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A NULL FOCAL THEOREM
ON LORENTZ MANIFOLDS

JAE-UP S0

ABSTRACT. Let P be a spacelike (n - 2)-dimensional submanifold
of an n-dimensional Lorentz manifold M and let o be a P-normal
null geodesic with Ric{e’, ¢’} > m, for any given nonpositive con-
stant m. We establish a sufficient condition such that there is a
focal point of P along ¢.

1. Introduction

Let M™ be a Lorentz manifold of dimension n and let P be a spacelike
(n — 2)-dimensional submanifold of M with mean curvature vector field
H of P. Let ¢ be a null geodesic normal to P at p = o(0) such that

(1) k= (o"(0), Hy) > 0;
(2} Ric(e’, o'} = 0.

Then it is known [1, 6] that there is a focal point o(r) of P along ¢ with
0 < r < 1/h, provided o is defined on this interval.
In the present paper, using the method in Y. Ttokawa [4] we prove

THEOREM. Let m be any given nonpositive constant number. Let P
be a spacelike (n — 2)-dimensional submanifold in a Lorentz manifold
M™ of dimension n, with mean curvature vector field H of P. Let ¢ be
a null geodesic normal to P at p = o(0) such that

(1) h=(o0), Hy) > [ =

(2) Ric(o’, ') > m.
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Then there is a focal point o(r} of P along o with

log [(h+k)/(h— k)]
O0<r< %

0<r§% if m=0

if m<Q,

where k = \/—m/(n — 2), provided ¢ is defined on this interval.

Note that in this theorem, if m = 0 then we have the same result as
the above statement.

2. Preliminary results

Throughout this paper, M will be as described in the first paragraph.
Let V and {, ) be the connection and metric tensor respectively of M,
and let R be the curvature tensor with respect to the connection ¥V on
M. As usual, the mean curvature vector field H of a spacelike (n — 2)-
dimensional submanifold P in M" is defined by

. 1 n—2 _ N
(2.1) Hy= g 2 (Ve
at p € P, where e1,...,e,_2 is any frame on P at p.

The Ricei curvature tensor of M is defined relative to a frame field
by
Ric(X, Y) =) _e(R(X, E)E;, Y),

where ¢; = (E;, E;).
It is well known [1, 6] that for a null vector 0 # v € T, M,

n—2

(2.2) Ric(v, v) = Y _(R(v, e:)e;, v},
i=1

where ey,...,€e,_s are orthonormal spacelike vectors.

For a curve segment o : [0, ] —» M in a Lorentz manifold the integral

b
E(o) = -;—’/0‘ (o', o'} ds
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is called energy of o. For a piecewise smooth variation x of ¢ let E.(t)
be the value of E on the longitudinal curve s — (s, t), so

b
E.(t) = % /D (o, o) ds.

By contrast with L., the function E, is always smooth without restric-
tion on z. Thus E can be used to study null geodesics.

Let P be a semi-Riemannian submanifold of M and ¢ € M. Let
SUP, ) be the set of all piecewise smooth curves o : {0, )] — M that
run from P to g, and let V1 (a, P) be the vector space of all piecewise
smooth vector fields V' on ¢ with V{0) € T, )P and V Lo'. Then E
becomes a real-valued function on Q(P, ¢). It is easy to check that the
critical points of E are exactly the normal geodesics from P to ¢. If
o € QP, g) is such a geodesic, then strictly analogous to the index form
I, for L is the Hessian H, for E. We define H, by

H,(X, Y) - j:{(X’, Y') = (R(X, 0')d', Y) }ds
— B+ (X(0), Y (0))

(2.3)

for all X,Y € V4(o, P), where 3, is the second fundamental form of
P defined by G, (v, w) = (Vy(w), ¢').

Let o be a geodesic normal to P at p = ¢(0). A Jacobi field on ¢
satisfying Y(0) € T, P and

(2.4) o (Y (0), w) = —(Y'(0), w)

for all w € Tp(P) will be called an P-Jacobi field.

