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A ¢-ANALOGUE OF w-BERNOULLI
NUMBERS AND THEIR APPLICATIONS

JIN-W00O SoN AND DOUK S00 JANG

ABSTRACT. In this paper, we consider that the g-analogue of w-
Bernoulli numbers B;{w, ¢). And we calculate the sums of products
of two g-analogue of w-Bernoulli numbers B;{w, q) in complex cases.
From this result, we obtain the Euler type formulas of the Carlitz’s
g-Bernoulli numbers 3;(g) and g-Bernoulli numbers 8;(g). And we
also calculate the p-adic Stirling type series by the definition of
B;{w, ¢) in p-adic cases.

1. Introduction

L. Carlitz {1] considered g-Bernoulli number 3, as ultra numbers of
Bernoulli numbers as follow

1 if n=1,
0 if n>L
Also the w-Bernoulli number B,(w) ([4]) are defined by

fm e = |

Bt _ b
wet — 1
Thus B, (w) can be determined inductively by
I if n=1
Bo(w)=1, w(B 1) — By (w) = ’
o(w) =1, w(B) 1 ~Buw) ={ ;"7

Let w,q € C with Jw| < 1 and |¢| < 1. Then the g-analogue of w-

Bernoulli numbers B,,{w; q) ([7]) are defined as follow
n 1, n=1,

Bo(wig) =1  w(gB(w;q) +1)" — By(w;q) =
0, n>1,
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with the usual convention of replacing Bi(w;q) by Bi(w;q). Iff ¢ — 1
then B;(w;1) = B;(w) where B;(w) is w-Bernoulli numbers.
We know that the generating function G, 4 of B.(w;q) ([7]) by

- * n
Gw,q = Z Bn(w; Q)m

n=0
(1) = Z w"eMat (1 — w — g"t).
n=0

We find that the following holds (see Theorem 1) as a g-analogue of
Lemma 5 in Section 2

[éw,q, (p(éw1Q)] = éw,q - [(éw,q + qa’iu,q)? qb(t)]:

where [,], ¢ and ¢ are defined in Section 2. By comparing the coefficient

t" /n! in the above equation for n > 1, we find that the sums of products

of two g-analogue of w-Bernoulli numbers By, (w; ¢} (see Corollary 3}.
And also, we know (7] for k > 2,

(2) —§5£;:;—Q) =— (—E -~ 11_;:;) Hiy(w™,q)+

= wHk—l(wvlsQ):
where Hy(w™!,q) are Carlitz’s g-Euler numbers.

We apply p-adic case to the formula (2). In p-adic case, we assume
that ¢ be an element of C, with |1 —¢q[, < p71 and u be an element
of C, with |1 — u|, > 1 where C,, is the algebraic closure of Q,. We can
calculate the p-adic Stirling type series (see Proposition 2).

2. Euler formula for B, (w;q)

We shall find the Euler formula of the w-Bernoulli numbers and ex-
plain a method to construct a g-analogue of power series for w-Bernoulli
numbers.

Let w € C with |w| < 1 and let
and G, =F, -t

¥ owet — 1

then G, is the generating function of w-Bernoulli numbers B,{w), i.e.,

(s o] tn
G :Z()Bn(w)a.
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The derivative G, of G, is equal to F, — Gy, — Fy, - Gy, s0 we have
(3) G2 =Gy — (Gy + G ).

This equation is equivalent to

(4) (B(w)+ B(w))"™ = Bp(w) — n(Bp_1(w) + Bp(w)) for n>1

where we use the usual convention of replacing B*(w} by B;{w).
For any A and B € C[[t]] which have a,, and b,, € C as coefficients of
t" /n! respectively, the operation [,] (see [6]} defined as follow

- n n ’n.tn
[4,B] =3 AWB™(g-1)"~
r=0 ‘

where A is the n-th derivative of A. We use the notation

1-g*
[w]q = 1— q '
For any a and b € C, we have
(5) 111[6[‘1]03, e[b]qt] — ei‘H”b]qt_

We define an operator ¢, ¢ on C[[t]] similarly as in ([5]) as follows
d
p=liat(g-1),

d
¢—1z‘d+(w_1)a'

LeEMMA 1. For any A =%, B = e € C[[t]] with a,b € C, we have

[A,B]'=[A",B]+[A, B+ (g — 1[4, B'].



402 Jin-Woo Son and Douk Soo Jang

Proof. This is an easy calculation by the definition of the operator
Q. il

Let

o0
R, = { Zanw”X"Mn,w e C with |w| <1

n=0

o0
and Z a,w" is abgolutely convergent}.

