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ITERATION PROCESSES OF
ASYMPTOTICALLY PSEUDO-CONTRACTIVE
MAPPINGS IN BANACH SPACES

JONG YEOUL PARK AND JAE Uc JEONG

ABSTRACT. Some convergence theorems of modified Ishikawa and
Mann iteration processes with errors for asymptotically pseudo-
contractive and asymptotically nonexpansive mappings in Banach
spaceg are obtained. The results presented in this paper improve
and extend the corresponding results in Liu (7] and Schu [10].

1. Introduction and Preliminaries

Throughout this paper, we assume that E is a real Banach space, E*
is the dual space of E, and (,-) denotes the pairing of E and E*. The
mapping J : F' — 27 defined by

J(z) = {f € E* : {a, f) = ||z|I* = [if]I*}
is called the normalized duality mapping.

DerFINITION 1.1. Let T': D C F — E be a mapping.
(1) T is said to be asymptotically nonexpansive if there exists a sub-
sequence {k,} in [1, 00} with lim,_,, k, = 1 such that

[Tz — T"y|| < knllz — yl|
forall z,y e Dandn=1,2---.
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(2) T is said to be asymptotically pseudo-contractive if there exists a
sequence {k,} in [1, 00} with lim,_., k, = 1 and for any z,y € D
there exists 7(z — y) € J(z — y) such that

(T"z ~ Ty, j{z — y)) < kallz — v

foralln=1,2....

The concepts of asymptotically nonexpansive mapping and asymptot-
ically pseudo-contractive mapping were introduced by Goebel] and Kirk
[3], and Sch [10], respectively. An early fundamental result due to Goebel
and Kirk {3] showed that if F is a uniformly convex Banach space, D is
a nonempty bounded closed convex subset of £ and T : D — D is an
asymptotically nonexpansive mapping, then 7" has a fixed point in D.
This result is a generalization of the corresponding results in Browder
[1] and Kirk [5].

The following proposition follows from Definition 1.1 immediately.

PropoOsITION 1.1. (1) If T : D C E — F is a nonexpansive map-
ping, then T is an asymptotically nonexpansive mapping with a constant
sequence {1}.

(2) If T : D C E — F is an asymptotically nonexpansive mapping,
then T is an asymptotically pseudo-contractive mapping.

We first recall the following iteration process due to Liu [6].

(I} The Ishikawa iteration process with errors is defined as follows:
For a nonempty subset DD of a Banach space £ and a mapping T : D C
E — E, the sequence {z,} in D is defined by

Ty € D,
Tntl = (1 - an)$n + anTyn + un,
YUn = (1 - ﬁn)mn T /BnTmn +Up, N > 0,

where {u,} and {v,} are two summable sequences in £, i.e., Yo Jju,|| <
00, 2o lun]l < 00, and {an}, {8.} are two sequences in [0, 1] satisfy-
ing certain restrictions.

Note that the Mann [8] and Ishikawa [4] iteration processes are all
special cases of the Ishikawa iteration process with errors. Inspired by
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[7, 10], we introduce the following concept of the modified Ishikawa
iteration process with errors.

(IT) The modified Ishikawa iteration process with errors is defined as
follows: For a nonempty subset D of a Banach space F and a mapping
T:D C E — E, the sequence {z,} in D is defined by

x9 € D,
Tnt1 = (1 — an)Tn + 0T yn + tn,
Yn = (1 - )Gn)wﬂ + ﬁnTnmn +v,, n=0,

where {u, } and {v,} are two summable sequences in E, i.e., > 7~ o llun||
00, 32 llvn|l < 00, and {a,}, {Bn} are two sequences in {0, 1] satisfy-
ing certain restriction.

In particular, if 8, = v, = 0 for all n > 0, then y, = z,. The
sequence {z,} defined by

A

xg € D,
Tnt1 = (1 = an ) + 0 T"Tp +un, n 20,

is called the modified Mann iteration process with errors.

The iterative approximation problems for nonexpansive mapping, asymp-
totically nonexpansive mapping, and asymptotically pseudo-contractive
mapping were studied extensively by Browder [1], Liu [7], Rhoades [9],
and Schu [10] in the setting of Hilbert spaces.

The purpose of this paper is to study the iterative approximation
problems of fixed points for asymptotically pseudo-contractive mappings
and asymptotically nonexpansive mappings by the modified Mann and
Ishikawa iteration processes with errors in uniformly smooth Banach
spaces. Our results presented in this paper improve and extend some
results in {7, 10].

The following Lemmas play an important role in this paper.

