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DEMI-CLOSED PRINCIPLE AND WEAK
CONVERGENCE PROBLEMS FOR
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

SHIH-SEN CHANG, YEOL JE CHO, AND HAIYUN ZHOU

ABSTRACT. A demi-closed theorem and some new weak conver-
gence theorems of iterative sequences for asymptotically nonexpan-
sive and nonexpansive mappings in Banach spaces are obtained.
The results presented in this paper improve and extend the corre-
sponding results of [1], [8]-[10], [12], [13], [15], [16], and [18].

1. Introduction and preliminaries

Throughout this paper, we assume that F is a real Banach space and
E* is the dual space of E. Let D be a nonempty subset of E and F(T)
denote the set of fixed points of T'.

DEFINITION 1.1. Let T : D — D be a mapping.
(1) T is said to be asymptotically nonexpansive ([7]) if there exists a
sequence {k,} C [1,00) with lim,,_,. k, = 1 such that

(1.1) Tz — Ty|| < knllz -yl

for all x,y € D and n > 1.
(2) T is said to be uniformly L-Lipschitzian if

(1.2) 1Tz — T"y|| < Lilz - yl|
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for all ,y € D and n > 1, where L is a positive constant.

REMARK 1.1. (1) It is easy to see that, if T : D — D is a nonexpan-
sive mapping, then T is an asymptotically nonexpansive mapping with
a constant sequence {1}.

(2) f T : D — D is an asymptotically nonexpansive mapping with
a sequence {k,} C [1,00) such that k, — 1, then it must be uniformly
L-Lipschitzian with L = sup,~,{k,}.

DEFINITION 1.2. Let E be a real Banach space and D be a closed
subset of E. A mapping T : D — D is said to be demi-closed at the
origin if, for any sequence {z,} in D, the conditions x,, — zy weakly
and Tz, — 0 strongly imply Tz = 0.

Recall that E is said to satisfy Opial’s condition if, for each sequence
{z,.} in E, the condition that the sequence z,, — x weakly implies that
(1.3) limsup ||z, — z|| < limsup ||z, — y||

n—oc n—oo
for all y € E with y # z, and also that F is said to have the Fréchet
differentiable norm if, for each x € S(E), the limit

L ety Jal

t—0 t
exists and is attained uniformly in y € S(E), where S(F) denotes the
unit sphere of E.

The weak and strong convergence problems to the fixed points for
nonexpansive and asymptotically nonexpansive mappings have been
studied by many authors (for example, see [1], [3]-[18] and the refer-
ences therein).

In 1972, Goebel and Kirk [7] proved that, if D is a bounded closed
convex subset of a uniformly convex Banach space E, then every asymp-
totically nonexpansive mapping 7 : D — D has a fixed point in D.
Subsequently, Bose [1] first proved that, if D is a bounded closed convex
subset of a uniformly convex Banach space E satisfying Opial’s condi-
tion and 7' : D — D is an asymptotically nonexpansive mapping, then
the sequence {T"z} converges weakly to a fixed point of T provided T
is asymptotically regular at z € D, i.e.,

lim ||T"x — T"*'z|| = 0.

n—oe
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Furthermore, Passty [9] and Xu [18] proved that, if Opial’s condition
of E is replaced by the condition that E has the Fréchet differentiable
norm, then this conclusion still also holds. In addition, Tan and Xu [15],
[16] proved that, in both cases, the asymptotic regularity of T" at = can
be weakened to the weakly asymptotic regularity of T at z, i.e.,

w— lim (T"z —T" ') =0.

n—=>0C

Recently, Tan and Xu {13] proved the following theorem:

THEOREM A. Let E be a real uniformly convex Banach space which
satisfies Opial’s condition or has the Fréchet differentiable norm, D be
a nonempty bounded closed convex subset of E and T : D — D be an
asymptotically nonexpansive mapping with a sequence {k,} C [1,00)
and 320 (k, — 1) < 0o. Let {a,} and {8,} be two sequences in [0,1]
satisfying the following conditions:

(i)0<a; <a,<ax<1l, n2=>0,

(i) 0<B,<b, n20,

where a1,a2,b € (0,1) are some constants. For any given xo € D, let
{z,} C D be a sequence defined by

(1.4)

Tn+1 — (1 - an)l'n + a'nT”yn’ n >0,
Yn = (]- - ﬁn)xn + 8. T"x,, n=>0.

