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Influence Lines of a Portal Frame with Joint Translations
by Transfer Matrix Method
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Abstract

The influence line is a helpful way to calculate the maximum reaction, shearing force and bending moment in the
design of a structure. The influence line of a simple and continuous beam by the moment distribution method,
leading matrix method, transfer matrix method and Miiller-Breslau principle, etc, are well known and used widely in
bridge engineering. But still there are some difficulties to determine the influence line of the particular structure
which allows the side sway.

In this study the transfer matrix method is applied to get the influence lines of the portal frame with the joint
displacement. The influence line of the portal frame calculated by the transfer matrix method is compared with that
calculated by the finite element method. The results show a good agreement.

Keywords : transfer matrix, irfluence line of rahmen, joint translation, joint equilibrium equation

1. Introduction principle, the consistent deformation method” and

8o on. These methods still have some problems

The influence lines of the indeterminate struc- to get the influence lines of the structures

tures are usually found by the Miiller-Breslau which have many degrees of indeterminacy or
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allow the joint translations. Thus most of the
well known influence lines are the influence lines
of the determinate structures and indeterminate
structures without the joint translations. Usually
the influence lines of the indeterminate structures
are obtained by using any structural analysis
computer software involving the finite element
method.

The transfer matrix method is applied to
the analysis of the continuous beams, simple
frames and plates. But the application of this
method to the 3-D frames, plates and shells?
is very limited until now and will be studied
in the near future. The focus of this study is
applying the transfer matrix method to the
analysis of the indeterminate structures as a
different way of the research in the structural
engineering. Here a new application of the
transfer matrix method produces the influence
lines of the forces and displacements of the
indeterminate structure by simple calculation
without solving the simultaneous equations. Also
the transfer matrix method is a simple method to
solve rahmen structures with several intermediate
supports in which joint translations are involved.

2. Theoretical Considerations

2.1 Transfer Matrix

Arbitrary vectors which act on the left-hand
end’s state vectors of a finite beam as shown
in Fig.1 will reflect to vectors on the right-
hand end’s state vectors of the beam. This
kind of relation of two side vectors is similar
to a function that transfers one side vectors of
the beam to the other side vectors. This can
be written as a transfer matrix:

Szp=F(S1) = G»S1s (1)
where Sy, is the left-hand end’s state vectors
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Fig. 1 State vectors of an element

of the member &, Sy is the right-hand end’s

state vectors of the member b, f is a transfer
function and G, is the transfer matrix of the

member b.

2.2 Equilibrium Equation of Joint

The equilibrium equationS) at the joint X in
Fig. 2(a) is

Px++PX=PX_ (2)

The relation between the state vectors is

dxs dx- 0
[ ] -| - ®
Px, Py Py
symbolically
Sx+=S8Sx-—Sx (4)

In the case where the joint is rigid and is
connected elastically to a foundation, the equi-
librium equation is

PX/ X Py
(a) Load on joint

Py

N-1 ] N J:

(b) Load on joint with support

Fig. 2 State vectors on joint X



Px+=PX~+kde (5)

where
kxy . the stiffness matrix of the support

under the joint X
Py, : the forces at the right hand side of

the joint X
Py_ : the forces at the right hand side of

the member N—1
dy ' the displacements at the joint X

The compatibility condition at the joint X is
dX+=dX=dX‘ (6)

The Eq.(5) and (6) may be written as

dxs I 0 dx-
= (7
Py, ky 1 Py
or as
Sx+ = GXSX_ (8)

2.3 Application of Transfer Matrix?

By applying Eq.(3) and (7) to the rahmen at
Fig. 3 we obtain the state vectors S;, of the
left~hand side of the member & as follows;

I 0 da 0

Slb, = SA+= [ (9)

ka' 1 Py Py
where k4" is the transformed stiffness matrix of
the column under the joint A. The state vectors
of the right-hand side of the member b can be

obtained by
So =Gy S1y =Gy GaSa_—Gy Sa (10)

where G, : the transfer matrix of the member b.

b

Fig. 3 A structure with intermediate supports

Progressing along the structures in the same
way as above, we obtain the state vectors on
the right side of joint N as

Sy = (GN,Gn'GM’Gm’ GB'Gb' GA')SA-
- (GN,Gn'GM'Gm' GB’Gb’GA,)SA
~ e — Sy 11

or as
SN+=GSA_—'C (12)

C is the multiplication and summation of the
known values, the transfer matrices and state
vectors. G is the result of the first term. Con-
sidering the boundary condition, Py, =0 and
P,_=0, the Eq.(12) can be written in the form

dy Gy Gn ][da (o
= — (13)
0 Gg] Gzz 0 CZ
that is
d1v= GH dA’Cl (14)
0=Gg;dA—Cg (15)

Once d4 has been found the state vectors at
any member can be obtained easily by using
Eq.(9) and (10). Due to this reason the values
of influence lines, moment, shear force, axial force,
horizontal displacement, vertical displacement
and rotation, are obtained by simple multiplication
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of the transfer matrix when unit load is applied
the given structure,

3. An Example and Results

3.1 Example

The rahmen shown in Fig. 4 is chosen as an
example to prove the simplicity and validity of
the proposed method. This method will derive
the influence lines of the indeterminate structure
involving the joint translation. The unit load
is applied to the rahmen which is divided to 6
elements in the transfer matrix method. In
the finite element method the structure is
divided to 13 elements.

From Eq.(11) the state vector at the joint C
is

Sc+=(G' GGy Gg" G, Ga")Sa- — (Gc' G.)S¢
= GSA_ - C (16)

4 B G cl |
500cm
1 J | -

\ 500cm i 500cm
r
40cm l
Y
100cm !

