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A NOTE ON APPROXIMATION OF SOLUTIONS OF A
K-POSITIVE DEFINITE OPERATOR EQUATIONS

M. O. OsiLiKE! AND A. UDOMENE?

ABSTRACT. In this note we construct a sequence of Picard iterates
suitable for the approximation of solutions of K-positive definite
operator equations in arbitrary real Banach spaces. Explicit error
estimate is obtained and convergence is shown to be as fast as a
geometric progression.

1. Introduction

Let E be a real Banach space, E* the dual space of E and let J :
E — 2F” be the normalized duality mapping defined for each = € E by

J@) = {f* € E*: {z, [*) = |l=}f* = II/"|I*},

where {.,.} is the generalized duality pairing. It is well known that if £*
is strictly convex, then J is single-valued. In the sequel we shall denote
single-valued duality mapping by j.

In [1] Chidume and Aneke extended the notion of K-positive definite
(K pd) operators of Martyniuk [5] and Petryshyn ([6], (7]) from Hilbert
spaces to arbitrary real Banach spaces. They called a linear unbounded
operator A defined on a dense domain D(A} in E a Kpd operator if

there exist a continuously D(A)-invertible closed linear operator K with
D(A) € D(K) and a constant ¢ > 0 such that for j(Kz) € J(Kz),

(1) {Az,j(Kw)) 2 c|K=l?, Ve e D(A).

Without loss of generality, we may assume ¢ € (0, 1}.
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In [1] (see also [2}) Chidume and Aneke proved:

TuEOREM CA. Let E be a real separable Banach space with a strictly
convex dual E* and let A be a Kpd operator with D(A) = D(K).
Suppose

(2) (Az,j(Ky)) = (Kz,j(4y)), Yz,y € D(A).
Then there exists a constant o > 0 such that for all x € D(A)
(3) [Az|| < afiKz].

Furthermore, the operator A is closed, R(A) = E and the equation
Az = f has a unique solution for any given f € E.

For the special case of Theorem CA in which E = Lp(or £,) spaces, 2 <
p < 0o, Chidume and Aneke constructed an iteration process which con-
verges strongly to the unique solution of the equation Az = f, provided
that A and K commute. Recently, Chidume and Osilike [2] extended the
convergence theorem of Chidume and Aneke {1] from Ly(or £,) spaces,
2 < p < oo to the more general real separable g-uniformly smooth Ba-
nach spaces, 1 < g < oo. Moreover, the commutativity assumption on
A and K imposed in [1] was dropped in {2]. More recently Chuanzhi
[3] proved convergence theorems for the iterative approximation of the
solution of the Kpd operator equation Az = f in much more general
separable uniformly smooth Banach spaces.

It is our purpose in this note to prove that the Picard iterates of a
suitably defined operator converges strongly to the solution of the Kpd
operator equation Az = f in the much more general setting of Theorem
CA where E is a separable Banach space with a strictly convex dual.
Explicit error estimate is obtained and convergence is shown to be as
fast as a geometric progression. Our convergence theorem is valid in ar-
bitrary real Banach spaces provided inequalities (2) and (3) of Theorem
CA are satisfied and the equation Ax = f has a solution.

2. Main results

Since K is continuously D(A) invertible, there exists a constant 3 > 0
such that

(4) Kzl = Bll=ll, Yz e D(K)=D(A).

In the sequel ¢ € (0,1), « and 3 are the constants appearing in inequal-
ities (1), (3), and (4), respectively. We now prove the following:
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THEOREM. Let E be a real separable Banach space with a strictly
convex dual and let A : D(A) C E — E be a Kpd operator with
D(A) = D(K). Suppose (Az,j(Ky)) = (K=,5(Ay)) for all z,y € D(A).

Choose any € € (0, ﬁ+_a(1'c—2c)ﬁ2')“ and define T, : D(A) CE — E by

Tx=z+eK'f —eK Az

Then the Picard iteration method generated from an arbitrary zy €
D(A) by

Tnyl = Ty = T:'TO

converges strongly to the solution of the equation Ax = f. Moreover, if
x* denotes the solution of the equation Az = f, then

lzns1 —2*[l < [1 = ce(1 - &))"B7 | Kzo — Ka*|.

