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RICCI CURVATURE FOR CONJUGATE AND
FOCAL POINTS ON GRW SPACE-TIMES

JEONG-S1k KM AND SEON-BU KM

ABSTRACT. The authors compute the Ricci curvature of the GRW
space-time to obtain two conditions for the conjugate points which
appear as the Timelike Convergence Condition{TCG) and the Ja-
cobi inequality. Moreover, under such two conditions, we obtain
a lower bound of the length of a unit timelike geodesic for focal
points emanating from the immersed spacelike hypersurface, the
graph over the fiber in the GRW space-time,

1. Introduction

In [15] Myers showed that if Ric(vy',7'} > (n — 1)k > 0 for any unit
speed geodesic v and if the length of vy exceeds %, then the geodesic v

contains a pair of conjugate points. We may also find some information
for the conjugate points and focal points related to the Myers theorem in
4, 5,6,7,9,10, 11,12, 13, 15]. In [7}, P. Ehrlich and S.-B Kim general-
ized the condition for the conjugate points of the limit supremum of the
integration of the Ricci curvature given by C. Chicone and P. Ehrlich (6]
to the limit supremum of the integration of the Ricei curvature plus the
trace of square of shear tensor along complete Riemannian or geodesi-
cally complete timelike geodesics. On the other hand, to obtain focal
points along timelike geodesics orthogonal to the spacelike submanifold
of codimension arbitrary, S.-B. Kim and D.-S. Kim [12] generalized the
Myers-Galloway theorem on Lorentzian manifolds by using the subman-
ifold index form technique (cf. {8, 9]). Further, 5.-B. Kim, D.-S. Kim
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and Y.-T Jung[13] extended the Myers-Galloway theorem given in [12]
to find a K-focal point for the spacelike submanifold K of codimension
arbitrary by adapting mixed initial conditions of the scalar Riccati equa-
tions or Jacobi differential equations derived from the K-Jacobi tensors
and their matrix Riccati equations.

Through a series of papers, L. Alias, A. Romero and M. Sanchez [2,
3] computed the Timelike Convergence Condition(TCC) on the Gener-
alized Robertson Walker(GRW) space-time M = (a,b) x; F, that is,
Ric(v,v) > 0 for all timelike vector v € TM and then obtained that
TCC holds in M if and only if f < 0 and Rict > (n— 1)(ff" — /%)
where Ric is the Ricci tensor of F.

In this paper, we compute the Ricci curvature of the GRW space-time
M = (a,b) x ¢ F to obtain two conditions for the conjugate points which
appear as the two differential inequalities of the warping function f in M
given by Ric” > (n—1)(f f"— f'*)gr and the Jacobi inequality f”+kf <
0 for some constant £ > 0. Moreover, using such two conditions, we
obtain a lower bound of the length of a unit timelike geodesic for focal
points emanating from the immersed spacelike hypersurface z(F), the
graph over the fiber in M.

2. Preliminaries

Let (F,gr) be an n-dimensional Riemannian manifold and let I =
(a,b) C R be an open interval in R endowed with the metric —dt?.
Throughout this paper, we will denote by M the n + 1-dimensional
product manifold I x F' endowed with the Lorentzian metric g given by

g = —m(dt*) + f(m)?nh(gr),

where f > 0 is a smooth function on I, and n; and wz dencte the
projections onto I and F, respectively. That is, (M,g) is a warped
product with base (I, —dt?), fiber (F,gr) and warping function f. We
will refer M as a Generalized Robertson- Walker (GRW) space-time. We
write Ric’ for the pullback by 7z of the Ricci curvature of F. Note that
if dimM = 4 and the sectional curvature of the fiber are constant, then
(M, g) is a classical Robertson-Walker space-time.

Observe that 9; € T'M is a unit timelike vector field globally de-
fined on M determining a time-orientation on M. If x : § — M is an
immersed spacelike hypersurface in M, we may give the unit timelike
vector field N € TM normal to 5 in the same orientation of 8;. Now,
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we are interested in the special hypersurface in M as the graph over
the fiber F. If v : F — [ is a smooth function, then the metric tensor
induced on F by the natural embedding = : F — M, z(p} = (u(p), p), is
given by

(2.1) —du® + fH(u)gr,

and z is spacelike if and only if u satisfies gr(Vu, Vu) < f3(u) on F,
where Vu denotes the gradient of u with respect to the metric gr. In

this case, we obtain that the unit timelike vector field normal to the
graph in the same time-orientation of &; is

_ flu) 1
T VW) = gp(Vu, Vu) (at T )

and the mean curvature function H associated to N is given by

nH (f4(w) = gV, V)" =(7) - o(Vu, ) (nf' () + 775 )

1
fu)
where A and V? denote the Laplacian and the Hessian of the Riemann-
ian metric gp, respectively(cf. [1, 2, 3|).