B} N

Fig. 4 Portal frame subject to unit load
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where,
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C is the known values by multiplication of the
transfer matrices and state vectors from the
dimension of the given structure and the external
load, unit load. The unknown value S, is ob-

tained by the equation above.

3.2 Results

The results are obtained by the transfer matrix
method without solving the simultaneous equa-
tions. The results of the transfer matrix method
and finite element method are shown in Tables.



The results in the tables are not the exact
solutions. But the values of two methods show
no significant difference. Even if there is a little

H& - g

difference, it is not important in the practical
engineering. Thus one probably accepts this
method as a valid method.

Table 1 The values of influence line of moment at the joint A

Load from joint A| Ocm | 100cm | 200cm | 300cm | 400cm j 500cm | 600cm | 700cm | 800cm | 900cm | 1000cm
T™* Gels™* | 0.494 |-29.716(-37.536(~30.378{-15.657| -0.789 | 6.289 | 5.520 | 1.321 | -1.893 | 0.294
cs* 13els | 0.494 [-29.716]-37.536{~30.378|-15.658| -0.789 | 6.289 | 5.520 | 1.321 | -1.893 | 0.294

*TM : Transfer Matrix Method, **CS : Commercial Software(SAP90), ***els : elements

Table 2 The values of influence line of shear force at the joint A

Load from joint A { Ocm 100cm | 200cm { 300cm | 400cm | 500c¢m | 600cm | 700cm | 800cm | 900cm | 1000cm
™ Gels 0.002 | -0.808 | -0.579 | -0.345 | -0.142 | -0.004 | 0.055 | 0.061 | 0.037 | 0.010 | 0.002
FEM 13els | 0.002 | -0.808 | -0.579 | -0.345|-0.142 | -0.004 | 0.055 | 0.061 | 0.037 | 0.010 | 0.002

Table 3 The values of influence line of axial force at the joint A

Load from joint A| Ocm 100cm | 200cm | 300cm | 400cm | 500cm | 600cm | 700cm | 800cm | 900cm | 1000cm
™ Bels 0.001 | -0.080 | -0.105 | -0.088 [ -0.049 | -0.002 | 0.020 | 0.014 | -0.004 | -0.014 | 0.001
FEM 13els | 0.001 |-0.080)-0.104 | -0.088 | -0.048 | -0.002 | 0.020 | 0.014 | -0.004 | -0.014 | 0.001

Table 4 The values of influence line of rotation at the joint A(value : x10%)

Load from joint A| Oem 100cem | 200cm | 300cm | 400cm | 500cm | 600cm | 700cm | 800cm | 900cm | 1000em
™ Gels 0.086 | -3.926 | -4.656 | -3.396 | -1.440 } -0.081 | 0.481 | 0.851 | 0.948 | 0.690 | -0.005
FEM 13els | 0.086 |-3.926 | -4.656 | -3.396 | -1,440 | -0.081 | 0.481 | 0.851 | 0.948 | 0.690 | -0.005

Table 5 The values of influence line of vertical displacement at the joint A(value : x107)

Load from joint A| Ocm 100cm | 200cm | 300cm | 400cm | 500cm | 600cm | 700cm | 800cm | 900cm | 1000cm
™ Gels | -5.422 {-4.390 | -3.145 | -1.875 | -0.771 [ -0.022 | 0.299 | 0.330 | 0.203 { 0.052 | 0.009
FEM 12els | -5.422 | ~4.390 | -3.145 | -1.875 | -0.771 | -0.021 | 0.299 | 0.330 | 0.203 | 0.052 | 0.009

Table 6 The values of influence line of horizontal displacement at the joint A(value : x10°)

Load from joint A{ Ocm 100cm | 200cm | 300cm | 400cm | 500cm | 600cm | 700em | 800cm | 900cm | 1000cm
™ Gels | -0.119 | 2,993 | 2.769 | 1.002 | -0.518 [ 0.001 | 0.533 | -0.962 | -2.710 | -2.941 | 0.118
FEM 12els | -0.119 | 2.993 | 2.769 | 1.002 | -0.518 | 0.001 | 0.533 | -0.962 | -2.710 | -2.941 | 0.118
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Fig. b Influence line of moment at joint A

04
06
08

R

Distance from joint A (cm)

Fig. 6 Influence line of shear force at joint A
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Fig. 7 Influence line of axial force at joint A
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Fig. 9 Influence line of vertical displacement at
joint A

4. Conclusions

The present transfer matrix method is applied
to the portal frame structure. The results of
the two methods demonstrates that there is no
significant difference between them. The simplicity
and validity of the proposed method is proved.

The conclusions can be stated as follows :

1. The results of two methods, transfer matrix
and finite element method show no significant
difference.

2. The influence lines of the indeterminate struc-
tures can be simply obtained by the transfer
matrix method without solving simultaneous
equations.

3. The influence lines of the indeterminate struc-
tures with joint translations can be easily
derived by using this method.

4. The influence lines of the rahmen composed
of varying section will be produced by changing
the elements of the transfer matrix of a
gradually varying member.
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Fig. 8 Influence line of rotation at joint A
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Fig. 10 Influence line of horizontal displacement
at joint A

Terminology

dx . the displacements at the joint X
Gy the transfer matrix of the member b

kx . the stiffness matrix of the support under
the joint A

Py, : the forces at the right hand side of the
joint X

Px_  the forces at the right hand side of the
member N—1
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