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Abstract

In this note, the asymptotic stability of interval time-delay systems with multiple delays is

investigated. Sufficient conditions for the stability independent of delay and decaying rate for the

system are derived
illustrate the result.

I . Introduction

It is well-known that interval matrices, which are
caused by unavoidable system parametric variations,
changes In operating conditions, aging, etc, are real
matrices in which all elements are known only to
belong to a specified closed interval. In the past, a
number of reports have been proposed for the
stability analysis of interval systems[l_S]. In general,
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in terms of the spectral radius. Numerical computations are performed

to

the stability analysis for interval systems becomes

more complicated when these systems posses
time-delays. The time-delay is frequently a source of
instability and are encountered in various engineering
long
transmission lines in pneumatic, hydraulic, or rolling

mill systemns. This is why the study of dynamic

systems, such as chemical processes,

systems with time~delays has received consicerable
attention® ™. For that reason, recently, the stability
analysis for interval time-delays systems has been

studied by some researchers[m], and several

- sufficient conditions expressed in terms of matrix

(324)

norms and measures are presented.
In this note, we are interested in the following
systems with multiple

linear time-delay delays

described by :
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M) = Am(D+ 2 Brxi—hy
x(H = ¢, t €[—H,0]

n

where x(HsR” is the state vector, A; and

B, €R ™" are matrices whose elements vary in
prescribed ranges, eg. A; and B, are such that

A;
B

{[all,-,-]i ey <d’y < ay,
{[6h5]: bay<bly< byy i,

on

the #,'s are the time-delays with 0<#4,<H, and
#( )
function on [ — H,0].

In this note, we present sufficient conditions for

is the given continuously differentiable

the stability independent of delay and decaying rate
for the system(1). The derived sufficient conditions
are expressed in terms of the spectral radius of the
matrix which is the combination of the modulus
matrices.

The rest of this note is organized as follows. In
Section II, we state notations, definitions, and well-
known lemmas about matrix properties. In Section
10,
systems, in terms of spectral radius, are presented.

two criteria for asymptotic stability of the

To show the ‘effectiveness of the proposed criterion,
numerical examples are given in Section IV. Finally,

a conclusion is given in Section V.

O. Preliminaries

Before we develop our main result, we state some
notations, definitions, and lemmas. Let o[ R] denote
the largest modulus of the eigenvalues of the matrix
R, which is known as the spectral radius of R. |H
denotes a matrix formed by taking the absolute
value of every element of R, and it is called the
modulus matrix of R. I, denotes the identity matrix
of order xn. The relation R<T represents that all
the elements of matrices, R and 7, satisfy »;<t;
for all 7 and ;. Also, lIRll and x#(R) denote matrix
norm and corresponding matrix measure of R,

respectively.
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Now, consider a nominal time-delay systems

described by

() = Agx(D + Box(t— k) 3

where A, and By €R **" are constant matrices.
Then, we have following definitions and lemmas.
Definition 1. The response of system (3) is said to
be asymptotically stable if, for any initial state x,
the response due to x, approaches zero eventually.
Definition 2. System (3) is said to have a decaying
rate 48>0
(depending on initial conditions)

if there exists a positive number £
such that any

solution x( -) of (3) satisfies

el < k”x(tl)“e—ﬂ(h—m @

for all

t.theR T and 4.

Lemma 1. [8] System (3) is asymptotically stable if

and only if the solutions of its characteristic equation

det(sI,— Ag— Bye ™ =0 6)]

are in the open left-half complex plane.
Lemma 1 can be rewritten in another form as :
Lemma 2. The response of system (3) is asympto—
tically stable if and only if

| def(sI,,— Aq— By, ™| > 0 for Rs=0.

Lemma 3. [14] For any »X# matrices R, T, and
V, if |R<V, then

a)
b)
c)
d)
e

[RO<IRITI< VIT]

IR+ N<IR+ITI< V+ITI
el R1< ol |R] < o[ V]

el RTI< ol IR T < o[ VIT]

olR+ T < olIR+ TNI< ol IR +]T1]
<ol V+|T].

