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Abstract

We introduce fiuzzy semi-regular spaces. Furthcrmore, we investigate the relations among fuzzy super continuity, {uzzy d-continuity and
[uzzy almost continuity in fuzzy topological spaces in view of the definition of Sostak. We study some properties between them.
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Sostak [13] defined the fizzy topology as an extension
of Chang's fuzzy topology [5]. Ganguly and Saha [§]
iniroduced the notions of fuzzy J-cluster points and
fuzzy O-cluster points in furzy topological spaces in the
sense of [5]. Kim and Park [9] introduced 1- S-cluster
points and S-closure operators in fiuzzy topological
spaces in view of the definition of Sostak. It is a good
extension of the notions of [12].

In this paper, we introduce fuzzy semi-regular spaces.
Furthermore, we investigate the relations among fuzzy
super continuity, fuzzy d-continuity and furzy almost
continuity in fuzzy topological spaces in view of the
definition of Sostak. In general, fuzzy super continuity
implies fuzzy &-continuity, fuzzy super continuity implies
fuzzy continuity. But the converses need not be true. The
notions of fuzzy §-continuity and fuzzy continuity are
independent

Throughout this paper, let X be a nonempty set,

I=[0,11 and I;=(0,1]. For esl, a(x)=q for all
x=X. Let PHX) be the family of all fuzzy points in
X

Definition 1.1 [13] A function z7%—] is called a fizzy
topology on X if it satisfies the following conditions:

o) (0= D=1

02y et Ape )=t DAT 2 ), for oy, pasI™

O f(\V )= N(u ), for {p}ercI™.

The pair (X, 1) is called a fuzzy topological space
(for short, fis).
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Definition 1.2 [12] A map C XX I7—1% is called a fuzzy
closure operaior on X if for each A, usI” and 7 s=] 0
it satisfies the following conditions:

€y c(0,»n=0,
(C2) A= C(A, 7,
(€3) A, IV, ) =CAVu, 1),
(CH CA, »=C(4,s), if r<s,
The pair (X, C) is called a fuzzy closwre space.
A fozzy closure space (X, C) is
AsI® and rel,,
(€35 C(C(A, 9, r)=C4, ).

topological if  for

Theorem 13 [12] Let (X,7) be a fis.
rely, As=I¥, we define an operator CI*xI—T" as
fotlows:

For each

CAa,W=Np| Asp,«(1- )=}
Then (X, C,) is a topological fuzzy closure space.
1.4 For each

9] Let (X,7) be fts.

reslg, Al 4 we define an operator
I A=V | ui, dg)=7r).

For each A, pes/ £ and r, s& 1, it satisfies the following

Theorem a

properties.

M ILI-2,9="1-C.(n.

@I TLC.(A,»,r)=4, then
CLI.(I-A47,n=1-2

@ I11,9n=T1.

@ 14, »n=A

) TLA AN Lu, n=T,ANp, 7).

® ILA,nN=IL,s), if »<s.

N 114 »,n=IL47.

Definition 1.5 |[7,9] let (X,7) be a fts. For
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pel”, x; ePKX) and =1,

() g is called a r-open @, -neighborhood of x, if
x,q ¢ with ()=,

(2) p is called a r-open R, -neighborbood of

x,.q g with p=7(C,(u, v), 7).
We denote

QAx, N={pel* | x, q pn, ()=},
Rix, nN={pcl®|x,q u=1.(C.(r.7),M).

x, if

Definition 1.6 [9] TLet (X,7) be a fis.
For Ael¥, x, ePKX) and rel,

(1) x;is called a r-cluster point of A if
for every pe@Q (x;,7), we have g g A.
(2) x; is called a r- d-cluster point of A if
for every p=R (x,,»),we have u g A.
(3) A S-closure operator is a function
D :I%X [ —I%defined as follows:

DA, N= V{xeP X x, is

a 1 — 60— cluster point of A}.

Theorem 1.7 [9] Let (X, 7) be a fis.

For each A, pel® and ye], we have the following
properties.

