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Abstract

In this thesis, we introduce and investigate the notions of a fuzzy sirongly r-semineighborhood and a fuzzy strongly
r-quasi-sermineighborhood in fuzzy topological spaces which are generalizations of a fuzzy strongly sernineighborhood

and a fuzzy strongly quasi-semineighborhood, respectively.
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1. Introduction and Preliminaries

E. P. Lee and S. J. Lee[d] introduced the concepts of
fuzzy strongly r—semiopen sets and fuzzy strongly »
—-sermicontinuous maps, which generalized the concepts of
fuzzy strongly semiopen sets and fuzzy strongly
semicontinuous maps of Shi-Zhong Bai[9].

In this thesis, we introduce and investigate the notions
of a fuzzy strongly
r—semineighborhood and a fuzzy strongly #»-quasi-
semineighborhood in fuzzy topological spaces which are
generalizations of a fuzzy strongly semineighborhood and
a tuzzy strongly quasi-semineighhorhood, respectively.

We will denote the unit interval [0, 1] of the real line
by I and I,=(0,1]. A member z of I* is called a

[

denotes the
complement 1—x# By 0 and 1 we denote constant
maps on X with value 0 and 1, respectively. All other
notations are standard notations of fuzzy set theory.

fuzzy set in X. For any pelY, u

A Chang's fuzzy topology on X is a family T of fu-
zzy sets in X which satisfies the following properties:

1) §l=T
@) If gy, po=T then mApeT.
(N I pe=T for eachi, then Vu,eT.

The pair (X, T) is called a Chang's fuzzy topological
space.

A fuzzy topology on X is a map T I*—I which
satisfies the following properties:

(D 70 =T1)=1.

i 20014 28 14
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fuzzy strongly r-semineighborhood, fuzzy strongly r-quasi-semineighborhood

@) Ty Ap)= T )N T ().

The pair (X, T) is called a fuzzy topological space.

Definition 1.1. ([6]) Let x be a fuzzy set in a fuzzy
topological space (X, T) and »=I,. Then p is called

(1) a fuzzy r-open set in X if T(w=»,
(2) a fuzzy r—closed set in X if T(u9)=»r

Definition 12. ([36]) Let (X, T) be a fuzzy topological
space. For each #»=l, and for each p=I¥, the fuzzy
r—closure is defined by

Ay, N =/loel*p<p, T(09) =7},
and the fuzzy »-interior is defined by

int(p, ) =\Aoer*p=p, T(e)=.

Definition 1.3. ([6,7]) Let x be a fuzzy set in a fuzzy
topological space (X, T) and =1, Then g is said to
be

(1) fuzzy »-semiopen if there is a fuzzy »-open set
e in X such that e=sp<cl(e, ),

(2) fuzzy r-semiclosed if there is a fuzzy »—closed
set p in X such that int(p, H=<p<p,

(3) fuzzy r—preopen if p=<int(cl(u,#),#),

(4) fuzzy »-preclosed if cl(int(g, ), »)<p.

Definition 14. ([5]) Let z be a fuzzy set in a fuzzy

topological space (X, 7) and »=l,. Then g is said to
be

(1) fuzzy strongly r-semiopen if there is a fuzzy »

-open set e in X such that o<u<int(cl(p, ), #),

(2) fuzzy strongly r-semiclosed if there is a fuzzy

—closed set p in X such that cl(int(pe, #), H=<p<p.
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Theorem 1.5. ([5])

(1) Any union of fuzzy strongly »—semiopen sets is
fuzzy strongly »-scmioper.
(2) Any intersection of fuzzy strongly r—semiclosed
sets is fuzzy strongly »-semiclosed.
Definition 16. (5]) Let (X, T) be a fuzzy topological
gpace. For each »el, and for cach g=l%, the fuzzy
strongly r-semiclosure is defined by

sscl (g, V= N{pelfp<p,p is fuzzy strongly »

-semiclosed },
and the fuzzy strongly r—semiinterior is defined by

ssint (u, »=NV{peFu>p,p is fuzzy strongly »

—-semiopen }.
For x=X and for each e=(0,1], a fuzzy point x, in
X is a fuzzy set in X defined by

_ja if y=x,
x"(y)_{O if ye=x,

In this case, x and e« are called the support and the
value of x,, respectively. A fuzzy point x, is said to
belong to a fuzzy set g in X, denoted by =x,=gx, if
e<p(x). A fuzzy set g in X is the umon of all fuzzy
points which belong to .