LEMMA 1.1 ([2]). Let E be a real Banach space, J : E — 2¥" be a
normalized duality mapping. Then for all z,y €

Iz +yll* < lli? + 2{y, j(z + )

for all j(z +y) € J(z +y).
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LEmMMA 1.2 ([11]). Let E be a uniformly convex real Banach space,
D be a nonempty closed convex subset of E, and T : D — D be a
nonexpansive mapping. If the set F(T) of fixed points of T is non-
empty, then for any x € D, q € F(T), and any j(z — q) € J(z — q), the
inequality
(Tz—q.j(z—y)) ~ e —ql*=0

holds if and only if x = q.

2. Main Results

THEOREM 2.1. Let E be a real uniformly smooth Banach space, D
be a nonempty bounded closed convex subset of E, T : D — D be
an asymptotically pseudo-contractive mapping with a sequence {k,} C
[1,00), limy, oo kn = 1, and F(T) # ¢. Let {u,} and {v,} be two
summable sequences in F and {«,} and {#,} be two real sequences in
[0,1] satisfying the following conditions:

(i) lim a, = lim 8, =0,

n—00 — O

o
(ii) ) o = oo
n=0
Then for any given xg € D, the modified Ishikawa iteration process
with errors {x,} C D defined by

Lnyl = (1 - an)wn + anTnyn + Uy,
Yn = (]- - ﬁn)mn + ﬁnTnmn +vn, N> 01

strongly converges to ¢ € F(T) if and only if there exists a strictly
increasing function ¢ : [0, 00) — [0, 00), ¢(0) = 0 such that

(2.1) (T — ¢, T (40 — @)} < Enllyn — ql2 = 6(llvn — all)
for allm > 0.

Proof. NECESSITY. Let z,, — g € F(T). Since I 13 a bounded set,
{T"z,} and {T™y,} are both bounded. Therefore we have

Yo = (1 = Bn)xn + BT xy +vn —q (a8 n — 00),

because 3, — 0 and {v,} is a summable sequence in E. Define K =
sup,>ofll#n — ¢ll} < 0o. If K =0, then y, = ¢ for all n > 0. Hence
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(2.1) is true for all n > 0. If K > 0, define

Ge={neN:|y.—qlzt}, te(0K)
Gk ={n€N:llyn—dll = K},

where N is the set of all nonnegative integers. Since y, -+ ¢, for any
t € (0, K], there exists ng € N such that for any n > ny,

s — gl < t.

This implies that for each t € (0, K)
(a} G, is a nonempty finite subset of N;
(b) th C Gtg if ty = ta, 1,82 € (O,K),

(¢) Gk = Ne(o, k)Gt
Since T : D — D is asymptotically pseudo-contractive, for given
g € F(T) and for any y,, we have

(2.2) T"Yn — 0, (Yo — @) < knllyn —qll?, n20.

By virtue of (2.2}, we define a function
9(t) = min {knlly. al* = Ty — ¢, J (v — @)}, t€(0,K).

From (2.2) and property (b), we know that
(d) g(t) = 0 for all ¢t € (0, K);
(e) g(t) is nondecreasing in ¢ € (0, K).
Next we define a function

0 if £=0,
o) = { 9 if te(0,K),
SEI}I{l_l—t_gg(S) if ¢e[K, o00).

Hence ¢ : [0, 00) — [0, 00) is increasing and ¢(0) = 0. For any n > 0, let
tn = llyn — ql|- If t, =0, then y,, = q. Hence &(||y» —q||) =0, and

(T n — ¢, J(yn — @)) < knllyn —all?
= knllyn — ql* — ¢(llyn — all).



616 J. Y. Park and J. U. Jeong

If t, € (0,K), then n € Gy, and so

¢’(”yn - fI”) = ¢(tn)

< min {knllym — all* = (T™Ym — ¢, T (ym — @)} }
meG,,,

< knllyn — @l = (Tyn — ¢, J (¥ — 9)).

Ift, = K, then n € Gg = Nye(0,x)Gs and so

Bllvn ~ al) = lim —"o(s)

< knllyn —qlI> = (T"yn — ¢, J(yn — 0))-
SUFFICIENCY. From Lemma 1.1 we have

a1 — gll?
<A~ an)(zn — @) + 0 Ty — Q)“2
+ 2(un, J(@ny1 — q))
<(1- C‘n)z'lwn - Q||2 + 200 (T"yn — ¢, J(@nt1 — ¢ — ua))
+ 2{(un, J(Zny1 — q))
<(1- an)zllxn - QI|2
+ 200 (T"Yn — ¢, J(ZTrt1 — @ — un) — J{yn — @)
+ 200 (T"yn — ¢, I (yn — @)} + 2(tn, J(@n41 — @))-

(2.3)

Now we consider the second term on the right side of (2.3). Since
{T"yn — yn}, {zn — T"z,} both are bounded and