W D4, D= Npel*| i<y, p=CI.(1,7, 7).
o Cdin= VixeP(X) z, is

a r—cluster point of A}.
(3)x,is a r S-cluster point of A iff x ,=D (A, 7).
) x, is a rcluster point of A iff x,=C (A, 7).
() Rz, NCQLx,, 7).
6 CLI (AN, N=CLI.(C.(I,(A 7,7, N, 7.
NILC (g, ), N=IC.(I.(C.(p,7),7),7),7).

Theorem 1.8 [9] Let (X, 7) be a fis. For each A, p, p= ¥
and r=],, we have the following properties.

() Ifo=CI.(p,7),7), then D (o, 7)=p.
Q) ALC (A, n<D{A,».

(3) If (A=, then C (A, V=D LA, ).

@ DAANED (pu, 7)), if A<y,

Il. Fuzzy semi-regular spaces

Definition 2.1 A fis (X, 1) is called fuzzy semi-reguiar iff
for each p=@ (x,,#),there exists p= @ (x;, #) such that

ILC (o, ), N< .

Example 2.2 Define fuzzy topologies ;7 X5 as follows:
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1, if A=0or 1,
r (D)= % it 1=10.4,

0, otherwise,

1, i A=0or 1,
() = % if A="10.7,

0, otherwise,

M A fis (X, r,) is fuzzy semi-regular from:

for O—_LLEer(xf,?) with 0.6 andO(?’Sl,therc

exists TAEQ,I(x[, 7)::1ndm=ll-l(cr1 (0.4, 7, .
@ A fis (X,r,) is not fuzzy semi-regular from: for

‘OTEQL.J(xt,r) with £ 0.3 and O(rQ%,for each

Q. (x,, 7, 1=I.(C. (0,7, N£0.7.

Theorem 23 A fis (X, r) is fuzzy semi-regular iff
DA, »=C.(A,7), for each A= ] and rel,.

Proof. From Theorem 1.8(2), we only show that
DA, =< CAA, »).
Suppose there exist ier¥ , vE1 such that

D (4, nN%£CL4,7).
Then there exist x=X, #=1 such that
DA, N(x)>C 4, nN(x). (A)
Since  C (4, N(x)<¢,
Then there exists u= @ (x,, #) such that A< 1 — x. Since
(X,0 is fizzy semi-regular, for p=@ (x,, ), there
exists p= @ {x;, ») such that 7 (C.(p, #),7) <. Thus

x; is not a r-cluster point of A,

A

CANANAN

[ Yy

- T(E r(py 7’), 7’)
I.(1=p,7),7).
It follows

<D(C.(I.(1=p,7,7)

(by Theoreml1.8(1))
=C(I.(1-0,m,7)
=C z‘(_I -, 7’)
=1—p.
Thus, D (4, H(x) (1= 0)(x)< .1t is a contradiction for
the equation (A).

D.(A,»

Conversely, for each pe @ (x;, #),
£ (1= (0= C(1—pu, ().
Since D (1—p, V) =C . (1—u,#),then X, 1s not a - §

-cluster  point  of 11— L. Then  there  exists
pER (x,,7) and p=I1C . (p,n),N=<p.
Since peR.(x,, »CQ(x;,» from Theorem 1.7(5),

(X, 1) is fuzzy semi-regular.



. Fuzzy O-continuous and fuzzy super
continuous mappings

Definition 3.1 Let (X, 7) and (Y, 7) be fiss.
Let F£X—Y be a function. Then
(1) fis called fuzzy continuous
iff (W< o(F N w)for each pel”.
(2) fis called fizzy open iff
A< y(AA) for each A=I¥,
(3) fis called fizzy closed iff
{1—D<p(1—AA) for each A=]~,

4 f s called Suzzy  super  comtinwous iff  for
ps=Q (Ax) 4, 7),there exists A=Q (x,,7) such that
RILC (A7), ) =p.

& f is called Juzzy almost comtinuous iff  for
veR (Ax),,7), there exists A€ Q (x;,7) such that
AN p.

