Greek characters

8, : adjusted temperature, (7, — Tw)
¢ : non-dimensional temperature,

( Tr— Too)/( Tw_ T:n)

Aw © eigenvalues (m=1, 2, 3, -}

t, - eigenvalues(n=1,2 3, -~}

Oam : eigenvalues (Y A2+ p2 )

Subscripts

! top swrface

* bottom surface
¢ left surface

: right surface

: tip surface

* wall

8%01»&00&3'—'

. ambient
1. Introduction

Fins are widely used to enhance the rate of
heat transfer to a swrounding fluid in many
applications such as the cooling of combustion
engines, air conditioning systems, many kind of
heat exchangers and so on. As a result, a great
deal of attention has been directed to fin prob-
lems such as performances of fins or heat ex-
changers with fins. For example, Burmeister”
analyzes triangular fin performance using heat
balance integral method, Look® have studied a
thermally asymmetric rectangular, Kang(s) ana-
lyzed asymmetric various shapes of trapezoidal
fins, Rosman et al, Prasad®® and Maltson et
al™ have studied performance of plate fin heat

exchanger. Also Ullmann and Kalman'® re-

searched annular fins, Usually most of the
studies on the fin or heat exchangers with fins
assume that the heat transfer coefficients for
all surfaces of the fin or heat exchangers are
the same and are analysed by one- or two-
dimensional method. But no literature seems to
be available which presents performance of a
thermally asymmetric rectangular fin by using
three-dimensional analysis.

This paper presents the performance of a
three dimensional thermally asymmetric rec-
tangular fin. In this study the top surface Biot
number, Bil, is equal to or larger than the
bottom surface Biot number, Bi2 and the left
surface Biot number, Bi3, is equal to or larger
than the right surface Biot number, Bi4, and
Bi5, at the fin tip, has various values. Actually
side surface Biot number can be larger or
smaller than top surface Biot number but left
surface Biot number is arbitrarily set to be
equal to top surface Biot number in this study.
Fin effectiveness and efficiency are investi-
gated as a function of the non-dimensional fin
length, width, fin tip surface Biot number and
the BRiZ/Bil ratio using the three-dimensional
separation of variables method. For simplicity,
the root temperature and the thermal conducti-
vity of the fin’s material are assumed con-
stant. Also, the heat transfer process is con-
sidered to be steady state.

2. Three-Dimensional Analysis

Geometry of a rectangular fin with all differ-
ent heat transfer coefficient is shown in Fig. 1.

Assuming no heat source, constant properties
and steady state, three-dimensional governing
differential equation in terms of dimensionless
temperature, & for this geometry is given as

=10 (1)

Six boundary conditions are required to solve
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Fig. 1 Geometry of a thermally asymmetric
rectangular fin.

equation (1). These conditions are shown as
equations (2)~{7).

=1 at x = (2)
%+Bi5-9=0 at x=1 3)
X

g—§+}3i1-9=0 at y=1 @)
g—§—3i2-9=0 at y= ~1 )
%+Bi3'5=0 at z=w (6)
%2—314-e=0 at 2= —w 7

The solution for the temperature distribution
@(x,y,z) within the fin obtained with equa-
tions (2)~(5) is

66,9.2= 2 2 New: 2 - F(3) - /(1) ®

1 m=1}
where

N, = 4sind, - sin{u, « w)
ot Gm

(9)
f(x) = CUSh(pnm - x) (10)
- C,,m - Sin-h(pnm * I)

o= O * tanh (0, + L) + Bi5
T+ Bib - tanh (o, + L)

(1D

Opm =V (AZ+ k) (12)
fN=cos(A, - N+A, sin{d, -y 13

‘ A, tand,— Bil
An = T Bil- tand, (14)

fl2)=cos{pmz)+ B,, - sin{u,z) (15)
f o tan{p,, - w) — Bi3

B =" ¥ Bi3 - sin (e - ) e
— 1 +Llg
£ = A+ 9 sin(24,) an
NI
+AZ {,{n 5 sm(ZrL.)}
gm = pmw+'%'sin(ﬂm w) (18)

+BE- {pmw—% sin(,u,,,w)]

The eigenvalues A, can be cobtained from

equation {19) which comes from equations (4)
and (5.

Ap:tan(d) = Bil _ Bi2—4,- tan(d,) o
A, F Bil - tan(d,) ~ A,+ Bi2 - tan(4,)

The eigenvalues u, can be obtained from

equation (20) which comes from egquations (6}
and (7).

o+ tan(py - wp—Bi3
#mt+ Bid - tan{y,, + w) 20)

Bid — p,, * tan (g, - w)
ent Bid - tan(u, - w)

By applying eguation (8} to Fourier's law,
the heat loss rate conducted into the fin
through the fin base is given by

Q = 4k' l' 60 nZ] ’”2=1Nnm * Cnm (21)
sind, sin (g, - w)
Cnm /1,, Lo

Equation for fin effectiveness can be ex-
pressed by equation (22) or equation (23} by
its definition.
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Ef:[gzljvnm " Pum* Com

4sind, - sin{ g, + w)
An* Bm

(22)

/ {4w - Bi5)

Heat transfer coefficient at the wall is taken
as the heat transfer coefficient at the fin tip in
equation (22} while it is taken as the average
heat transfer coefficient around the fin in equa-
tion (23). In this analysis, equation (23) will be
used to obtain the fin effectiveness.