Tnit1—q— Up — (yn - Q)
(1 - aﬂ)(mn y’n) + an(Tnyn - yn)
(1 - an)[ﬁn(mn -T"z,) ~ 'Un] + an (T"Yn — Yn )
Therefore

Tntl ~q—Un—(Yn—q) — 0 (as n — 0).
By the uniform continuity of J and the boundedness of {T™y, — ¢},

= (T"Yn — ¢, J(Znp1 — g —un) — J(yn — q))
(2.4) —0 as n— oo
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Substituting (2.4) and (2.1) into (2.3), we have

Hmn+1 - QI|2 <(1- an)2”mn - Q||2 + 20,0
(2.5) + 200 {Knllym — all* — lllyn — all)} + 20un |l M,

where M; = sup,,>o{llzn — g} < o0.
Next we make an estimation for ||y, — ¢||°.

19— gll? < 11 = Bn)(@n — @) + BT %0 — DI + 2{tn, I (4 ~ @)
< (1= Bo) 1z — gl + 28T %0 — 4, J(yn — @ — va))
+ 2{vn, J (Y — @)}
(2.6) < (L= Bu)?llzn — al® + 28, Mz + 2|vn]| Ms,

where
My = suipO{HTnfEn —qlllyn — g —vnll} < oo

and
M3 = sup{|lyn — g} < oo.
n>0

Substituting (2.6) into (2.5) and using My = sup,>o {[lz~ — 4’} to
simplify we get
|Znt1 — qlf?
<[(1- an)? + 200k, (1 - ﬂn)Q]”mn —q|?
+ 205 (P + 2Bk Mz + 2|[vn||kr M)
= 20n8(lyn — gll) + 2llunl| My
< llzn = gll* — and(llyn — gl
— an{G(llgn — all) = [~2+ v + Zka(1 = 5:)*]Ms
(2.7) — 2(pn + 28,kn Ms + 2|vallbn M3)} + 2ljun| M.
Let o = inf,>o{||yn — ¢q||}- Next we prove that o = 0.

Suppose that ¢ > 0. Then |y, —¢|| = ¢ > 0 for all n > 0. Hence
&(||lyn — gll} = &(e) > 0. From (2.7) we have

|Zn41 — gll* < llzn — gl* — ang(o) — an{d(o)
— (=2 + 0 + 2hp) M,y
— 2pn + 2B kin My + 2||vn | kn Ms)}
(2.8) + 2 || M.
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Since ap, — 0, f, — 0, pp — 0, k, — 1, and v, — 0, there exists n,
such that for all n > n,

¢(0) = (=24 an + 2kn )My — 2pr + 285k Mo + 2||v, [k, M3) > 0.
Hence from (2.8), we get
znsr — all? < llza — ql® — ang(o) + 2llunl M,
for all n > n,. That is,
@nd(0) < |20 — qll* = f@ns1 — qll* + 2fun||M

for all n > ny. Therefore for any m > n; we have

e ™m
Y wd(0) € 0ny —gl® = llzmir — gl +2M1 Y Jlunl
n=ni n=mny

m™m
< lwn, — gl +2M71 > Jluall.

TE=Tl1

Let m -» oc. Then we obtain

o] o0
o = Z and(0) < ||zn, —ql” +2M; Z [l l-
n=ni n=ni

This is a contradiction. Hence o = 0. Therefore there exists a subse-
quence {yn,} C {yn} such that

Yn, 4 (a8 mj — 00).
That is,
Yn; = (1 — Bn; )Tn, + B T, +vn; — ¢ (88 1y — 00).

Since an; — 0, Ba; — 0, wn; — 0, v, — 0, and {T™ 1z, } and {T"y,, }
both are bounded, this implies that

(2.9) Tn, —q (a8 n; — 00).
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From (2.9} we have
Toy1 = (1= @, }n, + 0n, T yn, +un; = ¢ (as n; — oo)

and so
Yn; 41 = (1=Bp; 41 )80, 41480, 1 T 20 c14 0,41 — ¢ (88 1y — ).
By induction we can prove that

Tp;+i —q and y, 4, —q {(as n; — co)

for all ¢ > 0. This implies that z, — ¢. This completes the proof of
Theorem 2.1. O

From Theorem 2.1 and Proposition 1.1 we can obtain the following
theorem.