A fuzzy point x, in X is said to be gquasi-coincident
with 4, denoted by x.qu, if e+ x(x)>1. A fuzzy set p
in X is sajd to be quasi-coincident with a fuzzy sct #
in X, denoted by oaqu, if there is an x=X such that
olx) +u(x)> 1.

Definition 1.7. ([4,7]) Let x, be a fuzzy point of a
topological space (X, T) and »=l,. Then a fuzzy set u
in X is called

fuzzy

(1) a fuzzy r-neighborhood ( fuzzy r—semineighbo-
thood, fuzzy »-preneighborhood, respectively) of
x, if there is a fuzzy »-open ( fuzzy »-semiopen,
fuzzy »-preopen, respectively) set p in X such
that x,=p=u,

(2) a fuzzy r-quasi-neighborhood ( fuzzy r-quasi-se-
mineighborhood, fuzzy »—quasi-preneighborhood,
respectively) of x, if there is a fuzzy #»-open (
fuzzy »-semiopen, fuzzy »—preopen, respectively)
set o in X such that x,qe=<g,

2. Fuzzy strongly —semineighborhoods
We are going to define the concepts of a fuzzy

strongly »—semineighborhood and a fuzzy strongly »
—-quasi-semineighborhood in a fuzzy topological space.
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Definition 2.1. Let x, be a fuzzy point of a fuzzy
topological space (X, T) and r=I,. Then a fuzzy set g
in X is called

(1) a fuzzy strongly #—semineighborhood of x, if
there is a fuzzy strongly »-semiopen set o in X
such thal x,=e0=4,

(2) a fuzzy strongly »-quasi-semineighborhood of x,
if there is a fuzzy strongly »—semiopen set p in
X such that x,q o=.

Clearly, if x is a fuzzy strongly #—semineighborhood
(strongly r-quasi-semineighborhood) of x, and r>¢
then 4 is also a fuzzy strongly #-semineighborhood (
strongly t-quasi-semineighborhood) of x,.

Theorem 2.2. Let (X, 7T) be a fuzzy topological space
and r=I,. Then a fuzzy set x in X is fuzzy strongly »
-semiopen if and only if g is a fuzzy strongly »
—-semineighborhood of x, for every fuzzy point x.=p.

Prool. Let x be any fuzzy strongly »—semiopen set of
X and x,=p. Put po=pg. Then p is a fuzzy strongly #
-semiopen set in X and x,€p<u. Thus 4 is a fuzzy
strongly »-semineighborhood of x,.

Conversely, let x,=x. Since p is a fuzzy strongly »
-semineighborhood of x,, there is a fuzzy strongly »
~semiopen set o, in X such that x,=p,<p So we
have

p= Mg, e <NV o jr.sm<p.

Thus 2=\p. x,=u}. Since arbitrary join of fuzzy
strongly r—semiopen sets is fuzzy strongly r—sermiopen,
o is fuzzy strongly »—sermopen.

Theorem 2.3. Let (X, T) be a fuzzy topological space
and r=l,. Then a fuzzy set x in X 1s fuzzy strongly »
-semiopen if and only if g is a fuzzy strongly »
-quasi-semineighborhood of x, for every fuzzy point x,
a K.

Proof. Let z be any fuzzy strongly »—semiopen set of
X and x,u Put p=pg Then p is a fuzzy strongly »
-semiopen set in X and =x,q0<x Thus u is a fuzzy
strongly r—quasi-sermineighborhood of x,.

Conversely, let x, be any fuzzy point in z such that
a{u(x). Then x,_,qu. By the hypothesis, p is a fuzzy
strongly r—quasi-semineighborhood of x;_,. Thus there
is a fuzzy strongly »—semiopen set o, in X such that
X000 <, L. Hence a{p,(x) and o, =<pg. So we have

¢ =\xzx, is a [uzzy poinl in # such that &< p(x)}
<\Vp.ix, is a fuzzy point in g such that o< u(x)}
=pu.



Thus «=\i{ep. %, is a fuzzy point in g such that
a{p(x)}. Since each o, is fuzzy strongly »-semiopen,
o is fuzzy strongly r—semiopen.

