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NONLINEAR ERGODIC THEOREMS
FOR ALMOST-ORBITS OF
ASYMPTOTICALLY NONEXPANSIVE
TYPE MAPPINGS IN BANACH SPACES

Jong Kyu KiMm, GANG L1, YOUNG MAN NAM,
AND Kyung 500 Kim

ABSTRACT. The purpose of this paper is to study the nonlinear
ergodic theorems and asymptotic behavior for an almost-orbit of
asymptotically nonexpansive type mappings in a uniformly convex
Banach space with Opial’s condition.

1. Introduction

Ergodic theory today is a large and rapidly developing subject in ap-
plied mathematics. The recent developments in the ergodic theory of
nonlinear operators in a Hilbert space started with the result of Bail-
lon [1]. Baillon considered a nonexpansive mapping T' of a real Hilbert
space H into itself. He proved that if T have fixed points in H, then for
every x € H, the Cesaro mean

n—1
Sp(z) = % Z T
k=0

converges weakly to a fixed point of T for every x € H, as n — oc. Cor-
responding theorems for a strongly continuous one parameter semigroup
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{S(t) : t > 0} of nonexpansive mappings were given soon after Baillon’s
work by Baillon ([2]), Baillon-Brezis [3] and Pazy [21]. That is,

1 A
Ayz = - ] S(t).‘l?dt
A 0

converges weakly to a common fixed point of S(t), t >0 as A — co.

This theorem was extended to uniformly convex Banach spaces with
Fréchet differentiable norm by Bruck [5], Hirano [8], Reich [23, 24], and
Hirano-Kido-Takahashi [10, 11]. And also, Hirano [9] first gave an er-
godic theorem for nonexpansive mappings and semigroups in a uniformly
convex Banach space with Opial’'s condition which was introduced by
Opial {20]; see Oka [18] for the case of asymptotically nonexpansive map-
pings. These theorems also were extended to the almost-orbits of nonex-
pansive semigroups by Miyadera-Kobayasi [17] and to the almost-orbit of
asymptotically nonexpansive mappings by Oka [19] and Kim-Li {12]. Re-
cently, Li-Ma [15] proved the nonlinear ergodic theorems for the almost-
orbit of a non-lipschitzian semigroup of type () in a uniformly convex
Banach space which has Fréchet differentiable norm or Opial’s condition.
However, it has remained open for a few years whether Baillon’s theorem
is valid for asymptotically nonexpansive type mappings and semigroup
in uniformly convex Banach spaces with Opial’s condition.

The purpose of this paper is to study the nonlinear ergodic theorems
for an almost-orbit of asymptotically nonexpansive type mappings in a
uniformly convex Banach space with Opial’s condition. And also we will
give a weak convergence theorem for the almost-orbit of asymptotically
nonexpansive type mappings.

2. Preliminaries and Notations

Let X be a uniformly convex Banach space and C a nonempty bounded
closed convex subset of X. A mapping T : C' — C is said to be asymp-
totically nonezpansive ([14]) if there exists a sequence {@,} of nonnega-
tive real numbers with nlLrI;o ay, = 0 such that

1Tz — Tyl < (1+ an)llz — yll

for all z, y € C. In particular if a, = 0 for all n > 1, then T is said
to be nonexpansive. T is said to be an asymptotically nonexpansive type
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mapping if there exists a sequence {a,} of nonnegative real numbers

with lim o, = 0 such that
n— oo

1Tz — Tyl < |lz — yll + an

for all z, y € C. It is easily seen that nonexpansive mapping is asymp-
totically nonexpansive mapping, which in turn is asymptotically nonex-
pansive type mapping.

Some rudiments in the geometry of Banach spaces are necessary for
the proof of the main theorems in this paper. In the sequel, we give
the notation : “w — lim ” for weak convergence and “ lim ” for strong

n—oa n—00

convergence. Also, a space X is always understood to be an infinite
dimensional Banach space without Schur’s property, i.e., the weak and
strong convergence doesn’t coincide for sequences.