Then we define the g-operator from R, [t] to C[[t]] (cf. [5]) as follow
Ry t] = Cllell
twrX™ —  [twrelmlf]
For A, € R[t], Aw,.q denotes the image of A,, under the g-operator.

LEMMA 2.

(1) (Fi)e=lg+ Q"I)FwQsF’ ]
(2) szL,q = —(Fu.g+ Fug. ¥ w,q)])-
(3) Fw,q [q + (q - I)F w,gs (P(Fw,q)l-

Proof. (1) Since By g = —Y o0 w“e[”]fft by the equation (5), we have

g+ (g~ DFu g Fugl

= —qz'w”[n] eltlet 4 (g 1) [Zw ellat Zw“[n] elnlat]

n=>0

=—q Z w[nlgel™ + (g 1) Z w'e™ Z [mlq
n=0
=— i wnel™lat

n=0

=(F1’u)q-

(2) Apply the g-operator to both side of the formula F, = —(F,,+F2)
and by Lemma 2-(1), we have

~(Fu.q + Fu.g Fud) = (Féf)q =g+ (¢~ D)Fy ,Q!inl q]
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Thus (2} holds by the above equation.
(3) Multiply (g — 1) to both side of Lemma 2-(2)

Fuq = qFuq+ (g —1)gF,, .+ (@ D) Fy g, ¢(Fuq)]
= QGD(Fw,q) + (g — 1) Fu g, W(Fw,q)]
= [g+ (g — 1) Fu g o(Fuq))-

From the definition of [,], we have

[[A, B),£] =[A, B]t + (g — 1)[4, B]'t

—t> " A Bl (g 1)71;_‘

n=0

o0 n
_ (1) g3(r)(,, _ qyn
+(q 1)t{ Y AN B (g - 1) =

n=0
o0 t”
(n} p(n+1) _ n-_
+7§A B (g—1) —
oo -1
() gln), _ 1yn "
+§=;A B (g~ 1)"— }
et t'n,—}-l
=ZA(ﬂ}B(ﬂ)(q —1)"
n=0 n
- (n+1) p(n) n-}-ltn-l-1
A B (g—1 —_—
+nZ=D (g—1) i
oo n+1
(m) glri1)(, _ pynt1t
+§A B D(g — 1yt —

ntl nt"

+Y AMBM(g—1) -
rt iz

403

Using the equation (Bt)(™) = B®¢t 4 nB"-1 5 =1,2 ..., we have

(4,[B,#]] = [4, Bt + (¢ — 1)B'Y]
= [A, Bt] + (¢ — 1)[A, B't]

o0 tn
= 3 AP (B g -1y

n!
n=0
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(@-1Y AVB Y g1

n=0
n

= t
= ABt+y_ AW(BMt+nBV)(g - )"

n=1
o tn
(n+1) (n) _ +1%
+T§A(n)(3 t+nB™)(g—1)""
n+1
- }: A B (g _ 1ynt
n=0
oo tn
(m)gn-1¢, _ 1)
+;A B (g —1) TRV
T~ 4() g ) !
+§A BOH(g - 1)

+3 Am B (g - 1 7

nl

Thus we have

(4, B, 1] = [4, B, t]}.
Using above formula, we have
[[ArB]:t] = [A, [B’t” = [As [t, B]] = [[Aat]aB]'

Therefore we have the following lemma.

LEMMA 3. For any A, B € C[[t]], we have

(1) [[4,B],#] = [A,[B,].
(2) [[4, B, #] = [[A, ), B].

LEMMA 4.
(Giu)q =g+ (g— 1)Fw,q’G:u,q]-

Proof. Apply the g-analogue to both side of the formula G, =F -t
+F, and Lemma 2-(1}, (3) and Lemma 3-(1), then we have

(Guw)e = [{(Fo)ast] + Fug
=g+ (g - 1)Fy, q:[ w,q* ]]+[Q+(q_1)Fw,qa‘P(Fw,q)]
=[g+ (¢~ VD)Fy g [F qu]+99(Fw,q)]-
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And also, if we apply Lemma 1 to Gy, 4 = [Fiy 4, %], then we have
Giﬂ,q = [Fm,qﬁtl’
=[Fyptl + Fugt@-1)F,,
= [F:U,qi t] + QO(FW,Q)'

Thus Lemma 4 holds. O

PROPOSITION 1.

[Gu.gs#(Gug)] = Gu g — [Guyg + qG;U!q,t].

Proof. Apply the g-operator to the equation (3) and Lemma 3-(2)
and Lemma 4 then we have

[Gw,qsGw,q} =Gyg— [(Gw,q + (G:u)q)at]
= Gwsq - [Gw'q + [q + (q - ]-)FHJ,q? G:u,q]:'t]
=Gug = [Guw,qg+ qG':.u,q? t] — (g — 1)[Gu.q G;u,q]' O

From Proposition 1, we obtain the Euler type formula of B,(g) =
B,(1;q) as w — 1 since G, 4 is generating function of B,(g) where

1 if n=1,

Bo(g) =1, (gB(g)+1)" —B,(q) = { 0 if n>1.