© f is called Juzzy O-contiruous  iff for cach

veR (Ax) ., 7), there exists AeR (x,,#) such that
A=,

Theorem 3.2 Let (X, 7) and (Y, 7 be figs.
Let f:X—Y be a function. For each A=l* uel?,
re1,,the following statements are equivalent:

(1) A map fis fuzzy super continuous.
Q@) AD LA, M= C (AN, 7).
@) D F (W), < F7HC, (1 7).
@D Hw, D=, (w,
for each set p=C,(u, 7).
G DL1-f W, n=1-F"(w,
for each set pu=1,(u, 7).

Proof. (1) =(2) Suppose there exist Ae ] X and re] o such

that AD LA, »)£C (A4, ). Then there exist
veY, tel; such that

AD LA, N £ C LAA), ().
K Y ({y)=o, it conradicts to the fact that

AD (A, M) =0. Hence F '({y})*=@. There exists
x=f Y{y}) such that

AD (A, ))Ny) 2D (A, r)(x)
> 8 C (AN, N(Ax)).

Since C ,(AA), (Ax))< ¢ by Theorem 1.7(4), Ax) , is not
a t-cluster point of AA).Then there exists p=Q (A x) ;, #)

B)

such that ]‘(A)g_'l_— 1. Since £ is fuzzy super continuous, for
1=Q (Ax),, 7)), there exists ve@Q (x,,7) such that

AILC (v, 7), 7)) <p.
Thus, A< 1—AI(C,(v,7), ) implies
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AL T—I14C (y, 9, 7).
For each ve @ (x,, #), since v<1 (C . (v, 7), »),
by Theorem!.7(7), I LC (v, »), Y R (x,, ¥).
Hence x, is not a r- §-cluster point of A, by Theorem 1.7(3),
D (A, (x)<{t.It is a contradiction for the equation (B).

(2)=>(3) For all usI® rely put A=F"(z) from (2).
Then

ADFHw, 7)) <CLAF (), )
<C(u, 7).

It implies
D(FHw, ) <fTHAD (7w, M)
<fHC, (s, 7).

(3)=(4) and (4)=(5) are easily proved from Theorem

1.8(2) and Theorem 1.4(1).
(5)=(1) Let u= Q ,(Ax) ;, 7). Since p=1,(x,7), by
&)

T—f" W=D, (1~F"Hw,».
Since Ax), q p, we have x, g £ *(p), iz,
A= @) =D (T—7" 1w, N(x).

So, x , is not a r- -cluster point of 1—f"'(4). Then there
veR {x,;,, nCQ(x,,7)

such that 1—F Y=< 1—u.

Hence v<f ') implies

A =RKILC (v, n), 7)<

The following theorem is similarly proved as Theorem 3.2.
Theorem 3.3 Let (X, 7) and (Y, 7) be fis's.
Let f:X—Y be a function. For each AeI¥ pe=lYand
rely, the following statements are equivalent:
(1) A map fis fuzzy continuous.
@ ACALA,MEC (AN, .
3) CF N w, N=<fHC (1. M).

exists

Theorem 3.4 Let (X, 7) and (Y, 7 be fiss.
Let f:X—Y be a function. For each As] X,,ue[ Yand
rel,, the following statemenls are equivalent:

(1) Amap fis furzy FS-continuous.
@ AD A4, =D ,(AA), 7).
) DLW, A<D, (7).
@D, N=F""(w,
for each set =D ,(u,7).
GO DLI~FHw,n=1-7"1w),
for each set pu=1,(C,(y,7),7).

Proof. (1)=(2) Supposethere exist As/ X, y&] such that
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AD LA, 1) %D (AN, 7).

Then there exist y= Y, t=I[, such that
AD L&, M) & D LRA), ().

confradicts to the fact that
FTY{y)) =@ . There exists

7 (=90, it
AD {4, M(3)=0.
x=F Y {y}) such that
AD L4 A 2D A2, A2 ©
> DA, N(Ax)).

