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A NOTE ON THE ROOT SYSTEM OF AN
AFFINE LIE ALGEBRA OF TYPE AJ

YEONOK KIM

ABSTRACT. Let g = g(A} be an affine Lie algebra of type Agf) (l>1)
and W be its Weyl group. In this paper, we find w € W such that

Ay U{d(ar+8), Lo +38)) € A+(w).

1. Notation and some basic facts about root systems of Kac-
Moody algebras

We first recall some of the basic definitions in Kac-Moody theory. An
n x n integral matrix A = (a;;); j=u is called a generalized Cartan ma-
trix(GCM) if

G.ﬁ—‘—'?, i=1,2,...,n,
(1.1) a;; £0 it i#7,
Q;; = 0 implies a;; = 0.

A realization of A is a triple (h,II,IIV), where § is the complex vec-
tor space, Il = {a),az,... ,an} € h* and [IY = {aY,ay,...,ar} C b
are indexed subsets in h*and b, respectively, satisfying the following three
conditions;

11 and 11V are linearly independent

(12) aj(a},) = iy (,7=12... ,?’L)
dimbh =2n —1I, where! = rank A.

The elements of II (resp. ITV) are called the simple roots (resp. simple
coroots) of g. For each i = 1,2,... ,n, define
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rithT — B’

by
r:(A) = A — A(e) ),

for A € h*. We have in particular,

ri{e;) = a; ~ a;;04.

The subgroup W of GL(h*) generated by the r;’s (t = 1,2,... ,n) is
called the Weyl group of g. Let @ = Y} 2, Zay, @y = Y 7 Z>p ¢; and
Q- = —Q+. We define a partial ordering > on h* by A > g if and only if
A — 11 € Q4. The Kac-Moody algebra g = g(A) has the root space decom-
position g = €, 8a, where g, = {z € g|[#,z] = a(h)z forall k€ b}
An element o € @ is called a root if @ # 0 and g, # 0. A root a > 0
{resp. « < 0) is called positive(resp. negative). For o = Y7 | kia; € Q,
the number ht{a) = 3 ;- k; is called the height of o. A root v € A s
called a real root if there exists w € W such that w(a) is a simple root. A
root o which is not a real root is called an imaginary root.

A root of a finite root system A which satisfies above condition is called
the highest root. It is well known that generalized Cartan matrix A =
(@i3); ;= is of finite, affine or indefinite type [3]. i

Let A = (aij)i' j=o0 De an indecomposable generalized Cartan Matrix of
affine type of order I +1 (and rank {) and g = g(A) be the associated affiné

Lie algebra. The Kac-Moody Lie algebra 5 = g(A) associated with the

o]
Cartan matrix A = (a,-j)ﬁ,jzl is a finite dimensional simple Lie algebra. Let

W be the Weyl group of ﬁ generated by simple reflections ry,...,r;. Let A

and A denote the set of roots for g and g respectively. Then A = ATCUAY™,
where A™ and A*™ denote the real and imaginary roots, respectively. It
is known that the set of positive imaginary roots AY = {né | n € Zsq},

where & = Eé:o a; 0, a; € Lo, ged(ag, ... ,a,) = 1 and A(ag, ... ,0,)7 =
0. We have ap = 1 unless A is of type A(ﬁ), in which case ag = 2. Note
that A=Ay UA_ A=A, UA_, A™ = ATe U AT AT = Aim U AIM,

where the subscript plus/minus denote the positive/negative roots. Let
Q

II={ai1,...,;} and I = {ap,ai,... ,a,} denote the simple roots for ¢
and g respectively. We denote the the set of long(resp. short)roots for 3
=]

by A;(resp. f\s)
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Let At (w) = {aeA;|wl(a) <0} for w € W. Since A is
W-invariant, A*(w) C AfF.
We introduce the following important element:

{
8 =48 — apoypg = Zaia,-.

i=1

2. Properties of the root system of an Affine Lie algebra of

type Ag)

Let g = g(A) be the affine Lie algebra of type Ag) and A be the root
system of g = g(A). We denote by A;, A, and A; the set of all short,
medium, and long roots, respectively.

o

Since Ag) is isomorphic to Cj, we have

Ag={ai+ - Fa+-+o;|l<i<j<l}
U+ +a|1<i<j<i-—1}

Ar={ai+- 4o+ -+l i<}

It is left which is the description of the set of real roots. They are given
by the following theorem.