A Banach space X is said to satisfy Opial’s econdition if for each
sequence {x,} in X, the condition w — lim z, = x implies that

T— 00

limsup ||z, — z|| < limsup ||z, — y||
T—00

n—oo

for all y € X with y # x {{25]). We can easily show that each “limsup”

can be replaced by “liminf”. Spaces possessing that property include

the Hilbert space and the {? spaces for 1 < p < oo. However, LP(p # 2)
do not satisfy that property ([6]). A sequence {z,},>o in C is called an
almost-orbit of T if

lim [sup NEnsm — Tm:cn“] =0.
m>0

1—00

A sequence {z,} in X is said to be weekly almost convergence to z € X

if

5

- i+k

n =0
converges weakly as n — o0 to z uniformly in & > 0 ([4}, [22]). The
convex hull of a set E(C X) is denoted by coFE, the closed convex hull
by ¢oE. Also, w,{{z,}) denotes the set of all weak subsequential limits
of a sequence {z,,} in X. Let F(T) denote the set of fixed points of T,
that is,

FI={zeC : Tz ==z}
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In this paper, unless other specified, X will be denoted a uniformly
convex Banach space with modulus of convexity 4. The modulus of
convexity of X is the function 4 : [0,2] — [0,1] defined by

8(e) = inf{l et ;“ yl

for 0 < ¢ < 2. X is uniformly convex if and only if d(¢) > 0 for
0 <e<2([6]). We can see that if X is uniformly convex, then § is
strictly increasing and continuous on [0, 2].

el <1, Il < 1, flz =yl }

3. Lemmas

In this section, we will prove many kind of lemmas for our main
theorem. Throughout this section, {z,}n>0 is an almost-orbit of T'. To
simplify in the following, we set

1
m)=EZmi+m (n>1, m=>0).

Also, for € > 0, we define

62 €

ale} = 157 5);
and
N.={n. € N:amin, <alc) foreach m >0},

where R = 8M + 1, M = sup{||z|| : = € C} and J is the modulus of
convexity of the norm. Note that T is an asymptotically nonexpansive
type mapping on C, N, is nonempty for each ¢ > 0, and if n, € N,, then
m+n. € N, for each m > 0.

The next lemma is well known ([7]). This is a simple consequence of
the definition of the modulus of convexity.

LemMa 3.1 ([7]). Let X be a uniformly convex Banach space with
modulus of convexity §. If |z|| <, |ly]| <7 r <R, and |z —y|| >
e(> 0), then

€

Az + (1 - Ay < r{l —2X(1 - A)é(ﬁ)}

forall 0< A<,



Nonlinear ergodic theorems 501

LEMMA 3.2. Let n € N, e€1,¢e2 € (0,1). Then there exists n,, € N,
where n., is independent of €;, such that

IT*S(n,m) — S(n,m+ k)| <e1 +eo
forallm >n., andk € N, .

Proof. Put
Ym = SUp ||$m~+~k - Tkwm”-
k>0

We shall prove the Lemma by mathematical induction. If n = 1, then
the assertion follows from the definition of almost-orbit. Now suppose
that the assertion holds for n — 1. We first claim that

(3.1} lim ||S(n—1,m) — Zn_11m| exists.

Let € > 0. From the induction assumption, one can choose m; € N such
that

@m < 36

Oy, < =€,

and

1T*5(n —1,m) — S(n—1,m + k)| < %e

for all k,m > m. It follows that

1S(n — 1, m + k) ~ Tn—14m+kll
< S(n— 1,m + k) — T*S(n — 1,m)|
+|T*S(n —1,m) = T*Zp_14ml|
+ ||Tk5'3n—1+m — Tp—1tmikl]
<HSth—1,m) — zn_14ml +e

for all m,k > m,. So, for fixed m > m,, letting k — o0, we get

lim sup ”S(n - lyk) - xn—1+k:|| < ”S(n - lrm) - wn—l-}-m” + €
k—oo
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and hence _
limsup ||S(n —1,k) — Tn_14&]|

k—oo
< liminf |S(n — 1,m) — Zn-1+m| + €
m—00

Since € > 0 is arbitrary, this implies (3.1) is true.
Put
r= lim {|S(n—1,m) = Zn_14m]-

By the induction assumption again, there is ma(= ma(n,€2)) € N such
that

(32) 1S(n — 1,m) = zaraml| — 7] < Sale2)
(33 7S —1Lm) - S Lm+ )] < aler),
and

(3.4) om < zaler)

for all j,m > mg. Now, we put n,, = mz + mz = 2my € N. Since for
m 2 Ne,,
IT*S(n — 1,m) — S(n — 1,m + k)|
< | T*8(n — 1,m) — T**™28(n — 1,m — ma)||
+ |T*™28(n — 1,m — mg) — S(n — 1,m + k)|
< ap+[|S(n—1,m) —T™8(n - 1,m —my)||

+ |%Tk+m28(n - 1vm - m2) - S(n - 11 m—+ k)“7
it then follows from (3.3) and (3.4) that
(35) ||TkS(n - 1am) - S(n -1m+ k)“ < a’(fl) + a’(e2)

for all m > n., and k € N,.