Then the sequence {z,} converges weakly to a fixed point of T in D.

The purpose of this paper is to prove a new demi-closed principle and
then, by using this principle, to prove some convergence theorems for
asymptotically nonexpansive mappings and nonexpansive mappings in
Banach spaces without assuming any one of the following conditions:

(1) E satisfies Opial’s condition or E has the Fréchet differentiable
norm,

(2) T is asymptotically regular or weakly asymptotically regular,
(3) D is a bounded subset of E.

Our main results presented in this paper improve and generalize the
corresponding results of [1], [8]-[10], [12], [13], [15], [16] and [18].

The following four theorems are the main results of this paper:
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THEOREM 1 (Demi-closed Principle). Let E be a uniformly convex
Banach space, D be a nonempty closed convex subset of E and T :
D — D be an asymptotically nonexpansive mapping with a sequence
{kn} C [1,00) and k, — 1. Then I ~ T is semi-closed at zero, i.e.,
for each sequence {z,} in D, if the sequence {x,} converges weakly to
g € D and {(I — T)z,} converges strongly to 0, then (I — T)q = 0.

THEOREM 2. Let E be a real uniformly convex Banach space, D be
a nonempty closed convex subset of E, T : D — D be an asymptotically
nonexpansive mapping with a sequence {k,} C [1,00), k, — 1. Suppose
that the set F(T) of fixed points of T in D is nonempty and {a, }, {3,}
are two sequences in [0, 1] satisfying the following conditions:
(i) There exist positive integers ng, n; ande > 0,0 < b < min{1, %},
where L = sup,,~ kn, such that

O0<e<a, <1—¢€ n>ng,

(15) 0<8,<b n2>ny,

(i) >oeo(ks — 1) < 0.

Then the Ishikawa iterative sequence {z,} defined by (1.4) converges
weakly to some fixed point x* of T in D.

THEOREM 3. Let E be a real uniformly convex Banach space, D be
a nonempty closed convex subset of E and T : D — D be an asymptoti-
cally nonexpansive mapping with a sequence {k,} C [1,00) and k,, — 1.
Suppose that the set F(T) of fixed points of T in D is nonempty and
{an} is a sequence in [0, 1] satisfying the following conditions:

(i) There exist positive integers ng and € > 0 such that
0<eLa, <1—¢ n>ng,

(i) T2 (k2 ~ 1) < .
Then the Mann iterative sequence {x, } defined by

(1.6) {xo eD,

Tpnt1 = (1 - an)xn + anTn-Tna n >0,

converges weakly to some fixed point z* of T in D.
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‘THEOREM 4. Let E be a real uniformly convex Banach space, D be
a nonempty closed convex subset of E and T : D — D be an nonexpan-
sive mapping. Suppose that the set F(T) of fixed points of T in D is
nonempty and {a,} and {3,} are two sequences in [0, 1] satisfying the
following conditions:

There exist positive integers ng, n; and € > 0, 0 < b < 1 such that

0<€SC¥7L§1—E, nZnOa

(17) 0< B, <b n>n.

Then the Ishikawa iterative sequence {z,} defined by (1.4) converges
weakly to some fixed point z* of T in D.