ProPOSITION 2.1. [2] Let g = g(A) be the affine Lie algebra of type
AS) and A be the root system of g = g(A). Then we have

(@) A = {1 (a+ (2n—1)8) | a € A, n € Z},
(b) A™ = {a+ 16| e € A,, neZ),

(s}
(c) A ={a+2né |ae A, neZ}.

PROPOSITION 2.2. [2] If A is of type Ag) , then 8 ¢ (£+); and 0 is the

unique root in A of maximal height (= h — ag).

Let o, , 0y, ... , @y, € II (not necessarily distinct) and denote by 7; the
simple reflection of W. When w € W is written as w = ny, - - -7y, (g, €I,
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¢t minimal), we call the expression reduced. We call ¢ the length of w and
denote by I(w).

ProposITION 2.8, [4] Let w = r;, --+1;, € W be a reduced expression
of w. Then

A+ (’UJ) = {ﬁia :ﬁt}a

where 3, = 7, -1, (e} (1 < p < t) and the 3, are all distinct. In
particular, [{w) = |AT(w)|.

LEMMA 2.4. Let g = g(A) be the afline Lie algebra of type Agf) and
let r; be the simple reflection. Then we have the following relations ;

(a) ri-iiyoy = ol < i <l), roria0 = g + au,

Ti_1T0y—1 = Gy + oy,

(b) TiTi—104 = Oi,;_l(l < i< l),
riri—1og = 2041 + ay,

™MToy; = 2&0 + o,

(c) ToTiToal = ay,
Ti—1nri—10q = Oy,

T ATiTi—10; = —0_1 (1 < 1< l)

PROOF. Let A = (G‘ijji, j—p De a generalized Cartan matrix of g = g(4).

Since ag1 = =2, aw = -1, aegay = -2, a1 = -1, ey =
ag—1); = —1 for 1 <4 <1-2, and a;; =0 for [{ — j| > 1, we have (a),
(b), (c) immediately. O

LEMMA 2.5. Let g = g(A) be the affine Lie algebra of type A{;f) and
let # = 20y + -+ + 20— + oy be the highest long root of Ag?). Then the
following three statements holds:

(a) There exists wq € W such that A*(wg) = /&+.

(b) There exists wy € W such that wy(ag) = 1(ay + 8).

(¢) There exists wp, € W such that wa({ag) = 3(8 + 6).
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PROOF. (a) Let wo = (ry...71—177—1...71) (Fo...7i17m—1...72)
... (r—1mr—1 ). Using the relations in Proposition 2.6, we have ;

At (wg) = {a1, a1 +ag, ...,01 tag+ -+ gy, 201 +--- + 20
+20 1+ o014+t et a tan o+t oo
+ 201ty ..., 01+ 200 + - 4 2051 + oy, o, o2 + O3,
eyt oag4 - o, 200400+ 2040 + 204 4y,
az+-taet oy o, @t o2 + 20 +
g+ -+ 20 0+ 20_1 tap,..., a0+ 203+ -+ 20y

+og, ..., g, g+ ap_y, 2000+ 201 + oy, 02 + Qg

o]
+ap a1, 20 oy, oy o, o) = AL

(b) Let wy = (rory){rorar1) ... {(Pori—z ... rer1 ){(rori—17i—2 ... 7271 ). Then

wi{ag) = (ror1){rorar1) ... (rori—z . .. rar1 M(Tori-171—2 . . . 1271 ) (Cp)
= (ror1){rorar1) ... (roT1—2...ror1)ro{ao + @1 +--- + ay_1)