¢ = [ 2 2 N Pon” Com (23)
) 4Sln/1,,/ins'u;(:lm © W) / (4w » Bim)
where

Biw — B+ Bi2+ Bid+ Bia+ Big

Equation for fin efficiency can be written by
equation (24) from its definition.

7= Z N o Com

. 4sind, - sinlpy, - w) ]/

R (24)

[2L - w- (Bil+ Bi2)
+2L - (Bi3+ Bid) + 4w - Bi5]

3. Results and Discussions

Figure 2a presents the fin effectiveness ver-
sus the non-dimensional fin length in three

cases of the value of Bil (=Bi3=Bi5) for w=
0.5, Bi2/Bil=Bi4/Bi3=0.9. Fin effectiveness in-
creases until about L =4, after then the effect
of fin length on & seems to be independent in
case of Bil=Bi3=Bi5=0.1 while & increases
continuously as L increases from 0.1 to 14 in
case of Bil=Bi3=Bib=001. Figure 2b shows

L

Fig. 2a Fin effectiveness vs. L for w=0.5,
BiZ2/Bil =Bi4/Bi3=09.
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Fig. 2b Fin efficiency vs. L for w=05, Bi2/
Bil =Bi4/Bi3=03.

the fin efficiency versus the non-dimensional
fin length under the same condition as Fig. Za.
It can be noted that 7 decreases continuously
while & increases in the range of L <4, and
then the value looks like constant as the
length increases from 0.1 to 14 in case of Bil
=Bi3=Bi5=005 and 0.1. Both the increasing
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Table 1 Increasing rate of € and decreasing rate of # along the fin length for w=05, BiZ/Bil=

Bi4/Bi3=09
Bil=Bi3=Bib
range of L 0.01 0.1
I R. of £ (%) D. R. of 7(%) I R. of £ (%) D, R. of 7(%)
01— 20 39551 497 253.15 32.27
20~ 40 65.86 10.38 15.60 3754
40~ 6.0 26.29 1348 1.76 30.28
6.0~ 80 12,31 1459 0.21 23.79
8.0~10.0 6.05 14.44 0.0026 19.30
10.0~12.0 3.03 13.65 0.0003 16.19
12.0~140 1.51 12.62 0.00004 1364

rate of effectiveness and the decreasing rate of
efficiency with the variation of L are listed in
Table 1.

Table 1 lists the increasing rate of effec-
tiveness and the decreasing rate of efficiency
along the fin length in case of Bil=Bi3=Bib=
001 and 0.1 under the same condition of Fig.
2. For Bil=Bi3=Bi5=0.01, the decreasing rate
of efficiency begins to decrease and the in-
creasing rate of effectiveness seems to be
small in the range of 8= L =10. These same

phenomena occur in the range of 4< L <6 in
case of Bil=Bi3=Bi5=0.1. From Figs. 2a, 2b

10
!
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8l
w
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5-I L L A J. 'l L
0 2 4 ] 8 10 12
w

Fig. 3a Fin effectiveness vs. w for L =5, Bil
=Bi3=Bi15=0.01 and all Bi=0.008.

and Table 1, L=8 for Bil=Bi3=Bi5=0.01 and
L =4 for Bil=Bi3=Bi5=0.1 can be considered
as the approximate optimum fin length for
given conditions.

Figure 3a presents the fin effectiveness ver-
sus the non-dimensional fin width for three
different ratios of Bi2/Bil and Bi4/Bi3 in case
of L=5, Bil=Bi3=Bi5=0.01 and for all Bi=
0.008. These different ratios are arbitrarily
chosen. It must be noted that the average val-
ues of Biot numbers for three different ratios
are equal and the average Biot number is used
to calculate the heat loss from the wall. For
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Fig. 3b Fin efficiency vs. w for L=5,

Ri3=Bi5=001 and all Bi=0.008.
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Table 2 Relative error between g5 (=effec-
tiveness from 3-D analysis when all
Biot numbers are equal) and & (=

effectiveness from 1-D analysis)