The following lemmas play an important role in proving our main
results:

LEMMA 1 ([17]). Let p > 1 and r > 0 be two fixed real numbers.
Then a Banach space E is uniformly convex if and only if there exists a
continuous strictly increasing convex function g : [0,00) — [0,00) with
g(0) = 0 such that

1Az + (1 = Nyll” < Allell” + (1= N[yllP - wp(N)g(llz — yll)

for all z,y € B(0,7) and 0 < A < 1, where B(0,r) is the closed ball of
E with center zero and radius r and

(1.8) wp(A) = AP(1 — A) + A(1 — A)P.

LeMMA 2 ([11]). Let E be a real Banach space, D be a nonempty
closed convex subset of E and T : D — D be an asymptotically non-
expansive mapping with a sequence {k,} C [1, o0) and lim, . k, = 1.
Let {z,} be the Ishikawa iterative sequence defined by (1.4). Then the
condition ||z, — T"z,|| — 0 as n — oo implies that ||z,, — Tz,|| — 0 as
n — oo.

LEMMA 3. Let {a,} and {b,} be two sequences of nonnegative real
numbers with 3>~ | b, < 0o. If one of the following conditions is satis-
fied:

(1) Ap41 S an + brn n 2 17

(11) Ap+1 < (1 + bn)aru n>1,
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then the limit lim,, . a, exists.

Proof. If the condition (i) is satisfied, then the conclusion of Lemma
3 can be obtained from Tan-Xu [14, Lemma 1].
Next, if the condition (ii) is satisfied, then we have

41 S (1 + bn)an S (1 + bn)(l + bn—1>an—1
<< JJa+b)a < J[A+b)a
j=1 j=1
=M < o0,
which implies that {a,} is a bounded sequence and so we have
An+1 < (1 + bn)an <an+ Mbna n 2 1.

Therefore, the conclusion (i) can be obtained from the conclusion (i).
This completes the proof. a

LEMMA 4. Let E be a normed space, D be a nonempty closed convex
subset of E and T : D — D be an asymptotically nonexpansive mapping
with a sequence {k,} C [1,00), k,, — 1 and >_,_ (k2 —1) < co. If F(T)
is nonempty in D and {a,}, {8.} are two sequences in [0,1]. Then
the limit lim,_ oo ||zn — q|| exists for all ¢ € F(T), where {z,} is the
Ishikawa iterative sequence defined by (1.4).

Proof. Taking q € F(T), by (1.4), we have

|Zns1 — all = 11 — an)(@n — @) + an(T"yn — 9|

< (1 - an)Hxn - QH + anknuyn - QH

= (1 —an)|lzn — qi|
+ ankn||(1 = Bp)(zn — q) + Bn(T"zy — 9)ll

< (1 - an)llxn - QH
+ ankn{(1 = B)llxn — gl + Bnknllzn — qll}

= {1+ an(kn — D)(kn8, + DHlzn — 4l

< 1+ (R = DHzn—dll, n=1.

Taking a, = ||zn — ¢|| and b, = k2 — 1 in Lemma 3, the conclusion of

Lemma 4 can be obtained from Lemma 3 immediately. This completes
the proof. g
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LEMMA 5 ([2]). Let E be a uniformly convex Banach space, C be
a nonempty bounded closed convex subset of E. Then there exists a
strictly increasing continuous convex function f : [0,00) — [0, 00) with
f(0) = O such that, for any Lipschitzian mapping T : C — E with
the Lipschitz constant L > 1, any finite many elements {z;}?_, in C
and any finite many nonnegative numbers {t;};, with > "  t; =1, the
following inequality holds:

HT( ; tia;i) - ;tiT:ci'

< LfY max (llzi - z,l| = L7Y| T2 — Tay)))}-
1<4,5<n

2. The proofs of Theorems 1~4
Now we are ready to prove our main results in this paper.

Proof of Theorem 1. Since {z,} converges weakly to ¢ € D, {z,}
is a bounded sequence in D. Therefore, there exists r > 0 such that
{zn} € C =: DN B(0,r), where B(0,r) is a closed ball of E with center
0 and radius r and so C is a nonempty bounded closed convex subset in

D.