Put
r= (1 - l) (T’“S(n, m)—S(n—1,m+ k))

n
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and
1

y=< (Tn—14m+k — TkS(n,m)) .

From (3.2), (3.4) and (3.5), then we get, for m > n., and k € N,

Jall < (1= %) (st m) - 75 - 1,m)]

+IT*S(n = 1m) = S(n = 1.+ B

< (1 - %) (ak + ||S(n,m) — S(n — 1,m)|| + a{e;) + a(Ez))
<P 20e) + 20(e) (S ),
Iyl < 252+ aer) + alez) (< ),

72
and
Iz — yll = |1T*S(n, m) — S(n,m + k)|

Suppose that
lz—yll > e +e

for some m > n,, and k € N,,. We shall separately obtain contradic-

tions in following two cases.

4{n — 1)
2

(I} If r < max{e;, €2}, then

e = < b + ol < 2227 4 3a(er) + Baer)

< €1 + €5,

This is a contradiction.

4(n—1
(Ir) It (nn—z)r > max{e;, €2}, using Lemma 3.1, we get
1 1
2 1— =
|za+ -2

< (nn_er+2a(61) +2a(62)) {1— 2(”?; O (El ;62) }
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And hence

n—1
n2

‘S(n - 1, m+ k) — Tn-1+m+k

n-—1 2(n—)r
< Pyl + 2a(er) + 2a(ez) — — 8

it then follows (3.4) that

1
0 < 2a{e;) + 3ales) — 2(”n2 s (61 ;”) .

(n—1) n—1

4
If €1 > €2, then a{e1) > a(ea), . N €1, and

fore, we have

> % There-

E12 €1
0 < 5a{er) — R 6(—35),

this contradicts the definition of a(e;). If €; < ez, then we also obtain
a contradiction in the same way. The proof is completed. 0

By Lemma 3.2, for n ¢ N, we can choose k, € N such that

(3.6) kn € N1,

1
Tt

and for each € > 0,
1
(3.7) IT*S(n,m) — S(n,m + k)| < ¢+ ~

foral ke N. and m > k,.
Denaote by

A:{{jn}n>gijﬂ2kn for all nEN}.

LEMMA 3.3. Let {jn}n>0 € A and f € F(T'). Then
n—og

exists.
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Proof. Since

n—1
S(najn) ZS m ?'"'Jn +.7m)
1—0
1 m—1||n—1
< mn Z (Titjn = Thtitintin)
k=0 || i=
m—1k+jim -

IA
3=
M

Z (Titjuttl — Titjnti-1)

k=0 i=1 ||i=0
2(m 4 jm)M
< - ,
and
nn—1
H;ZS(M ?‘+Jn+.7m)— ‘
111 1 111—1
< =D Smy i+ G +dm) = = DT S(m, im
; ( j ) n; (M, Gm)
ln—l
—_— %+J'n . _
+ ngT S(m, jm) fH
1?1—1 o
< ﬂmfﬂwwm—wmam%ﬂ
i=0
1n—1
i Z(awn + HS(m,jm) _ f”)
i=0
1 2 _
< —+ = +118(m, jm) — 11,
m o n
we have
1801, 3a) = £ < 180, 5i) — S+ + +i_?1_

For fixed m € N, letting n — oo, we have

. . . 1
limsup [|S(n, jn) — FIl < {5(m,jm) = I+ -

TL—CO

595
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and hence

limsup [1S(n, ) — fI| < liminf |S(m, ) = f1I

This completes the proof. a

LEMMA 3.4. Suppose that X satisfies Opial’s condition. Then we
have the followings.

(a) F(T) # 0, and for each {j, }n>0 € A, there exists z € F(T) such
that
w— lm S(n,j.) = z.