THEOREM 2.2. Lef E be a real uniformly smooth Banach space,
D be a nonempty bounded closed convex subset of E, T : D — D
be an asymptotically nonexpansive mapping with a sequence {k,} C
[1,00), lim, oo k. = 1, and F(T) # ¢. Let {u,} and {v,} be two
summable sequences in E and {w,} and {0,} be two real sequences
in [0,1] satisfying the conditions (i) and (ii) in Theorem 2.1. Then for
any given xg € D, the modified Ishikawa iteration process with errors
{z.} C D defined by

Tl = (L= 0n)T0 + @ T Y + U,
yn = (1 - ﬁn)mﬂ + ,6’{1Tn$n + vn, mn 2 0,

strongly converges to ¢ € F(I') if and only if there exists a strictly
increasing function ¢ : [0,00) — [0, 00), ¢(0) = 0 such that

<Tn?:/n — ¢, J(yn — Q)> < kallyn — QHZ - ¢(|lyn - q||)

for all n > 0.
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THEOREM 2.3. Let FE be a uniformly convex and uniformly smooth
real Banach space, D be a nonempty bounded closed convex subset of
E, and T : D — D be a nonexpansive mapping. Let {u,} and {v,} be
two summable sequences in E, and {a,} and {8} be two real sequences
in [0, 1] satisfying the conditions (i) and (ii) in Theorem 2.1. Then for
any given zo € D, the modified Ishikawa iteration process with errors
{zn} C D defined by

Tnt1 = (1 - an)i’n + anTnyn + Un,
Yn = (]‘ - ﬁﬂ)xn + ﬂnTnxﬂ, + Un, n 2 0,

strongly converges to ¢ € F(T) if and only if there exists a strictly
increasing function ¢ : [0,00) — [0, ), ¢(0) = 0 such that

(2'10) <Tnyn - Q}J(yn - 9)> 2 “yn - Q||2 - ¢(“yn - Q||)

for alln > 0.

Proof. Since T : D — D is a nonexpansive mapping, by Proposition
1.1, T is an asymptotically nonexpansive mapping with a constant se-
quence {1}, and so it is also an asymptotically pseudo-contractive map-
ping with the constant sequence {1}. By Goebel and Kirk (3], F(T'} # ¢.
Therefore the sufficiency of Theorem 2.3 follows from Theorem 2.1 im-
mediately.

Next we prove the necessity of Theorem 2.3. Since F is a uniformly
smooth Banach space, the normalized duality mapping J : £ — E* is
single valued. Let z,, — g € F(T). Since {T"z,} is bounded, we know
that

Yo = (1= Bn)2n + 5Tz +v, = ¢ (88 n — 00).

By the same way as given in proving necessity of Theorem 2.1, let us
define

K = sup{ly, — qll} < o0,
n>0
Gi={neN:|y.—qll =t}, te(0,K),
Gg ={neN:|y.—qll =K}
9(t) = min{lly- — gl> = (T"yn — @, J(yn — q))}, t€(0,K).

In Theorem 2.1 we have proved that g(t) is nondecreasing and g(t) > 0
for all ¢t € (0, K).
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Next we prove that g(t) > 0 for all ¢ € (0, K). Suppose there exists
to € (0, K) such that g(ty) = 0. Since Gy, is a finite set, there exists an
ng € Gy, such that
(2'11) 0= g(to) = ”yno - q“2 - (Tnoyﬂo -4 J(ynu - Q)>
From Lemma 1.2 and (2.11), it follows that y,, = ¢. Hence [ly,, —¢| = 0.
However, since ng € Gy, by the definition of Gy, we have ||y,, — q|| >

to > 0. This is a contradiction. Therefore g(t) > 0 for all ¢ € (0, K).
Now we define a function

0 if t=0,
o(t) = { =9() if te(0,K),
1L+t lix}cl g(s) if telK, o).

Since g is nondecreasing and g(t) > 0 for all ¢ € (0, K), ¢(t) : [0,00) —
[0, 00) is strictly increasing, ¢(0) = 0. By the same way as given in the
proof of Theorem 2.1, we can prove that ¢ satisfies condition (2.10).
This completes the proof of Theorem 2.3. O

THEOREM 2.4. Let E be a real uniformly smooth Banach space, D
be a nonempty bounded closed convex subset of E, T : D — D be
an asymptotically pseudo-contractive mapping with a sequence {k,} C
(1,00), im0 kn = 1, and F(T) # ¢. Let {u,} be a summable se-
quence in E and {a, } be a real sequence in [0, 1] satisfying the following
conditions:

(i) lim a, =0;

n—00

(ii) Zan = 0.

n=0
Then for any given xg € D, the modified Mann iteration process with

errors {x,} C D defined by
Ln+1 = (1 - an)wn +anT"sn +un, n2>0,
strongly converges to ¢ € F(T) if and only if there exists a strictly
increasing function ¢ : [0,00) — [0,00), ¢(0) = 0 such that
(T"zn — g, (20 — 9)) < knllwn — qli* = &([lzn — ql})
for all n > (.
Proof. Taking 3,, = v, = 0 for all n > 0 in Theorem 2.1, then we

have ¥y, = z, for all n > 0. Therefore the conclusion of Theorem 2.4
follows from Theorem 2.1 immediately. O
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