1
= (ror1){rorar1) ... (rori—a2... 7‘27'1)7'05(—(11 +4)

1
= 5(—6\.’1 + 6)

(c) Let wa = (rricamiez...mariro) " Hrrio1mi_z...7orq). Using the
relations in Proposition 2.5,

’U)g(ag) = (7‘17‘5_1’1"1._2 e T2T1T0)l_1(‘?"g'f'g_1?"g_2 - 7'27'1)(050)

= (riri—1ri—2 .. rorime) Mg + o1 + -+ oy +ausy + o)

.1
= (rri_1Ti—2 ... Tor170) 1(5(04 + )

_ 1
= (T;T[_lTlHQ . .T‘g?‘l’r‘o)l 2(7‘[’1"1,17‘[‘.2 e 7"27'17‘0)(*2‘(05[ -+ 5))

_ 1
= (rr—1Ti-2 . .. T";_l'n"l’.l"(])l 2(1"171_1(5(&1 +4)

1
= (ryri—17ri-2.. .7‘2?‘1?‘0)1_2(5(2&1—1 + oy + 6))
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1
= (ryri—1ri—2... 7:27‘17'0)[_3(—(20!1_2 + 201 1+ a4+ 9))
2

1
= (rriri—2 ... mrlrg)(—é(Zag +... 200 2+ 2a;_; +a; + 5))

= (7"17‘1_1?";_—2 - Tg)(

1
= 5(20514-20[24-"'

@+ 6).

B

1
5(20{1 + 2&2 + -+ 2&’1_2 +2Glf1 + o + 6))

+2m_ o+ 20p_1 +a; +8)

Ll

PROPOSITION 2.6. [4] Let w = r;, ---1;, € W be a reduced expression
of w and let «; be simple root. Then the following three statements hold:
(a) {wr;) < l(w) if and only if w(a;) < 0.

(b) w{oy,) < 0.

{¢) If l(wr;) < I(w), then there exists an s(1 < s < t) such that

T’n‘:a'ris+1 ...T‘it = ?"is+]

N ENET

THEOREM 2.7. Let g = g{ A} be the affine Lie algebra of type A and

2t

wo be the element of W as in Theorem 2.6 (a). Then l{(wgr;} < l{wyg) for

alli=1,...,L

ProoF. We need to show that wo(a;) <Ofori=1,...,1L

wo{a )
={ry...ramre -
=(ry...7_1MTI—1 ..
={r...ranre -

=(r1...117r=1 -

Nz mmr e ) e (ramm—y ) ri{on)
rifre . moamirioy - -Te) (e )

rre .o )(er e oo oy + o)
cr)(en + 200+ 4 20 + ay)

={r...rm)or s+ ooy +ay)

= T'l(Oq)

= —Q].

wo ()

= (‘T‘l PN o SR F o TS (R

= (Tl Tt —1 ..

r)(re...r—irri—y - (rm - ri{ag)

Tl)(?"z cee T AT - - - 7‘2) - (TgfngT;Al)(—Cq)

= (r_immo) T (o)
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For ¢ with 1 <4 <,

wo (o)
={r...romrceer){re o orsamrioy o) L (oo ) (ag)
= (ry .ot ) (ro ey ) e (i - T ) ()
=(r...ricmri—y - ) (re e manr—t o T2) (T - TIm1)
(4 o1+ a1+ o)
=(ry...rpamri— .o r)(ro oy ) e (T T T - T
(s + 20541 + - + 2001 + )
=(ry...rpmnrp-y ) (Pe e omammi—y o T2) (T )
(o + o+ + o +ap)
=(rL e rmamri—1 o 1) oo (Tim T - crim mi(y)
=(r1..ormamr—1 7)) e (rimy o mri—1 - o1 )
=(r1 . TIm1TTi=1 - T1) oo (Tim1 ooy oo ip1 — 1)
( o=y e i oy ) — )
( (-

= (7‘1 BI i S i i T EPRON 'J"l) cenkTi—2 .