We define a focal point o{r),r #-0, of P on a null geodesic ¢ normal
to P if there is a nontrivial P-Jacobi field ¥ on o with Y'(r) = 0.

To prove our theorem, We use the following lemma which is well
known (1, 6].

LEmMa 2.1. Let P be a spacelike submanifold of a Lorentz manifold
M, and let o : [0, ] — M be a null geodesic segment normal to P at p =
o(0) with no P-focal points. Let X € V*(o, P) and let Y € V-+(o, P)
be a P-Jacobi field on ¢ with Y(b) = X (b). Then

(2.5) H,{(Y,Y) < H,(X, X).
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Here, we will use some notations in Y. Ttokawa [4]. Let P be a space-
like (n — 2)-dimensional submanifold of M. For each P-Jacobi field ¥
on ¢ : [0, 00) — M normal to P, we construct a modified field Y defined
by

7(s) { Y(s) if Y does not vanish on (0, s),
s) =
0 if Y(t})=0 forsomet, 0<t<s.

Let ¥i,...,¥,_ be a linearly independent set of P-Jacobi fields on the
null geodesic o perpendicular to o such that ¥1(0),...,Y,,_2(0) is a basis
for Ty(0)P. Here, we define a function g(s) by

1/27%
26) ol6) = ool

where G[v;] is the Gram determinant made from the vectors vy, va, ..., Un—2-
Then the function g{s) remains valid for all s even beyond the focal
points of P.

REMARK. If g(s} = 0 for some s > 0, then there is a focal point o'(r)
of P along o with 0 < r < s.

3. Warped products

In this section, we construct model spaces called warped products {1,
6] which will be used for comparison purposes in the next section. Let B
be a domain in (R?, du?—dv?) containing a null geodesic segment (s) =
(s, s): [0, ) — B, where0 < b < cc. Let f > 0 be a continuous function
on B such that fo~y : [0,b) — R is the solution to the differential
equation

(Foy)"(s)—k* (foy)(s)=0

with iﬁitial values
foy(0)=ap and (fov)(0)=ai,

where k is a nonnegative constant number, ap > 0 and a1 < 0. We know
that the solution to the above differential equation is
(3.1)

ag+ a1 8 if k=0,
f07(8)={ .

ao/(2k) [(k + ar/ao)es® + (k — arfag)e™*] if k#0.
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Hence, for example we can take B and f satisfying the above conditions
as follows:

2
B ={(u, v)[v=0, utv< -2y
( + ) al if k:o
fu, v)=a0+“‘1”T”
and
B={(wv)v20, utv< 28l@1/o0= f;)/(al/ao By
(u v) (Ic+ a )e(u+v)k/2 (k— Z—;)e‘(”'i'v)k/?}
f0<k<—

0
For a domain B and a function f as described above, we take a space
which is diffeomorphic to
n—2
5" x B
and give it the metric

( >(-Tsy) - fggca'n (dufz - dﬂ?)

at each x € §"~? and y € B. We denote the resulting Lorentz manifold
with boundary by M. Let us denote by S?, the parallel sphere S™~2xy(s)
and by A*(s), its area. Let p* € M|, p* = (z, ¥(s)) where z € §7~2 and
¥(s) € B. Then, a curve ¢” : s — (z, ¥(s)) € M is a null geodesic
normal to S} at p* and we have

LEMMA 3.1. Let H,- be the mean curvature vector field of S¥ at p*,
and let v, w be tangent vectors to S;. Then we have

(1) (3.2} Ric(c*’, 0*') = —(n — 2)k*.