Since D (AA), N(Ax))<t, by Theorem 1.7(3), Ax), is
of  AA). Then
pER (), 7) such that AN 1 — g
Since f is fuzzy &-contimious, for p=R ,(Ax) 4, 7), there
exists v =R (x,,») such that Av)<p, Thus,
AN<T—Av) implies A< 1— v, Hence x, is not a r- &
-cluster point of A, by Theorem 1.7 (3),

D (A, »(x)<{¢t, Xt is a contradiction for (C).

Hence

nol a r- d-cluster point there  exists

(Q)=@) For all pel¥, rel,,put A=y from ().
Then

AD fH (), M= D (AF (1), DD (e, 7).

It implies

DF N w, ) <fTHAD.(FH(w, )
<fF HD,(u, ).

(G)=@4) Since F (w<D (7Y, ») from Theorem
1.8(2), it is easily proved.

(#)=(5) For each u=1,(C,(z,7),re I¥.by Theorem
142), C,(I,(1—p, 7)., N="1~pu.
Thus, by Theorem 1.8(1),

D(1—p, 7 =D7(Cn(£7(T—#, 7), %)
=C,(I,(1—u7),7
= 1—p.

From 4), D (1—7F"Yw,n=1-7""(w.

()=1) LetueR (Ax) 7. since

u=1,(C,(u,7),7), we have

From o)

1-f"Hw=D.(1-f " (w, 7.

Since Ax) ; g . we have x,q F N w,ie
D= (W=D, (1—F Hw. »Nx.
Thus, x, is not a r- S-cluster point of 1- f _1( 12). Then

there exists y= R (x,, #) such that
T-F Uw<T-w

Hence y<f (y) implies A1)<p.

The following theorem is similarly proved as Theorem 3.4.
Theorem 3.5 Let (X, 1) and (Y, 7) be fis's.
Let f:X—Y be a function. For each 2], ye]¥and
re [, the following slatements are equivalent:
(1) A map fis fuzzy almost continuous.
@ AC LA, M=D (AN, 7).
G)C L W, A< fF YD, (u, M.
@ CF ), n=r""(w),
for cach set z=D (u, 7).
G CLI—fHw, N="1-7""(w),
for each set p=1,(C,(x, »),7).

The following theorem is easily proved from Definition 3.1 and
Theorem 1.8(2).

Theorem 3.6 Let (X, r) and (Y, 7) be fis's.

Let F:X—Y be a functionThen we have the following
implications.

fis S-map=> f is C-map
4 4
Jis g-map= fis A-map
fuzzy continuous{ for S-map), fuzzy
continuous(C-map), fuzzy AJ-continuons ( §map), fuzzy almost
continuous (A-map).

where super short

Example 3.7 Define fuzzy topologies r ;7 %] as follows:

1, i A=0or I,

%, if 1=10.4,
Tl(/.l): 2 —

<. if 2=10.3,

0, otherwise,

1, ifi=00or 1,
() = % if 4=0.3,

0, otherwise,

1, ifA=0or 1,
(D ={%, if A=04,

0, otherwise.

From Theorem 1.3 and Theorem 1.7(1), we¢ obtain

C. ,D‘.1:IX><IO—>]X as follows:

0. it i=0.rel,,
0.6, if 0=+4<0.6,
O(rg-%,
C-AN=157 it TE#A<TT,
2
B 0 r= 7
1, otherwise,
T a=1 el
0.6, if 0+4i<0.6,
Dz—l(/‘t,T)— 0<?’£%,
_1, otherwise,



D.=D,=C.,.
Furthermore,
0, if A=10 ,r=I,,
0.7, if 0=iA< 0.7,
Deldn= 0<re2,
1, otherwise,

(1) Since D, =D, =C_,,,
3.5(2), the identity function

Z.d}(: (Xy T3)__>(X, Tl)

by Theorem 3.4(2) and Theorem

is Fuzzy almost continuous and fuzzy S-continuous.
It is neither fuzzy continuous nor furzzy super continuous
becawse D . £C ., C. %C, from Theorem 32(2) and

Theorem 3.3(2).