Theorem 2.4. Let =z, be a fuzzy point in a fuzzy
topological space (X, T) and »=I;. Then x,= sscl(p,»)

if and only if pqu for all
—quasi-semineighborhood ¢ of x,.

fuzzy strongly »

Proof. Suppose that there is a fuzzy strongly »—qua-
si-semineighborhood e of x, such that edu. Then there
is a fuzzy strongly 7—semiopen set A4 such that x,qi<p.
S0 Adpe and hence p<A® Since A7 is fuzzy strongly »
-semiclosed, sscl(p, #)< sscl (A5, ) =24° On the other
hand, since x,aA, we have x,21°. Hence x,@ ssel(g,7).
This is a contradiction.

Conversely, suppose x,2 sscl(g,#). Then there is a
fuzzy strongly »-semiclosed set #» such that u=<gz and
x,#7 Then since 7° is fuzzy strongly »-semiopen and

4

is a fuzzy strongly r-quasi— semineigh-
By the

ut(p9°=n. This is a contradiction.

x4 75 7

borhood of x,. hypothesis, 2°q«. Hence

Theorem 25. let x, be a fuzzy point in a fuzzy
(X, Then
x,= ssint (u, #) if and only if there is a fuzzy strongly »

topological  space and rel.

-semineighborhood e of x, such that o<,

Proof. Let
strongly 7—semiopen set o such that x,=p and e=p.

x,= ssint (z,#). Then there is a fuzzy

Conversely, suppose that there is a fuzzy strongly »
-gemineighborhood o of x, such that e<g. Then there
is a fuzzy strongly »-semiopen set A such that

x,=A<p< . Thus x,= ssint (¢, 7).

Remark 2.6. (1) Every fuzzy #-neighborhood (#—qu-
asi-neighborhood) of x, is also a fuzzy strongly ~
-semineighhorhood (strongly #—quasi-semineighborhood)
of x,.

(2) Bvery fuzzy strongly »-semineighborhood (st-
rongly »—quasi-sernineighborhood) of x, is also a
fuzzy r-semineighborhood ( »—quasi-semineigh-
borhood) of «x,.

(3) BEvery fuzzy strongly s—semineighborhood (stro-
ngly r—quasi-semineighborhood) of x, is also a
fuzzy - preneighborhood ( »—quasi-preneighbo-
thood) of x,.

Following examples show that their converses need
not be true in general.

Example 2.7. Let X={a, b} and 1 and gz, be fuzzy

sets in X defined by p(a)= % pi(B= 1 and

Fuzzy Strongly r-Semineighborhoods

#z(a)=17—0, m(b)=19—0. Define T: IX —Iby

1 if #=0,1,
)= —% if p=p
0 otherwise.

Then clearly T is a fuzzy topology on X. Let x=b and

1

a=%. Then x,Ep, and pp is fuzzy strongly =

—semiopen. Thus g is a fuzzy strongly é——serni—
neighborhood but not fuzzy %—neighborhood. Also uy is
a fuzzy strongly %—quasi—semineighborhood of x, which
is not a fuzzy %—quasi—neighborhood of xa.

Example 2.8. Let X ={q,b} and p; and u, be fuzzy

sets inX defined by ﬂl(a)=—%, ul(b)=% and

.t»!z(tl):—%, #2(b)=%. Define T : I¥ — I by
1 i #=0,1,
T(p) = % if p=pm,

(0 otherwise.

Then clearly T is a fuzzy topology on X. Let x= 4 and
a=—%. Then x,=p, and uy 18 fuzzy %—semiopen.

Thus uy is a fuzzy 1 —semineighborhood but not fuzzy
2

strongly %—aenﬁneighborhood. Also pg is a fuzzy —%
-quasi-semineighborhood of x, which is not a fuzzy

strongly %—quasi—semineighborhood of g

Example 29. Let X = {a, 8 and g and p, be fuzzy

sets in X defined by yl(a)=-—%—, #I(b)=“%' and

D)=+, ﬂz(b)=%. Define T : IX = I by

1 if «=10,1T,
()= —% if p=p,
0 otherwise.
Then clearly 7 is a fuzzy topology on X. Let x=4 and
a= T85- Then x,=¢, and u, is a fuzzy %—preopen.

1

Thus s is a fuzzy 5 —preneighborhood but not fuzzy

strongly %—semineighborhood. Also s is a fuzzy %
—quasi-preneighborhood of x, which is mot a fuzzy

strongly —;——quasi—serrﬁneighborhood of x,.