(2) Each S} is totally umbilic and has parallel second fundamental form

_(fon)(s)
(33 o (v, w) = =20 D 0, ),
Hence
(3.4) (0", Hye) = ~L200)

(fom(s)’
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(3) For each (x, ¥(0)) € S, take Y7',..., Y[, _, to be linearly indepen-
dent S3-Jacobi fields on the null geodesic o* : s — (x, ¥(s)) perpendic-
ular to o* such that Y*(0),...,Y;; 5(0) is a basis for T,.(0)S;. If we
define a function g*(s) by

. G2 [Y (s)]
(3.5) g'(s)= Y 0)]

then
39 A= [ g6 dhras;p) = (o) )b ~2),

where (n — 2) is the volume of the euclidean sphere (S™72, gir i,

Proof. (1)The set of all lifts of all vector fields on $*~2 or B to
.S'”JTZ x B is denoted as usual by £(S"~?) and £(B), respectively. If
X,Y € £(8"?) and U, V € L(B), then by using Koszul formula we see

oVyV € L(B) is the lift of DyV on B.

oVyX =VxU =YX

o(VxY)t = —@ grad f.

o(VxY)T € £(5"2) is the lift of VxY¥ on S"~2.

(3.7)

By using (3.7}, we have

R(U, X)U =VyVxU - VxVyU -V, xU

(3.8) - VU{UTfX - DUfo X
_ Wy~ J:DUU)f X

Let €1,...,en_2 be orthonormal spacelike vectors tangent to S at p*.
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Then since o' is a null vector, (2.2) and (3.8) imply
n—2
Ric(o*’, o*') = E(R(a*’, ei)ei, o'

=1
n—2
=_ Z(R(a*', e, e;)
i=1

vy f
(fov)'(s)
fo(s)
= —(n—2)k%

(2) Bor (v, w) = ((Vow), o*')

_ g, vy ,
= { 7 grad f,v")

=—(n-2)

(v fw> v f
(f o) (s)

= —(Us 'LU)—'—'—*

fox(s)

Hence, {2.1) implies
1 n—2 -
(o*', Hpe) = {0, o (Vesea)™)
n i=1

1 n—2
) z Bovr(€i, €i)
i=1

_ o))
(fem(s)
(3) cf. [3, 5]. O

4. Proof of Theorem

The purpose of this section is to prove our theorem as described in
the first section. To prove our theorem, we need the next lemma which
is a special case of the well-known Comparison Theorem of E. Heintze
and H. Karcher [3].
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LEMMA 4.1. Let P be a spacclike (n -~ 2)-dimensional submanifold
in Lorentz manifold M™ with mean curvature vector field H and let o
be a null geodesic normal to P at p = o(0). Let M be a warped product
model as defined in the section 3, and let g(s) and g*(s) be functions as
{2.6) and (3.5} respectively. Suppose that

(1) (+'(0), Hp) = {0*'(0), Hp),

(2) Ric(o’, ¢') > Ric(o*/, *')

Then, for all such s,
g(s) < g*(s).

Proof. Since the function ¢g*(s) is strictly positive on the admissible
interval, if ¥;(s) = 0 for any 4, then the inequality follows trivially. If,
on the other hand, Y;(s) # 0 for all i, then ¥;(s) = Y;i(s). In this case,
let k(s) = log g*(s) — log g(s). Since k(0) = 0, it suffices to show that
k'(s) > 0 for all s such that ¢(s} comes before the first focal point o(r)
of Pono. Wefix,(0<I< 7‘) We may assume that ¥1(0),...,Y,_a(l)
are orthonormal and Y*(I),...,Y,"_,(I) are orthonormal.

{log g(s)} (1)
={10g GY2[Yy(s)]Y (1)

—Z (1), Y (1)
i=1

->

i=1
n—2

!
(v:(0), >+f0 (Y, Y'Y ds

B (¥i(0), Yi(0)) + /O (Y, YY)~ (R(Y:, o')o", i) }ds

—Z - (Y, V7).