(2) Since C, <D, =C., by Theorem 3.5(2) and Theorem
3.3(2), the identity function

idy (X, r)—(X, 19

is fuzzy almost continuous and fuzzy continuous.
It is neither fuzzy J-continuous nor fuzzy super continuous
becawse D . 4D, = C,,, from Theorem 3.2(2) and Theorem

33Q2).

(3) From(l) and (2), the notions of fuzzy GS-continuity and
fuzzy continuity are independent.

Theorem 3.8 Let (X, 7) and (V,7) be fis's.
Let 7:X—Y be a function.
(1) If £ is fuzzy super continuous and fuzzy-open,

then, for each p=J7, rel,

DAf " w,n=F"NC,(u»).
@) IFF s

then, for each pe]Y, rely,

fuzzy continuous and fuzzy-open,

CLF M w, n=7"YC,(u, ).

Proof. (1) From Theorem 3.2(3), we only show that, for each
,LLEI Y, rel 0»

D Hw, n=zr"XC, (1, 9).
Suppose there exist u=[Y, rel, such that
DL, N EFHC, (1 7).
Then there exist xe X, t=1; such that
D7), D)< C gz, ACAR)). (D)

Since D (7! (&), M(%)< ¢, by Theorem 1.7(3),
X, is not a r- §-cluster point of £ 1(x).

Henee there exists o= R (x,, #) such that

Fuzzy semi-regular spaces and fuzzy O-continuous funciions
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T w=<i—op.
Furthermore, x, g o implies Ax), ¢ Ap).
Since f is fuzzy-open, 7(Ap))=r(0)=7.
Thus, Ap)eQ (Ax)+, 7).
Since F N w)<1—p iff < 1— K o),
Ax),is not a rcluster point of 4,
that is, C (g, N(Rx))< 1

It is a contradiction for the equation (D).
(2) It is similar to (1).

Theorem 3.9 Let (X, 1),(Y,7 and (Z, 7) be fisslet
FX—=Y and g Y—Z be functions.

If gand f are fuzzy super continuous (resp. fuzzy continuous,
fuzzy J-continuous),

then g- f is fuzzy super comtinuous(resp. furzy continuous,
fuzzy G-continuous),

Proof. Let g and f be furzy super conlinuous.
For each Ae]”, rely,
8(AD L4, 7)) <g(C (AN, 7))
(f is fuzzy super continuous) <g(D (AA), 7))
(by Theorem 1.8(2)) <C (g(AAD), 7).
(g is fuzzy super continuous)

Thus, g- f is fuzzy super continuous.
Others are similarly proved.

In general, the composition of two fuzzy almost continuous
fimctions need not be fuzzy almost continuous from the
following example.
Example 3.10 Define fuzzy topologies ¢, :/*—J as in
Example 3.7. The identity functions id x: (X, r3)—~(X, 7,)
and 7d i (X, v1)—(X, r4) are fuzzy almost continuous, but
Zd}(i (X, T3)_’(X, 7.'2)

because,

is not fuzzy almost continuous

2

for 0.3€R, (%3, 3

)

and for all A= {m,_l}CQ ,_,(x 0.8» %),

we have A< 0.3,

From Theorem 2.3, we can obtain the following theorcms.
Theorem 3.11 Let (X,r) and (Y.7) be fis's. Let
F:X=Y be a finction and (X, ¢) be fuzzy semi-regular,
Then

(1) fis fuzzy super continuous iff # is fuzzy continuous.
2 f is fuzzy J-continuous iff F
continuous.

is fuzzy almost

Theorem 3.12 Let (X,7) and (Y,7) be fis's. Let
f:X—Y be a function and (Y, 7) be fuzzy semi-regular.
Then
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(1) fis fuzzy super continuous iff f is fuzzy &-continuous.
(2) # is fuzzy continuous iff f is fuzzy almost continuous.
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