Lemma 4 [15] For an » x » matrix R, if
ol R1<1, then |det( 7, + R} > 0
Lemma 5. [9] If
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where x(-) is the solution of (3) and 2(-)=0 is
asymptotically stable, then the system (3) has a
decaying rate §.

. Stability Criteria

In this section, we derive a sufficient condition for
the asymptotic stability of the system given in (1).
Denote

A = (_(lif), Azz(_di,l
Bk,l = (_ble,ij)y Bk,2=( bk.i/’) (7)
Y k=1,2,,n
and let
A= (a)=4(a;+ 2y
_1
= 2(A1+A2) (8)
Bk = (bk‘ij)=_%( _bk,ii+ _blz‘ii)
=—%<Bk_1+3,,,2) V k=12, 7
where A and B, are the average matrices between
A, and Ay, and B,, and B,, , respectively.
Furthermore
JA = (aI,'j_d,'/'):Aj"A
4B, = (blk,ij_bk,ii)=B1,k_Blz 9

V k=1,2,,n

where 4A and 4B, are the bias matrices between

A;and A, and B;, and B, respectively. Also,

Au
Bk,M

( Ei;'_aii)zAz“A
( bri—bry
=Bk,2—Bk v k=1,2,"',n

10)

it

where Ay and B,y are the maximal bias matrices
between A, and A, and B, and B, respectively.

Note that
[JAI<Ay and |ABJ<B,u V k=1,2,,n. (1)

Let F(s)=(sI—A) !, and F, be the matrix formed

(326)
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by taking the maximum magnitude of each element
of F(s) for Rs>0. Then, we have the following
theorem.

Theorem 1. Assume that the matrix A is a
Hurwitz. The interval time-delay systems given in
(1) is asymptotically stable, if the following inequality
is satisfied :

o[ Fu (4wt ZOBA+ B[ (2
Proof. The characteristic equation of the system

given in (1) is

/l(s)=det[sl,,—A1- gBkJe_h'S]=0. (13

By the identity

detfl RT] = det] Rldet T (14)

for any two »nx» matrices R and 7, we have

det[s]n—AI- ,Z:\Bk.ze —h.s]
= det[sl,,— (A+4A)— IZ‘(B“"J’_ 4B)e —h,s]
= det[sl,— Al - det
[1"_(”"_‘4) CEE g(BwABk)e”‘*‘)].

(15)

Since A is a Hurwitz matrix, it is obvious that

|def sI,— All>0 for Rs=0. (16)

Thus, to show that }det[s],,—(A,-I— z‘\Bk‘,e_h‘s)] >0

for Rs=0, we only need to show that

def I,—(sI,—A) ™!

an
(AA+ ;(Bk+43k)e—h,s)]¢0 for Rs=>0

To verify stability of the system (1) from Lemma 2
and 4, we need to show that

p[ (sT,— A) ‘1(AA+ ;(Bk-l— 4Bpe "“5)]< 1

for Rs=0. (18)

Using Lemma 3, we have
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p[ (s, A) *1(AA+ 3B+ 4Bpe "“3)]
= o[ F(9(4A+ 3Byt aB)e ™|
Sp[IF(s)I : {AA+ 2.(By+ 4Be " ]
<o[IFo) - (141 +| ZiBet a8e )] (1)
<o IR - (1441 +] 3Bt 48]
<o[IF(3) - (4A1+ 2}1Bi+ 4B

< p[FM- (Aut 3B +Bk,M))]
<1 for Rs=0.

Hence, if condition (12) is satisfied,

’det[s],,—- (A,+ é}‘B,e "'“)]

which guarantees the asymptotic stability of the
systems (1). This completes the proof.

+0  for Rs=0,

Remark 1. Since the matrix A is a Hurwitz, the
matrix Fy always exists and it can obtained for

some s on imaginary axis by the maximum modulus

principle.