We may recall some formulas for the Ricci curvature tensor Ric of the
GRW space-times M in [4, 5, 16]. Applying a timelike tangent vector
field v of the type v = a8, + v, with v; tangent to F to compute the
Ricci curvature Ric, we have

fﬂ'(t)

Ric(8,0:) = —n""ﬁ‘t“)“a

(2.2) N

Vu)

+ Viu(Vu, Vi) —~ f'(u)g(Vu, Va),

RiC(ag,'Ul) = 07
RiC(’U]_ y ‘U]_) = RiCF(Ul s ’U]_)

(2.3) , +g(v1,v1)();’(%) +(n— 1)(%)2)1

where v is tangent to the fibers. Calculating the Ricci curvature on a
GRW space-time and using (2.3), we also obtain

i ! 1
(24) RiC(’U, U) = RiCF(’Ul y ’Ul) + (fT + (n - 1) (%)2)9(1}1, U]_) —ﬂfT(lz.

Inspired by the Lorentzian version of Myers Theorem given by J.
Beem and P. Ehrlich {[4, 5]) and S.-B. Kim and D.-8. Kim [12], we apply
the TCC and the spacelike hypersurfaces as in [2, 3| for conjugate and
focal points of the GRW space-times
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3. The main Theorems

J. Beem and P. Ehrlich obtained a upper bound of the acceleration of
a reformed warping function ¢ = In f for the positive Ricei curvature by
using the timelike tangent vector field v = 8;+v; on the GRW space-time
M with the hypothesis Ric™(vy,v) > pgr(vi,v1) for a constant p €R
(cf. Proposition 2.59 in [4] or Proposition 3.72 in [5]). But, if v is unit for
the timelike tangent vector field v = 8, + v;, then gr(vy,v,) = 0 for all
v; € TF, which is impossible since gg is positive definite. However, we
cultivate their ideas by adapting the unit timelike tangent vector field v
of the type v = ad; +v, to obtain the conditions for the conjugate points
of (M, g) by computing the Ricci curvature Ric of the GRW space-time
M

THEOREM 3.1. Let M = (a,b) x; F be a GRW space-time with
dimF = n > 2. Suppose there exists a positive constant p € R such
that Ric” > pgr on TF and let the warping function of (M, g) satisfies
F7 () + kf(t) <0 for some positive constant k, Then, if v :[0,L] -+ M
is any unit speed timelike geodesic of length L(vy) with L{v) > w/V'k for
some constant k > 0, the geodesic v has a pair of conjugate points.

Propf. From the Lorentzian version of Myers Theorem, we need a
Ricci curvature condition that Ric(v,v) > nk > 0 for any unit timelike
vector v of the type v = ad, + v1 € T'M. Since g(0;,8;) = —1, we
have 8 = g(v;,v1) = &® — 1 > 0. Also, since Ric{v, v) = o®Ric(8;, 5;) +
Ric(vy,v1), putting ¢ = In f, we have from (2.4) that

Ric(v,v) =Ric” (v1, ;)
(8.1) + (8 —na)g"(t) + n(l — a®)¢'()°.

Since gr(v1,v1) = Be~??, if RicF (vy,v1) > pgr{v1,v1) for all v €
TF, the term of (3.1) is following

(3.2)  Ric(v,v) 2 pfe™® + ({1 —n)B — n)¢"(t) — ng/(t)*.
Thus, Ric(v,v) > nk > 0 provided ¢” < G(f) for all 8 € [0, 00), where

_ pPBer ¥ — ng'(t)* — nk
- (n-1)8+n ’

G(8)
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Since p > 0, we have

o) = npe 2 +n(n — 1)((¢'(t))? + k)
- ((n—1)8+n)?

Hence, we can check that G(3) is increasing and G’(8) does not change

sign in [0, 00). Thus, G(8) has its minimum on [0, cc) for 8 = 0. Thus,

we have

> 0.

(3.3) ()" < —¢'(t)> — k for all t € (a,b).
Since ¢ = In f, we finally obtain the Jacobi inequality f”(#) + kf(t) <0
for all ¢ € {a,b). O

Now, using the warping function f, we may generalize the condition
of the positive constant p € R such that Ric” > pgr on T'F to find the
conditions for conjugate points of the GRW space-time M in Theorem
3.1 as follows.

THEOREM 3.2. Let M = (a,b) x5 F' be a GRW space-time and with
dlmF =n 2 2. Suppose (M, g} satisfies Rict (vy, 11} > (n — 1)(f"f —
Fgr(vi,v1) on TF and f* + kf <0 for some constant k > 0. Then,
ify:[0,L] — M is any unit speed timelike geodesic of length L(~y) with

L(7) > m/Vk, the geodesic v has a pair of con jugate points.