Similarly, we have

I
l——|

;ﬂm
ND—'

n—2

{log g* ()} (1) = ZH (Y, ¥7)

Let Ey,...,E,_» € V1(o, P) be spacelike parallel orthonormal vector
fields on o such that E;({) = Y;({) for all ¢, and let E},... | E;_, €
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VL(o*, S;) be spacelike parallel orthonormal vector fields on o™ such
that EX(l) = Y;*() for all i. If Y;*(s) = 3_ a;;(s)E;(s) on o*, then we
define a vector field X;(s) on ¢ by X;(s) = 3 a;;(s)E;(s). Then we
have |X;(s)| = |Y*(s)| and |X[(s)| = |¥;*'(s)|. By taking a suitable
linear combination, we may assume Y;(1) = X;(I). Since H,(Y;, Y;) <
H,(X;, X;) by Lemma 2.1, we have

n—2

n—2
{logg(s)Y' (1) = Y Ho(Ys, ¥i) < 3 Ho(Xi, Xi).

i=1
Hence, it remains to show that
n—2

n—2
Z HO-(X,;, Xz) S ZHG* (}’i*a Y’z*)

i=1 i=1
From the definition (2.3) of Hessian form H,, we see
H;(Xi X;) = - B (Xi(0), Xi(0))

1
+_[ {<X'i’1 Xi’) - (R(Xi: U,)U': Xi)}dsu
4]

Hoe (Y7, Y7) = — Boer(Y7(0), Y (0))
i
+ ] (¥, V) — (R(Y, 0*)o™, V) }s.
0

Since Y;* is a S3-Jacobi field on o* such that ¥;*() = E;(I), we can

T
know easily

Y7 (s) = (f o v(8)/f o (1)) E (5),

and so
Xi(s) = (f 0¥(s)/f o ¥(1)) Ex(s) on .

Therefore

n—2 2 n-2
> Ao (Xu(0), Xi(0)) = (ftf“y((?))) >~ B (E:(0), Ex(0)

(fovm
foy(l)

S

) (n— 2)(0'(0), Hy).
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Similarly,

n—2 2 n—2
> B0, Y 0) = (£2200) > e (B0, B (0)

= o)
@2_ y
(foﬂn) (n —2){c™(0), Hpr).
And since the X;s are spacelike, (2.2) implies
n—2 3 5
;, 0')o’ i = fonls) RPN
;(R(X“ ) 1X1> ; (fO'Y(E)) (R(Eha‘)a', E:)
_ (121N Riror o
B (fo"y(l)) Ric(d’, o').

Similarly, since the Y;*s are also spacelike, (2.2) implies

n—2 n—2 2
* LAY Y dy fO’)’() * * */ *
N R N e O RL R

_ (fov(S)
for(d)

The above equalities and the hypotheses in the Theorem give

) Ric(a*’, o).

n—2 n—2
D H (X, Xi) <> Hoe (Y7, Y1),
i=1 i=1
which completes the proof of Lemma 4.1. O

Let a warped product M, a null geodesic ¢* and a function g*(s) be
as defined in the section 3 with the initial values ag and a; such that
—aj/ap = h. Then (3.3) and (3.2) imply

.t _ (fe)(0) _ a1 _
(U (0)! H’P*) - fO’T(O) = a0 = h"l

Rmf2w3=—m~mﬁ=—m—m( ‘m) =m.
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Hence, from the hypothesis in Theorem we obtain
Q) (o(0), Hy) = h={o*(0), Hy),
(2) Ric(o’, ¢’) > m = Ric(a*', o).
Therefore, Lemma 4.1 implies that for all such s,

g9(s) < g"(s)-
From (3.1), we know that if & = 0, then f o ¥(s) > 0 only for

ag L _];
§ < o B
And if k 5 0, then h > k > 0 from the hypothesis in Theorem. Hence,
we also know from (3.1) that for b in the domain [0, b) of f o+,

log [ (h+k)/(h = )]

<
bs 2k

As s approaches the value on the right side, f o ¥(s) tends to 0 and so
A*(s) and g*(s) also tend to 0 from (3.6). Since

a(s) < g*(s),

g(s) also tends to 0 as s approaches the value on the right side. Remark
in the section 2 implies that there is a focal point o(r) of P along o with

log [ (h+ k)/(h — k)]
2%

if m=0

D<r<

if m<0,

0< <1
’r‘ —_
—h

provided ¢ is defined on this interval.
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