Remark 2. The sufficient conditions for stability of
interval time-delay system with a single delay, 4,
by Tissir and Hmamed.[s] are as follows:

A+ zB)+IAMl+ 1Byl <0,
V z with |2=1,
#(A)+ p(2B) + 11 A +11BI <0, 20)

YV z with |g=1,
#(A) + B+ 1AMl + 1Bl <0

where z=e™ with w < [0,27] and =-1.

To apply the above sufficient conditions, it needs
the requirement that w(A+2zB)<0 or w(A)<0 while
Theorem 1 allows more relaxed requirement that A
is a Hurwitz matrix. Furthermore, the stability
criterion of Theorem 1 is expressed in terms of the
spectral radius of the matrices which is the
combination of the modulus matrices. Therefore,
there is befter possibility that the proposed criterion
is less conservative than those in (20), which use

the matrix norms and matrix measure.

With the Definition 2 and Lemma 5, now we are

=t
i
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ready to present Theorem 2.
Theorem 2. If the condition
p[FSM(AM+ eﬂH;(le +Bk_M))] <1 (21)

is satisfied, then system (1) is stable with a

decaying rate B where +Fgy IS a matrix formed by
taking the maximum magnitude of each element of

Fy()=(sl,—(A+B8I) " for R s=0.

Proof. Utilize (6) to transform (1) into
2D =(A+ BL)z( D+ gle’“‘*B w1 20—y, (22)

By same procedure as proof of Theorem 1, we can
obtain

o[ (sI,—A—gL) !
{44+ 21e™(By+ dBpe 4
= p[Fs(s) {AA + 3. e™(By+ 4BYe ‘h“}]
Sp[lFs(s)l |aa+ 3. ™ (But 4B "

Sp[FsM(AM+eBsz’UBkl'f'Bk,M))]
<1 for Rs=0.

(23)

]

Therefore, by Lemma 2, 4, and 5, the system (1) is
asymptotically stable with a decaying rate 5.

IV. Numerical Examples

To demonstrate the application of the result, we
give the following examples.
Consider the
system described by (1) where

Example 1. interval time-delay

n [0_1? _61(1 Az_[_?o_zxgo
Bii = [ 0 —0.1] Blﬂ:%éo 0.1
B = [_oy o] Be=[h %]

From (8) and (10), the average matrices are

0 0.1

ALt m P el

and the matrices A, and By are
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0.2< <60.6.
11 _[0.15 0 _70 0.1
Au [0 ] Biw [0 0.1] Bau [0.1 0

Since w(A+2B))=0.25>0 and #(A)=10.2361>0, the
criteria (20) in[6] are not applicable even when
By 1=B8,,=0. Hence one cammot state the stahility
from the result of Tissir and Hmamed®. However,
the matrix A is a Hurwitz, therefore Theorem 1 can
be applied. The rational function matrix F(s) and

Fy are easily computed as

s ~3

1 s+4]’ 78 4

Fl9)= 13 4/3)-

FM=[

Then, by checking the criterion (12) of Theorem 1,
we obtain

52+is+3 [

o[ Fu- (At B 0B+ B )] =0.98381.
This gives the asymptotic stability of the system.

Example 2. Consider the following system descri-
bed by (1) where

[0 (0

0 -3
S e[

)
0.2 0.3
parameter scalar for which we shall
bound that guarantee the stability of

it

Ay

B,

I

where v is a
find the upper
the systems.

From (8) and (10), we have

A= [0l s
ae= 5] (19

0.3

The rational function matrix F(s) and Fy are

computed as

RO =[O V(0640 [

1/6 1/24]
1/(s+4)

0 1/41°

Then, by simple computation of the inequality (12),
the bound of
stability of the system is

v for guaranteeing the asymptotic

7]
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However, by applying the criterion in[s], the stability
bound is 0.2¢1<3.96. In the example, we can see
that our criterion is less conservative than others.

V. Conclusions

In this
problems
multiple

note, we have investigated the stability
of interval time-delay
delays. Using characteristic
approach and the properties of spectral radius,
sufficient conditions for delay-independent stability
and decaying rate B8 of the systems have been
developed. Finally, the applications of the obtained
result have been illustrated by numerical examples,

systems with
equation
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