Proof. The existence of a unique solution to the equation Az = f
follows from Theorem CA. Let z* denote the solution. From (1), we
obtain

(Az — cKz,j(Kz)) > 0
and it follows from Lemma 1.1 of Kato [4] that
(5) [Kz| < |[Kz+ A(Az — cKz)|,
for all x € D(A) and for all A > 0. Since
Tpp1 = Tty = 2, + eK_lf - eK'lA:cm
then
Krny1 = Kzp +¢f — €Axy = Ky + ¢Az™ — €Az, (since Az* = f).

Hence

Kz, = Ktny1 — €Az™ + eAxy,
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so that
Kz, — Kz*
= Kz, — K™ — €Az* + €Az,
— (14 &)(Kzng1 — Kz*) + e[Aa:nH — Az — o(K2ni1 — K:c*)]

—e(Kzns1 — Kz*) — E[Amn.i_] — A" — o(Kzpty ~ K:r;*)]
—eAx* + eAz,
€ * *
=(1+¢) [K(mnH —z*) + m[A(a:,H_l —z*)—cK(Zn41 — )]]
—€(1 —c)K(zpy1 — %) — e{Azpny1 — Axy)
* € * *
=(l+¢) [K(ﬂ':n-i-l -z} + 1—+€[A($n+1 ~2*) —cK(@ny1 — )]]
—e(1 — ¢)K (2 — z*) + (1 — ¢)(Azy, — AT*) — (ATt — Azp).
Hence

1 (@ —a*)) 2 |1+ ) [K (zns —37)

+ Ti_E[A(xn+l —x") — cK(Tnt+1 — 33*)]] ”
~ |l - el = K (zn — 2¥)
+ €2(1 - €)(Az, — Az") — €(ATpi1 — Azy)||
> (14 Q1K (@1 = ") + T lAlwnsr ~ )
~ K (@Tn41 — ")l — (1 - | K (2 — =7
— e2(1 — ¢)|| Az, — Az”|| — €| ATngr — Azn|
> (1+ )| K (@41 — 27)| — €(1 = )| K (2 — "))
— (1 — ¢)|| Az, — Ax*|| — €| ATny1 — Ayl
(using (5))
so that

[1+E(1_C)] *
—"“(HT”K(% —z*}|

+ 2(1 — )| Az, — Az*|| + €| A1 — Aznl.

1K (#nt1 — z")| <

Since ||Az]] < a|| Kz}, Vz € D{A), we obtain
(7) Az, — A2™|| = || A(zs — 27)|| < el K(zn — 27}
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and
[AZn11 — Azp|l < @ K(Tnty — z0)]
(8) = wel|A(zn - z%)|
< oPe| K (2 — 2.
Using (7) and (8) in (6), we obtain
[1+¢€(1—c)]
- (1+¢)
+ae’(1 - o)|K (2 — &) + &*| K (zn — )|

1K (@nt1 — =) [ K{(zn — =)

< [L+e -l - c+ K (@q — 2]
+e2[a(l - c) + o¥]| K (z,, — 27|
< 1 —ec+ Kz — %)
+e’fa(l - c) + a?]|| K (zn — z7)|
= [1 —ec+Fl+ta(l-c)+ a2]} 1K (2 — 27|
< [1-e(l =)l K(zn — x|
(since 0<e< ¢ )
“[l4+a(l-c)+a?
< 21— - )| K(zo — 2")|.

It now follows from inequality {4) that
ln41 — 27 < [1— e(1 = "5 [ K o — &™) | = 0 a5 m — oo,

completing the proof of the theorem. |

REMARK. If FE is an arbitrary real Banach space and A : D(A) C
E — Eis Kpd. It is clear from (1) that if Az = f has a solution, then
the solution is unique. If inequalities (2} and (3} of Theorem CA are
satisfied and Az = f has a solution, it is clear that our Picard iteration
converges strongly to the solution with the explicit error estimate given
in our Theorem above.
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