COROLLARY 1. We put Bi(q) = Bi(q) + (g — 1)Bi+1(g) for each
k> 0. Forn > 1, we have

n i

> (?) (;) (g - 1)*Bi(q)Biin—i(9)

=0 k=0
= Ba(g) — n{Bn-1(q) +aBn(q)) — (g — 1)n(Bn(q) + aBnr+1(q)).
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Proof. We apply the definition of the operation [,] and denote m(m—
1)--+ (m+n— 1) by {m),, then we have

oo
Z_(:)A(”)B(”)(q - 1)ﬂ_'
" tn
- Za@ A Zb e -1
n=01:=0
2% ) Z( ) k:Z{) (;) (¢ — 1)Fbpn—i.
n—T::I:J k

Compare the coefficient of both sides in Proposition 1 and w — 1, then
the corollary holds. a

Now we give the sums products of two ¢-analogue of w-Bernoulli
numbers B, (w;q). Let

(6) Gw = (w—1)Fy + Gy = Fy - (t),

then the g-analogue of the equation (6) as follow

éw,q [Fu,q, 0t} = Zw elmlat (1—w—q"t).

Gy 4 is generating function of B, (w;q). The next lemma is an Euler
type formula of G,;.

LEMMA 5.

(Gu)? = G — (Gu + @) - $(2).
Proof. Using the equation
(7) G =(w—1)F, +C, =(@w-1)F, + Fi,t+F,,

we have
(Gu)* =(F,, - $())
=(w—1)°F2 1 2(w — 1)Fy - G + G2,
=(w—1)*(=F, — F.)+2(w — 1)(—Gy — F,t)
+ (=Gt — FLt%)
=Gy — (W — 1)Gy — (w — )G, — Gut — Gt 0
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The next lemma is the g- analogue of the equation (7).

LEMMA 6.
( )q [Q+(Q‘1)qu¢G’ q]

Proof. Apply the g-operator to the equation (7) and Lemma 2-(1),
(3), then we have

(Gl)g = (w~1)(F’) +(Gh)q
=W =Dlg+ (@~ DFuq, F ) +la+ (@ )Fug, Gl )

THEOREM 1.

[éw,qa‘:o(éw,q)] = Gu 4 [G w,qg T qu qs¢( ))-

Proof. Apply the g-operator to the Lemma 5 and Lemma 3-(2) and
Lemma 6, then we have

[éw,qs éw,q] = éw,q - {éw q + (é‘r )qa (t)]

zéw,q_[éwq_'_qaf q7¢t]_ q_l)[G :Q"-'qu]

‘We obtain some corollaries from Theorem 1.
COROLLARY 2. (see [5])
q’[aq: ‘P(aq)] = -qu - ‘I’[Eq + qa—;a W(t)]a

where G, is the generating function of ordinary Carlitz’s g-Bernoulli
numbers.

Proof. Let w = q in Theorem 1, then the corollary holds. O

We have the sums products of two g-analogue of w-Bernoulli numbers
B, (w; q) as follow.
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COROLLARY 3. We put Br{w;q) = Br(w;q) + (¢ — )Bry1{w;q) for
each k > 0. Forn > 1, we have

i i (?) (;) (¢~ 1*Bi(w; 9)Brsn—i(w; q)

i=0 k=0

= B.(w;q) — n(Bn-1(w;q) + ¢Bn(w; q))
— (g — D)n(Bp(w; q) + ¢Bni1(w; @)
— (w — 1)(B,{w; q) + qBny1{w; q)).

Proof. Tt is an easy calculation by the same method of Corollary 1.03

From Corollary 3, we have the Euler type formula of ordinary w-
Bernoulli numbers B;(w) if ¢ — 1 (Carlitz’s g-Bernoulli numbers 3;(q)
if w=g).