Let (X,T) be a fuzzy topological space. For each

277



A Y XsAAREE =2 2001, Vol. 11, No. 3

rely, an »—cut
T,={pel: (W=7}

is a Chang's fuzzy topology on X.

Let (X, 7) be a Chang's fuzzy topological space and
rel,. A fuzzy topology T7: I — I is defined by
1 if ¢=0,1,

T(wy={ r if p=T-{0,1},
0 otherwise.

The next two theorems show that a fuzzy strongly
semineighborhood [9] is a special case of a fuzzy

strongly #-semineighborhood.

Theorem 2.10. Let X, be a fuzzy point of a fuzzy
topological space (X, T) and »=I;. Then a fuzzy set u
is a fuzzy strongly »-semineighborhood (strongly »—qu-
asi-semineighborhood) of X, in (X, 7) if and only if «

is a fuzzy strongly semineighborhood (strongly qu-
asi-semineighborhood) of x, in (X, T,).

Proof, Straightforward.

Theorem 2.11. Let x, be a fuzzy point of a Chang's
fuzzy topological space (X, T) and »=I,. Then a fuzzy

set u 15 a fuzzy strongly semineighborhood (strongly
quasi~semineighborhood) of %, in (X, T) if and only if
u# is a fuzzy strongly #—semineighborhood (strongly »
~quasi-semineighborhood) of x, m (X, 77).

Proof. Straightforward.

The product fuzzy set uxp of a fuzzy set ¢ of X and a
fuzzy set p of Y is defined by

(> p)(x, ) = () N\ ()
for all (x,3) €XxY.

Let (X, 7) and (Y, 1) be fuzzy topological spaces and
rel),. Then X is »—product related to ¥ if any fuzzy set
p of X and any fuzzy set p of Y,

cl (uxp, h=cl (g, 7) xcl (e, 7.

Let {(X; Td},, be a family of fuzzy topological spaces.
Let X =[x, and

i+ X —X,; i=] denote the projection map. Let (T3,
denote the Chang’s

fuzzy topology on X, for i=), r=l. Let

H( Ti)r = sup =] Zﬁz_l((Tz)r)

be the Chang's fuzzy topology generated by
{$:((T)),)} .o, as a subbase.
Tet T he the fuzzy

{IKT9,}) ey That is

topology  generated by
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T =\{rely: ucll(TH1.

Then T is called the product fuzzy topology on X and
denoted by 117,

Lemma 2.12. Let »=], and a fuzzy topological space
(X.T) be

r—product related to a fuzzy topological space (Y, U).
Then for any fuzzy set z of X and any fuzzy set p
of Y, int(uxp, )= int(x, ») xint(p, ».

Proof. Let u be any fuzzy set in X and p any fuzzy
set in Y. Then
int(exp, 7
= int(((uxp)9)°, 7
=cl((eXp)", n°
= cl( (" xD\V(1x 0%, »*
=[cl(pxT, AV el(Ix0", N]°
=[(cl(ef, Nxel(1, M) V((T, ) x cl(p, MI°
=[ (e, HxDV(Ixclp®, N)]°
=[ (int(z, » < DV(Ixint(e, H 1
=[(int(g, »x nt(pe, »)7°
= imt(u, ») % int(p, #).
Hence the theorem follows.

Theorem 2.13. Let (X, 7) and (Y,0) be fuzzy
topological spaces and =l If X is #~product related
to Y, then the product gXpe of a fuzzy strongly 7
~semiopen(strongly #-semiclosed) set x# in X and a

fuzzy strongly # -semiopen(strongly #-semiclosed) set

o In Y is fuzzy strongly r»-semiopen(strongly 7
-semiclosed) in the product fuzzy topological space
XxY.

Proof. Lel 2 and p he fuzzy strongly »—semiopen sets
in X and ¥ respectively. Then there are fuzzy #-open
sets ¢, in X and py iIn Y, such that g =<ug<int
(cl(py, M, Nand oy=<p=int(cl(p;, ), 7). Then w(xp; is
fuzzy #»-open in Xx Y . Since X is »—product related to
Y, from the Lemma 2.12, we have

#i¥po = pxp = int(cl(gy, P, » x mt(cle. 9.9
= int(cl{z, 7 % cl{p, 7,9
= int(cl(z; X o1, 7, 7).

Hence pxp is fuzzy strongly »—semiopen in XxY.
Similarly, if 4« and e are fuzzy strongly »—semiclosed
sets then uxp is also fuzzy strongly »—semiclosed.
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