(b) F(T) is a closed convex subset of X.

Proof. Let W be the set of weak limit points of subsequence of the
sequence {S(n, j,) : n € N}. Clearly, W is nonempty, since {S(n, jn} :
n € N} is bounded. Let v € W and v = w — hm S(nm,jnm) Then
for each € > 0 and k € N,

S {rm, Jn..) “‘TkU” <18 Fnm) = S(Mns Fr + K
+ 1S (m, Grim, + k) = TS (0, g
+IT*S (s ) = T
2Mk 1
T 2t 15 (Pms Gnm ) — 2,

m

it follows that

lim sup lim sup || S (7, 4n,. ) — TF¢|| < limsup |S{(nm, jn,.) — |-
k—oo m—oo m-—oo
By Opial’s condition, v is the asymptotic center of {S(ny, jn,, }}. There-
fore, we have lim 7%v = v strongly ({16]), and hence v € F(T) from

k—0o

the continuity of T'.
Now, letv; e W, (i=1,2) and v; = w— (l%m S(n(i), jnciy ), where
|t y—0

{n(?)}, (i = 1,2) are subsequences of {n}. Suppose that v; # v3. Then,
by Opial’'s condition and Lemma 3.3, we have

Jim_[iS(n, ja) — il = n(}igoo 1S(n{1), jny) — w1l
< n({i)IBOO 15(n(1), Fn1)) — vall
= lim [|S(n, jr) — v
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In the same way, we also have
lim [|S(n, ja) = vall < lim |IS(n, ja) = vi-
=00 N

This is a contradiction. Consequently, v; = vo and hence W is a single-
ton. This proves (a).

Since the closedness of F(I") is clear, it remains only to show the
convexity of F(T). Suppose x,y € F(T), z # y. Let z = }(z + v).
Then,

IT*z — |l = |T*2 — T*x|

1
<oy + §||Sﬂ -yl
and
1
IT*2 - gl < o + 5 lle — ]l

It follows that

IT*z — 2| < (aﬁ %”x—y“) {1 "5(%)}

for all k € N. Since llrn ay = 0, this implies that hm IT*z — z|| = 0,
and z € F(T) by the contmulty of T. This completes the proof. d

LEMMA 3.5. Let {t,} € A. If S{n,t, + k) converges weakly as
n — oo, uniformly in k € N, to an element p of F(T). Then S(n,k}
converges weakly to p as n — oo, uniformly ink € N.

Proof. Suppose that w — hm S(n,t, + k) = p uniformly in k£ € N.

Let € > 0 and z* € X* where X * is dual space of X. Then there is
m € N such that

KS(m, tm + k) —p, .7:*>

<€
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for all k€ N. Since for n > m + ¢,,,

mZSn i+t, +k)—S(nk)

-1

IA

S{n, i+tm+k)— S(n,k)H

—

i+tm ||n—

1A
3 I»—A
3
. 'CI,M
M
Jing
‘_;E-E
I
+
|
=
i
+

and

K% Z S(n,i+tm + k) — p, ;c>
(

we have
2(m+t,,)M

n
for n > m + t,, and k¥ € N. This shows that w — lim S(n,k) = p

— O

uniformly in & € N. This completes the proof. d

[(S{n, k) —p, 2%)| < x4+ e

4, Nonlinear mean ergodic theorems

In (19}, Oka proved a nonlinear mean ergodic theorem for the almost-
orbit of an asymptotically nonexpansive mapping in a uniformly convex
Banach space with Opial’s condition.
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We are now in a position to prove the weak almost convergence theo-
rem for almost-orbits of asymptotically nonexpansive type mappings in
a uniformly convex Banach space with Opial’s condition.