= (?"1 PRI ) o i T RN .7‘1) R T S o ¥ o DR R .’F‘igg) g )
= —;.

’EUO(C![)

= (T"1 v M1 IT -1 .- T1)(T‘2 PR i S I o i S T o) T (7‘;_11'11“;_1)1'1 (01;)

= (ricinm—1) T (o).
= —qy.

Thus by Proposition 2.6(a), l{{wor;) < l(wg) for i=1,...,L a

THEOREM 2.8. Let g = g(A) be the affine Lie algebra of type A( ).
Then there exists w € W such that A+ U{3(a; +6), (e +8)} € AT(w).

PrOOF. Let w = wouwyrowsary where wq, w; , w, are elements in W which
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o]
are constructed in Theorem 2.6. We know A = A¥(wg) C At (w).

wal(ao)

= wo(5(~ou +8))

= (T’l P S o I o D 7‘1)(7‘2 O i ) i S N ‘?"2) ce (T.[_l?"g'r[_})

n(5(—ec+9)

= ('."‘1 PR A S i i B O Tl)(?"z T T .. 7‘2) e (?‘[_17';?"1_1)

(50 +5)

1
= (1"[_1?"17‘1_1)(!_1)5(&1 + 5))

:gm+®eAﬂm.

W Towa g

= 11)0?1)17'0(%(9 + 6))

1
= w0w1r0(§(2a1 +2a2 4+ -+ 20y + oy + 6))

1
= wow (5(4040 +2a;, + 202 + - + 2041 + 0y + §))
1 .
= wowl(:?:(-—2a1 - 20[2 — e = 20:;_1 -y + 35))
= ’w'g('f'oT'l)(’f‘gT'ng) Ve (T()T[_.Q Ve ?"21"1)(7'07"1_17‘1_2 . 7"21"1)

1
(5(~201 — 202 = -+~ 2011 ~ oy +35))
1
= wo(ror1)(rorar1) ... (rori—2 ---T2T1)(§(“Gz + 38))
1
= wO(E(—a; + 34)
= (7‘1 s T T - 7‘1)(7‘2 R i S i ) o D TN 7‘2) e (T‘g_l’r;?"g_l)

ngpm+wn

=(r...rmmier - mipre o mmamrioy - T2) o (rimarr—n )

(30 +35))
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1
= (T1—1n'l‘z—1)(£71)(§(ag + 34))

1
= 5(0‘.’1 + 35)
C At (w). O

THEOREM 2.9. Let g = g(A) be the affine Lie algebra of type Ag).
Then for some w € W we can consiruct a sequence {y,} € A*(w) with
h — 1(= 2l) terms such that each partial sum is a root.

PROOF. We can construct a sequence {+, } € A*(w) as follows;

1 1
Nn=glaa+d) =gl +3), m=m=w1, . m2=ma=o.

Then Y ;_, 7v: is a root for all s with 1 < s < h — 1. O

2
ExXAMPLE. In Ag ), let w = ryroryrargriroreTirorari . Then we have

1
At (w) = {ah 20n + g, oy + g, oz, (200 + ag + 6), oy + az + 6,

2
1

1
5(02 +8), 200 + g + 26, o1 + ay + 24, 5(2011 + az + 39),

1
[#5) +25,C}:1 + g +35, 5(052 + 35)}

If we choose 1
= 5(042 +4),

Yo = %(a2+35),
Y3, Y4 =g,
then .
T = E(QQ +4),
T+ Y2 = a2+ 24,
M+ Y2 tva =0 +ax+ 26,
Mt Y2+ s+ v = 20+ o + 26

are roots,
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