(g3— &)/ e3x 100 (%)
L Bi=0.01 Bi=0.1
w=01] w=20 | w=01| w=20
4 84.07 335 72.17 093
8 78.19 3.22 69.98 0.83
12 73.99 2.89 69.79 0.82
16 71.79 261 69.78 0.82
20 70.73 2.43 6978 082

all three ratios (including the case for all Bi=
0.008), & decreases rapidly and then decreases
slowly as width increases. The effectiveness
for all Bi=0.008 is larger than that for Bi2/Bil
=10 and Bi4/Bi3=08 until w
about 4 and these values are reversed after
that. Also the effectiveness for BiZ/Bil=1.0
and Bi4/Bi3=0.8 is the largest among three
asymmetric cases and this fact coincides with
the physical phenomenon due to high heat loss

increases to

from large top and bottom surface areas as

11
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Fig. 4a Fin effectiveness vs. Bi5 for w=05,
Bil=Bi3=0.05 and BiZ/Bil=RBi4/Bi3=
0.8

width increases. Fin efficiency versus the non-
dimensional fin width under the same condition
as Fig. 3a is represented in Fig. 3b. For all
three ratios (including the case for all Bi=
0.008), # increases rapidly and then increases
slowly as width increases. The efficiency for
BiZ/Bil=1.0 and Bi4/Bil={0.8 is the smallest
and this fact coincides with the physical phe-
nomenon due to temperature decreasing at
large top and bottom surface areas as width
increases. It can be noted that the efficiency
for all Bi=0.008 is remarkably higher than
those for other three asymmetric cases.

Table 2 lists the relative error between the
effectiveness obtained from 3-D analysis when
all Biot numbers are equal and that obtained
from 1-D analysis. This table explains that the
relative error becomes small as the width and
length increase. The relative error for Bi=0.1
is less than that for Bi=001 and this fact
scemns to be due to the effect of heat transfer
from the wall

Figure 4a illustrates the fin effectiveness
versus fin tip Biot number for three different

values of non-dimensional fin length for w=

100F
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Bi5
Fig. 4b Fin efficiency vs. Bi5 for w=05, Bil
=Bi3=0.05 and Bi2/Bil =Bi4/Bi3=0.2.8.
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05 Bil=Bi3=005 and Bi2/Bil=Bi4/Bi3=038.
The fin effectiveness increases for L =1 while
it decreases for L =D5, 10 as fin tip Biot num-
ber increases, It can be guessed that £ will be
independent of the wvaration of fin tip Biot
number for certain value of L which is be-
tween 1 and 5 under this asymmetric condi-
tion. Figure 4b shows the fin efficiency versus
fin tip Biot number under the same asymme-
tric condition as Fig. 4a. The efficiency de-
creases linearly as fin tip Biot number in-
creases for L=1 and 5. It looks like constant
for L=20 with the variation of fin tip Biot
number and this is explained physically by the
fact that the effect of fin tip Biot number on
the temperature distribution can be neglected
for a long fin.

The fin effectiveness versus the ratio of fin
bottom surface Biot number to top surface Biot
number for three different values of width in
case of L =5 Bi4/Bi3=05 and Bil=Bi3=Bib=
001 is shown in Fig. 5a. The effectiveness
decreases remarkably for w=01 while it
decreases slightly for w=05 as the ratio of
BiZ2/Bil increases from 0.1 to 1.0. On the con-

36
| \
2}
w=11
wy - - - welS
— = we20
18}
T Y
ok, — o
G0 02 04 06 08 10
8i2/Bi1

Fig. 5a Fin effectiveness vs. Bi2/Bil for L=
5, Bil=Bi3=Bi5=001 and Bi4/Bi3=
05.

trary it increases as Bi2/Bil increases for w=
2. It can also be guessed that € will be in-
dependent of the variation of Bi2/Bil for cer-
tain value of w which is between 05 and 2
under this asymmetric condition. Figure 5b
presents the fin efficiency versus BiZ/Bil under
the same asymmetric condition as Fig. ba. It
shows that # decreases linearly as Bi2/Bil in-
creases for all three values of fin width under
given asymmetric condition.

4. Conclusions

The following conclusions can be made from
the results.

(I} The fin length can be considered as the
approximate optimum length when the decreas—
ing rate of efficiency begins to decrease for
given conditions.

(2) Fin effectiveness increases as fin length
increases while it decreases as fin width in-
creases and vice versa for fin efficiency.

(3) Fin effectiveness can be increased or de-
creased depending on the fin length as Bi5 in-
creases while fin efficiency decreases without
depending on that as Bi5 increases.

sof  — _ _ _
80 |- o
9
—_— wany
: — ~ - waD5
70_ — — w=210
0|

0.0 0.2 0.4 0.6 08 1.0

B8i2/Bi1
Fig. 5b Fin efficiency vs. BiZ/Bil for L =5,
Bil=Bi3=Bi5=0.01 and Bi4/Bi3=05.
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(4) Fin effectiveness can be increased or de-
creased depending on the fin width as the ratio
of Bi2/Bil increases while fin efficiency de-
creases linearly without depending on that as
the ratio of Bi2/Bil increases.
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