THEOREM 4.1. Let C be a bounded closed convex subset of a uni-
formly convex Banach space X which satisfies Opial’s condition, T' an
asymptotically nonexpansive type mapping on C' and continuous, and
{zn}n>o an almost-orbit of T. Then {zn} is weakly almost convergent
to an element of F(T), that is, there exists an element p of F(T) such
that

n—1

w— lim - E Lok =p uniformly ink € N.
n—oo I} £ 0
3=

Proof. By Lemma 3.3 and 3.4, lim ||S(n,jn) - f|| exists and F(T) is

nonempty. For each f ¢ F(T) and {j,} € A, define r({jn}, f), r({7n})
and r by

F({a}s £) = lm [1S(n, ) ~ £ for {jn} € A and f € F(D),
r({jn}) = inf {r({jn}, f): f € F(T)} for {jn} € A,
and
r=inf {r({jn}) : {jn} € A},

respectively. Now, choose {tgf)}nzg € A i =1,2 -+, such that
lim r({#9}) = 7 and let

n
t, = Zt’(j) for n > 0.
i=1

Clearly {t,}n>0 € A. Moreover we obtain
{(4.1) r({tn}) =1

To show this, let n > i > 1 and f € F(T). Then {t, — tg)}n € A and
hence we have

1S, tn) — £l
1S, ) — Tt S(n, G| + [Tt 4 S(n, 85)) — £

IA

4.2 2 :
R EC DR

IA

2 st - 11
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Letting n — oo, we have »{{t,},f) < r({tg)},f) for all f € F(T)

and so r({t,}) < lim r({t¥}) = ~. But r < r({t,}) by the definition
T—00

of r. Thus (4.1) holds. Since F(T) is closed convex by Lemma 3.4, the

reflexivity of X implies that there is an element p of F(T) such that

r{{tn},p) = r({ta})(= 7).

Set t,, = 2t,. Then we shall show
(4.3) w— lim S(n,t, +k)=p
n—od

uniformly in & € N. If this is shown, the conclusion follows from Lemma
3.5. To show (4.3), let {I,,} be an arbitrary sequence such that {,, > ¢,
for all n. Then {[,,} € A and by Lemma 3.4, there is z € F(T') such that
w— nlingo S{n,i,) = z. Suppose z # p. Then Opial’s condition implies
that

r{lh) < lim 15(n, 1) ]
< Jim_[1S(n,1) =

=r({ln},p).

But by the same way as in (4.2), we have

r({ln},p) < r({ta},p) = r({t.}) = 1.

Thus r({l,}) < r and this contradicts the definition of . Hence z = p
and so w — lim S(n,!,) = p. This implies (4.3). Thus, the theorem is
n—oo

completely proved. O

COROLLARY 4.2 ([19]). Let C be a bounded closed convex subset of
a uniformly convex Banach space X, T' an asymptotically nonexpansive
mapping on C, and {&, }»>0 an almost-orbit of T. Then {z,} is weakly
almost convergent to an element of F(T).

Theorem 4.1 is also an extension of [3, Corollary 2.1] and [9, Theorem
2.1].

Now, we shall prove the weak convergence theorem for an almost-orbit
of asymptotically nonexpansive type mappings.
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THEOREM 4.3. Under the same assumptions as in Theorem 4.2, the
following conditions are equivalent:

(1) w— lim z, =pe F(T).

(2) wal{za}) C F(T).
(3) w= lim (241 — 2n) =0,

Proof. We only need to prove (3) = (1). By Theorem 4.2, for each
e > 0 and z* € X*, there exists n € N such that

n—1
i
(4.4) ‘<;; g.’f@_g_k - .Z'*>’ <€

for all k € N. Let z € w,({z,}) and z =w — lim 2z, .

m—+ 00

Then w— lim =, ,;=2z foreach 1 <i<n. Then (4.4) implies that
M—00

[{z -p, z")| <e
Since € > 0 and z* € X* are arbitrary, we have z = p. This completes
the proof. 0

REMARK. Recently, Kim-Li{13] proved a weak convergence theo-
rem for an almost-orbit of right reversible semigroups of nonexpansive
mappings in a general Banach space with Opial’s condition. The cor-
responding theorem of this for the asymptotically nonexpansive type
mappings is open.

References

(1] J. B. Baillon, Un théorém de iype ergodique pour les contractions nonlineaires
dans un espuce de Hilbert, C. R. Acad. Sci. Paris, Ser-A 280 (1975), 1511-1514.

, Quelques propriétés de convergence asymptotique pour les semigroups
de contractions impaires, C. R. Acad. Sci. Paris, Ser.-A 283 (1976), 75-78.

{3] 1. B. Baillon and H. Brézis, Une remarque sur le comportement asymptotique
des semigroup non-lineaires, Houston J. Math. 2 (1976), 5-7.

[4] R. E. Bruck, On the almost convergence of iterates of a nonerpansive mapping
in Hilbert spaces and the structure of the weak w-limit set, Israel J. Math. 29
(1978), 1-16.