Next, we prove that, as n — oo,
(2.1) T"q — q.

In fact, since {z,} converges weakly to g, by Mazur’s theorem, for
each positive integer n > 1, there exists a convex combination y, =

S e e,y with t™ >0 and S 4 = 1 such that

1
(2.2) lyn —qll < —.
n

Again, since {(I —T)z,} — 0 strongly, for any given € > 0 and positive
integer j > 1, there exists a positive integer N = N({e, j) such that
+ < eand

1

I =Tzl < <
I =Tz ”—(1+k1+---+kj_1)

e, n>N.
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Hence, for any n > N, we have
(I = T)za|l < (I = T)znll + (T ~ T*)z4]]
+'"‘+‘||(Tj“1 — T7)z,||
<A +k+-+ ko) = Tawll
< €.

(2.3)

Since T : D — D is asymptotically nonexpansive, T : C — D is also
an asymptotically nonexpansive mapping. Therefore, T7 : C — D is
a Lipschitzian mapping with the Lipschitz constant k; > 1. Next, we
consider the following inequality:

m(n)
290 = all = || To0n = D 8V T
i=1

m(n) m(n)

+ Z tgn)ijH.n — Z tgn).’IJi+n
(24) i=1 i=1

m(n)
<oy = 3 6 Tzl
=1

+ Z t&")”zjHn — Titnl|.
i=1

By (2.3), we know that
m(n)
(2.5) ST zin — migall <&, nZN.
i=1
Moreover, by Lemma 5 and (2.3), we have
m(n)
“ijn -y Ty

=1

< Iy max (isn = Sxpnll = k5 T2 = T/nnl)}

(26) < kifH max ([zien = Tgisnl| + 1T90ian = T/eiinl

T2k — Thgnll] = k5 I @ik — T @k [}

< kjf_l{Knil%’énpf + (1= k7 Dk |2 — zreall]}

<k;if M2 +2r(1 —k;k;), n>N,
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since Zi1, and @+, both are in C. Substituting (2.5) and (2.6) into
(2.4), we have

T2y = ynll < by (26 + 20k; (1 = kY] + e

Taking the superior limit as n — oo in the above inequality and noting
the arbitrariness of € > 0, we have

(2.7) limsup ||T?y,, — ynl] < kif t2rk; (1 - kj_l)]

n—oo

On the other hand, for any given j > 1, it follows from (2.2) that

T g —qll < IT9q — T7yn)| + 1Ty — ynl| + |lyn — 4|
< (ki + Dllyn — all + 1Ty — ynl|

I

1 .
;(k] + 1) + “ijn - yn”

Taking the superior limit as n — oo in the above inequality, it follows
from (2.7) that

IT7q ~ qll < kjf " (2rk; (1 — k7).
Taking the superior limit as 5 — oo in the above inequality, we have
limsup ||T7g — g|| < f7(0) =0,

which implies that ||T7¢ —q|| — 0 as j — oco. Therefore, (2.1) is proved.
By the continuity of T', we have lim;_,o, TT7q = T'q = ¢. This completes
the proof. O

Proof of Theorem 2. By the assumption, F(T) is nonempty. Take g €
F(T). It follows from Lemma 4 that the limit lim,_, ||z, — q|| exists.
Therefore, {z,, — ¢} is a bounded sequence in E. Let [ = Sup,>1 kn.
Then we have

1Tz, - ql| < kp|zr, — qll < Lilz, — ql,
lyn =gl = 1l(1 = Bn)(@n — @) + Ba(T 20 — @)I| < Lllzs — g,
IT"yn — gl < kallyn — gll < L?||z — ql],
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which imply that {z,}, {yn}, {T"zn} and {T"y,} all are bounded se-
quences in D. Therefore, there exists r > 0 such that

{z }U{yn} U {T"yn} U{T" 2} C B(q,r)N D =: C,
where B(g,7) is a closed ball of E with center ¢ and radius 7 and so C
is a nonempty bounded closed convex subset of D. By Lemma 1 with
p=2and A = a, and (1.4), we have

znt1 — al? = [|[(1 = an)(@n — ¢) + (T ¥ — DI
(3.1) < (1= an)llzn — gl* + anl|T"ys — dll®

— walan)g(llzn — T ynl])-

It follows from (1.8) that

walay) = ai(l —ap) +an(l— an)? = an(l — ap).