Proof. From the first part of the proof in Theorem 3.1, we obtain
from (2.4) that

f”
f

+n-nL )) —nlle

(34) RiC(‘U, ’U) = RicF (’Ul, ’Ul) + (a2 - 1) ( f

Thus, we have
Ric — RiCF(,Ulzvl) - (n—-1) (fT" - (f_’)2) (az -1 - ﬂ.(f?”)

Since gr(v1,v1) = 7rg(v1,91) = 75 (a® — 1) > 0, we have the conditions

for the conjugate points Ric” (vl, 'Ul) > (n—=1)(f"f - f)gr(vi,v1) and
f" +kf <0 to get the Ricei condition Ric(v,v) > nk > 0. 0

If £ is a complete Riemannian manifold, the GRW space-time M
is globally hyperbolic([4, 5]). From the Lorentzian version of Bonnet-
Myers Theorem, we have the timelike diameter of (M, g) as follows.
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COROLLARY 3.3. Let M = (a,b) x5 F' be a GRW space-time and let
F be a complete Riemannian manifold with dimF = n > 2. Then, if
RicP (v, v1) = (n — V(" f — f*)gr(v1,v1) on TF and f" + kf <0 for
some constant k > 0, we have diam(M, g) < w/Vk.

From the Ricci curvature, it is easy to see that

(N N) = ) - Ric(Vu, Vu)
Ric(N,N) = ) = gr (Ve V) (Rlc(at,at) + o )
_ () O A
T f2(u) — gr(Vu, Vu)[ f(u) F4(u) (R (Vu, Vu)
" )’
(3.5) +9(Vu, Vu)(f(u) (n— f( ) ))]

Moreover, we may obtain some geometric inequalities for the focal
points along the unit speed timelike geodesics orthogonal to the im-
mersed spacelike hypersurfaces of the graphs over the fiber in a GRW
space-time.

THEOREM 3.4. Let (M, g) be a connected GRW space-time and sup-
pose (F,gr) is a Riemannian hypersurface of (M, g) with dimF =n 2
9 satisfying Rict (vy,v1) > (n — V){(f"f - ) gr(vy,v1) on TF and
f(w) + kf(u) < O for some constant k > 0. Then if v : [0,L] - M
is any unit speed timelike geodesic of length L{~) with ~/(0) = N per-
pendicular at v(0) to the immersed spacelike hypersurfaces of M and
if

—AH + /16 H? + 4kn2n?
>
Lin z ank

for the mean curvature H associated to N, the geodesic v has a focal
point to z(F).

Proof. To derive geometric consequences from this property, we set
Enr1 (t) = 4'(t) and {El(t),Eg(t),--- , En(t)} be n spacelike parallel
fields such that {E1(0),- -+ , E,,(0)} forms an orthonormal basis of T7;(q)

z(F) and {E1(t), E'g(t , En(t)} the orthonormal basis of T,z (F).

)i
Set Wi(t) = cos(Z£)E (t) for ¢ = 1,2,- - ,n. Using the submanifold
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index form, we obtain
ZI(WZ,W) = Zg @ Wil0), Wi(0))

- Z / )?sin (37 )g(Ei, )
— cos (ﬁ)g(R(E,-,v’)v',Ei)] dt

for i = 1,2,-.- ,n. If Ric{v',y) > nk > 0forallt € [0,L) and L >
—4H + V16H? + 4n2n2k/4nk, we have )., I(W;,W;) > 0. Hence,
I(W;,W;) > 0 for some ¢ € {1,2,--- ,n}. On the other hand, if | 1
has no focal points, we should have that I{W;, W;) < 0 for all ¢ from
the Lorentzian index lemma(cf. Theorem 10.22 in [3], or Theorem 34 in
[16]). Thus, v has a focal point if

—4H + /16H? + 4kn2n?

> .
L2 dnk a

COROLLARY 3.5. Let M = (a,b) x¢ F be a connected GRW space-
time and let F' a complete Riemannian manifold. Let x : F — M be
a compact immersed spacelike hypersurface with dimF' = n > 2. For
any unit speed maximal timelike geodesic v of length L with ~'(0) =
N perpendicular at v(0) to the spacelike hypersurfaces x{F"), suppose
Ric!(v1,v01) 2 (n=1)(f"f = f*)gr(v1,01) on TF and f"(u)+kf(u) <0
for some constant k > 0. Then

—4H + 16H? + 4kn2n?
dnk

diamy gy (M,g) <

for the mean curvature H associated to N

REMARK. If z : F — M is an immersed compact maximal spacelike
hypersurface of M, then diamgm(M,g) < «/ 2v'k, which is the just half
of diam(M, g) in Corollary 3.3. :
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