, A simple proof of the mean ergodic theorem for nonlinear contraction

in Banach spaces, Isreal J. Math. 32 (1979), 107-116.

[2]

(5]



602 J. K. Kim, G. Li, Y. M. Nam, and K. 5. Kim

[6] J. A. Clarkson, Uniformly convez spaces, Trans. Amer. Math. Soc. 40 (1936),
396—414.

[7] C. W. Groetsch, 4 note on segmenting mann iterates, J. Math. Anal. Appl. 40
{(1972), 369-372.

[8] N. Hirano, A proof of the mean ergodic theorems for nonezpansive mappings in
Banach spaces, Proc. Amer. Math. Soc. 78 (1980), 361-365.

, Nonlinear ergodic theorems and weak convergence theorems, J. Math.
Soc. Japan 34 (1982}, 35-46.

[10] N. Hirano, K. Kide, and W. Takahashi, Asymptotic behavior of commutative
semigroup of nonerpansive mappings in Banach spaces, Nonlinear Analysis TMA.
10 (1986}, 229-249.

, Nonexpansive retractions end nonlinear ergodic theorems of nonezpan-
sive mappings in Banach spaces, Nonlinear Analysis TMA. 12 (1988), 1269-
1281,

[12) J. K. Kim and G. Li, Nonlinear ergodic theorems for reversible semigroups of
Lipschitzian mappings in Banach spaces, Dynamic Systems and Applications 9
(2000), 255-268.

, Asymptotic behavior for an almosi-orbit of nonexpansive semigroups in
Banach spaces, Bull. Austral. Math. Soc. 61 (2000}, 345-350.

[14] W. A. Kirk and R. Torrejon, Asymptotically nonexpansive semigroup in Banach
spaces, Nonlinear Analysis TMA. 3 (1979), 111-121.

(15] G. Li and .J. Ma, Nonlinear ergodic theorems for commulative semigroups in
Banach spaces, Acta Math. Sinica 40 (1997), 191-201.

[16] T. €. Lim, On asymptotic centers and fized points of nonezpansive mappings,
Can. J. Math. 2 (1980), 421-430.

[17] I. Miyadera and K. Kobayasi, On the asymptotic behavior of almost-orbits of
nonlinear contraction semigroups in Banach space, Nonlinear Analysis TMA. 6
(1982), 349-365.

[18] H. Oka, Studies on volterra integrodifferential equations end nonlinear ergodic
theorems, Thesis for Ph. D., Waseda University (1995).

, Nonlinear ergodic theorems for commutative semigroups of asympioti-

cally nonexpansive mappings, Nonlinear Analysis TMA. 18 (1992), 619-635.

(9]

(11]

[13]

[19]

[20] Z. Opial, Weak convergence of the sequence of successive approrimations for
nonexpansive mappings, Bull. Amer. Math. Scc. 73 (1967), 591-597.

(21] A. Pagy, Remarks on nonlinear ergodic theory in Hilbert spaces, Nonlinear Anal.
TMA. 3 (1979), 863-871.

{22] 8. Reich, Almost convergence and nonlinear ergodic theorem, J. Approx. Theory
24 (1978), 269-272.

, Weak converyence theorem for nonezpansive mappings in Banach spaces,

J. Math. Anal. Appl. 67 {1979), 274-276.

, A note on the mean ergodic theorem for nonlinear semigroups, J. Math.
Anal. Appl. 91 (1983), 547-551.

(251 K. K. Tan and H. K. Xu, An ergodic theorem for nonlinear semigroups of lip-
schitzian mapping in Banach spaces, Nonlinear Analysis TMA. 18 (1992), 804—
813.

123]

24]




Nonlinear ergodic theorems 603

Jong Kyu KM, YOUNG MAN NaM, AND KYUNG 500 KM

DEPARTMENT OF MATHEMATICS, KYUNGNAM UNIVERSITY, MASAN, KYUNGNAM
631-701, KOREA

E-mail: jongkyuk@kyungnam.ac.kr

Gang Lt

DEPARTMENT OF MATHEMATICS, YANGZHOU UNIVERSITY, YANGZHOU 225002, P.
R. CHINA

E-mail: yzlgang@pub.yz.jsinfo.net