Substituting the above expressions into (3.1) and simplifying, we have

|41 — all®
< (1= an)llen — gll* + anllT"yn — qll”
— on(1 = an)g(||zn — T"ynll)
= |lzn — gl + e {[IT"yn — alI* — llyn — all’}
+ an{llyn — ¢l = llzn — all*[1}
— an(1 = an)g(llen — T"ynll)-

(3.2)

First, we consider the third term on the right side of (3.2). By Lemma
1 with p = 2, we have
llyn — all* = llza — all?
= 11 = Bo)(@n — @) + Bu(T"zn — QII* — llzn — qll*
(3.3) < (1= Ba)llen — gll® + Ball T 2n — qll?
— w2(Ba)g(llzn — T znll) — |25 — qlf?
< (1= Bllzn — gl + Bull Tz — al” — [lza — all*,

which implies that

1y — all? = 2 — all* < Bn {IT" 2 — alf* = llzn — qlI*}

(3-4) < Ba(k: = Dllzn — all*.
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Substituting (3.4) into (3.2) and simplifying, we have

||$n+1 - q“2
< lzn = gl + @n(kl = Dllyn — gll* + an {Ba (k2 — Dlzn — ql|?)}
—an(l —an)g(llzn — T ynll)
< lzn = all? + an(k? — D{llyn — all* + 1z, — qlI?}
- an(l - an)g (H.’IJ” - TnynH) .
Since {z,} and {y,} both belong to C, we have ||z, — ¢|| < 7 and
|llyn —ql| < 7. Besides, by the condition (1.5), 0 < e < o, and e < 1 —a,
for all n > ng. Hence we have
12741~ Q||2 <z — QHQ + 20%(’“31 - 1)r?

(3.5) , "
—eg(llen =T ynll), n 2 no.

Therefore, we have
629 (Hmn - Tnyn”) < Hxn - QHQ - ||xn+1 - QHQ + 2(k121 - 1)T2’ n 2 ng.

For any m > ng, we have

m

€’ Z g(l|zn — T"ynll)

n=ngq

< lzn, = all® = llomar —gll* + 2% > (k2 = 1)

n=ng

< Hxn() - QHZ + 2T2 Z (kz - 1)

n=ny

Letting m — oo, by the condition (ii), we have

(3:6) € D gllen —T"yull) < llon, —all* +2r2 Y (k2 ~ 1) < oo,
="y n=ng

which implies that, as n — oo,

(3.7) g (lzn — T yull) — 0.
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Since g : [0,00) — [0,00) is continuous and strictly increasing with
g(0) = 0, it follows from (3.7) that, as n — oo,

(38) |z = T"ynll — g77(0) = 0.
From (1.4), we have

lZn = ynll = |1Bn(zn — T"z,)||
(3.9) < Brdllen — Tyl + T yn — T z,||}
< Bn{llzn — T ynll + Lllyn — znl},

i.e., it follows that
(1—LB)||zn — Unl| < Bullzn — T yu|l < ||z — Tyl

By the condition (ii), we have 1 — L - 8, > 0 for all n > n,. Therefore,
from (3.8), we have

(3.10) lim ||z, —yn|| =0
and so it follows from (3.10) and (3.8) that, as n — o0,

T zn = zul| < T"2n — Tyl + 1T Yn — Tn||
< Li|lzn = yull + [[T"yn — Ty|| — 0.