3. Applications of B, (w;q)

In p-adic case, we assume that ¢ be an element of C,, with {1 —g|, <

pﬁ and u be an element of C, with |1 —u}, > 1. Let a, N € Z with
0<a<p¥ —1and N > 0. Then the measure is defined on Z, by

N w’ e
Eua+p Zy) = 7w

which is E, is Koblitz’s measure ([2], [3]). We have in (see [3]) that
[ @B @) = T2 Hi(wa).
Zp q u 1 — 1 b

We apply p-adic case to the formula (2). We define a (u, ¢)-Bernoulli
number B,,(u"!;¢) € C, by making use of this integral:

Bo(w™1;q) ZL (™t = 1)dE,(a) = 1,

B(u'q) = f (™ (™ = 1) + mg? (@) }dEu(a),
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tyvhere a,N € Zwith0<a<p"—-1and N > 0. The generating function
Gy-1 4 of B (u™liq)

~ i N
Gurg= Y Bu(u”
m=0
is given by
N P N

G- g(t) = - Jim

Z u”%elflet(1 —u=t — ¢%),

which satisfies the (u, q)-difference equation
éuvqu(t) - u_leta'u_l‘q(qt) + 1-— u_l —t.

The (u, g)-Bernoulli polynomials in the variable z € Z,,, we define
Bo(zul,q) = / (™ = D+ 2|7 + mg®**[a+ ™ }dE. (a).
z, -

These can be written as
Bn(z;ut,q) = (" Bu™"q) + [z]g)™

Indeed, we have

Bolz;u™t q) = / {(w™ = Da+ 2|7 + mg**la+ 2|77} dE, (@)

Zy,
i ey e | et = ap @
+Z§ (m; 1) [l gt Dom fz q“[a]l";dEu(a)
i:(k)[z]m““/{a] _1)

+ kg ol }dE, (o)

- g:‘) (7) ey sis)

= (¢*Bu™5 0} + [2]g)™
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Now, we define the locally holomorphic function G,(z, z) for z € Z, and
z € C, with |[z],] > 1 by

Go(z, 2) = ([z]q + [2] ) og([z]g + [2]) — ([z]q + [2]4).
We have

n 1
Gq(z, —lz]q + [z]q Z ( ,il:;l ) [ }n-ﬁ-l + (Iz]q + [2]4) log[z],

and
G, (z,z) = 3Q'q(a:, z)

= 1q Iogq{log[cc]q+z( 17)3n+1%}'

n=1

We consider the function G, , .{z) as follow

(@) == [ { (el + Il - 16002, 2

P
T

q_ ;08e (2 —g—u"1)Gy(z, 2)

- ¢*logq (el + 1) [ ()
Thus we can find the formula of p-adic Stirling type series for B, (u™';q).

(glz]g + [z]g — DG4 (2, 2)

L

q_ g 08 (2—q- u”)Gg(,2) — " log g ([z] + [2]4)

logq{ log(z), + Z 17)1“+1 (2] }

o [olz

1

—{glzlq + [#], —

— ¢ logq- ([z], + [Z]q)
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€T

T togg- (2= = ) = ol + (ol + (2o oglel,

oc )n+1 [z]n+1

(-
bl G T
¥ (fal + [2la) log[x]q}

= 1q_mq logQ{{(U‘l — 1)[zlq + "} log[z],

+ (u™t = 1)[:c]q log[z]y — (u™! = 1)[z],
Z( n+1 ( -1 _ )[Z]n+1
+¢*(n + l)[z]g}w}.

Therefore we obtain the following

PROPOSITION 2. For x € C, with |[x]4], > 1, we have

gp,q,u (z)=

< q10gq{([z]q+31(u—1;q))log[mlq—[x]q

n+1
+Z TL+1) ﬂ+1( )[ ]n}

REMARK 1. This formula resembles the formula of G, 4. (z) ({3]),

that is,
u
Gpgult) = 1—u {(3’ + Hy(u,q))logz — =
— (=1t 1
+nzjln(n+l) Hnp1(u ’Q)x” .
References

{1 L. Carlitz, g-Bernoulli numbers and polynomials, Duke Math. J. 15 (1948), 987
1000,



412

(2]
(3]
[4]
[5]
[6]
{7]

Jin-Woo Son and Douk Soo Jang

N. Koblitz, p-adic Analysis a Short Course on Recent work, London Math. Soc,
Lecture Note series 46, 1980.

T. Kim, On ezplicit formulas of p-adic g-L-functions, Kyushu. J. Math. 48
(1994), 73-86.

, An analogue of Bernoulli numbers and their congruences, Ref, Fac, Sci.
Saga Univ. Math. 22 (1994), 7-13.

J. Satoh, Sums of Products of Two g-Bernoulli Numbers, J. of Number Theory
74 (1999), 173-180.

, A construction of g-analogue of Dedekind sums, Nagoya Math. J. 127
{1992), 129-143.

J-W. Son and D. 8. Jang, On g-analogue of Stirling series, Comm. Korean
Math. Soc. 14 (1999}, 57-68.

DEPARTMENT OF MATHEMATICS, KYUNGNAM UNIVERSITY, MASAN 631-701, KOREA
E-mail: sonjin@hanma.kyungnam.ackr

dsjang99@nobel kyungnam.ac.kr