(3.11)
Therefore, by Lemma 2, as n — o0,

(3.12) | Tz, — zn|| — 0.

Next, we prove that w,(z,) is a nonempty set and
(3.13) W (Tn) C F(T),

where wy, () is the weak w—limit set of {z,} defined by

wp(tn)={yeE:y=w~ klim x,, for some nj — oo}.
— 00

Indeed, since F is uniformly convex and C'is a nonempty bounded closed
convex subset of D and so C is a weakly compact and weakly closed sub-
set of D. This implies that there exists a subsequence {x, } of {z,} such
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that {z,,} converges weakly to a point p € w,,(z,), which shows that
ww(Zn) is nonempty. For any p € w,(z,), there exists a subsequence
{zn,} of {z,} such that z,, — p weakly. Again, by (3.12), we have
limy .o ||n, — Tz, || = 0. Therefore, it follows from Theorem 1 that
p—Tp=0,ie., p€ F(T). The conclusion (3.13) is proved. Taking any
P € wy(zs) C F(T), there exists a subsequence {x,,,} of {z,,} such that,
as n; — 00,

(3.14) T,

1

— p weakly.
Hence, from (3.11) and (3.14), it follows that, as n, — oo,

Tz, = (T "z, — Tn,) + ., — p weakly.
Again, from (1.4), (3.11) and (3.14), it follows that, as n; — oo,

Yn; = Tn, — P, (T, —T™x,,) - p weakly.
On the other hand, from (3.8) and (3.14), we have, as n; — oo,
(3.15) T"yp, = (T"yp, — p,) + Tp, — p weakly.
By the same way, from (1.4), (3.8) and (3.14), as n; — oo,
(3.16) Tpi+1 = T, = O, (Tn, — T™yn,) — p weakly.
Therefore, it follows from (3.11) and (3.16) that, as n; — oo,
(317) Tty = (T ry o — Tp,+1) + Tn,+1 — p weakly.
By (1.4), (3.11) and (3.16), we have, as n; — oo,
(318)  Yn,+1=Tn,41 = Bnyt1 (T %041 — Tpy41) — D weakly.
Therefore, from (3.8) and (3.16), it follows that, as n; — oo,
(319) T *lyu1 = (T™ Y, 41 — Tn,41) + Tpp1 — p weakly.
Continuing in this way, by induction, we can prove that, for any m > 0,

Tp,+m — P weakly, ¥y, ym — p weakly (n; — o0),

T4 "z, +m — p weakly, T ™Yp+m — p weakly (n; — 00).
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Next, we prove that x,, — p weakly as n — o0o. In fact, it is easy to see
that

k
(320) {‘r'rb}nooznl = leII;C U {xni+nl}ioi1-

m=0

Since the sequences {z,,} and {x,,+1} both converge weakly to p as
n; — oo, the sequence U;,,,:(J{m,lﬁm},?il converges weakly to p. By
induction, we can prove that, for any positive integer k,

k
U {Zn,+m}ic — p weakly.

m=0

Letting k — oo, it follows from (3.20) that the sequence {z,} converges
weakly to p. Similarly, we can also prove that y, — p weakly. This
completes the proof. (]

Proof of Theorem 3. In Theorem 2, taking &, = 0 for all n > 0,
then the conclusion of Theorem 3 can be obtained from Theorem 2
immediately. [

Proof of Theorem 4. It follows from Remark 1.1 that, if 7 : D — D is
a nonexpansive mapping, then 7" is asymptotically nonexpansive with a
constant sequence {1}. Therefore, the conclusion of Theorem 4 follows
from Theorem 2 immediately. O

REMARK 2.1. Theorems 2-4 improve and extend the corresponding
results of Bose [1], Gornicki [8], Passty [9], Reich [10], Schu {12}, Tan
and Xu [13], [15], [16], [18].
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