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A Process Control Procedure Based on the Correlated Variable

Hyuck-Moo Kwon

Department of Industrial Engineering, Pukyong National University, Pusan, 608-739

A process control procedure is suggested when screening inspection is performed with a surrogate variable
correlated with the performance variable. Assuming bivariate normal distribution for the performance and
screening variable, the procedure is designed on the basis of the time required for detecting process shift.
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1. Introduction

Recent advances in inspection systems have made 100
% inspection very popular at one or more stages of the
manufacturing process. When the major quality
characteristic (performance variable) is difficult or
expensive to measure, the inspection is usually per-
formed with a surrogate variable correlated with the
performance variable. For example, suppose that the
voltage at an internal point of an electronic device is
the performance variable of interest. Measuring the
voltage at the internal part will be costly, since it
requires disassembling some part of the device. The
voltage at an external point may be used for screening
inspection. There have been a number of studies
concerning the screening procedure. For detailed
literature review, see Tang and Tang(1994). For more
recent works, see Boys ¢f al. (1996), Greenshtein and
Rabinowitz (1997), Gong et af. (1997), Shaoxiang and
Lambrecht (1997), and Hong ef a!. (1998)

The objective of screening procedures is basically to
improve the outgoing quality from the current level to
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a prespecified higher level. This, however, may not be
achieved if the process is unstable. For attainment of a
state of statistical stability of a process, a wide variety
of Shewhart control charts and their modifications
have been developed for application to different
situations. The control charts are usually based on
samples taken over fixed or variable time intervals.
Under 100 % inspection, however, the inspection data
can be used and sampling is not necessary. For this
situation, Bourke (1991) suggested a run-length control
chart to detect a shift in fraction nonconforming. Hui
(1991) studied a complete inspection plan with feedback
control for continuous performance variable. These
works considered the case where inspection is
performed with the performance variable.

[n this paper, we consider the case where screening
inspection is performed with a correlated variable. The
performance and screening variables are assumed to
be jointly normally distributed with known para-
meters. An upper specification limit is assumed to be
given on the performance variable. The screening limit
is determined so that the prespecified outgoing quality
can be attained after screening. A control procedure is
designed based on the information of screening results,
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2. The Process Control Procedure

Let Y be the performance variable which requires
destructive testing for measurement. Assume the upper
specification U is given on Y. Suppose that a
screening variable X is measured instead of ¥ for 100
% inspection. We assume that

X=a+bY+e¢ 0}

where ¢ and 5(5>>0) remain constants even when the
process changes, and ¢ is a normal random variable
with mean 0 and variance % We further assume that

the process mean may change but the variance remains
constant over time.

The control procedure for the manufacturing process
is:

1)SetR: =0

H)R:=R+1

ii1) For each incoming item, take a measurement x
of X. If x < w, accept the item and go to i1);
otherwise, reject it.

iv) Compare with a predetermined number R;. If R
>Ry, goto i);otherwise, continue to v ).

v ) Measure Y for the next » items incoming from
the process and denote the measured values by

Wi, ¥o. ***, v Calculate y = Z viln.

vi) Compare y with a predetermined number Y.
If y<Y,,goto i);otherwise, stop the process
and take a corrective action.

The procedure is illustrated with <Figure 1>. The
meaning of the symbols may be summarized as
follows :

R = the number of items inspected after the previous
rejection. R—1 is the run length of accepted
items.

= the threshold value of R for direct measure-
ment of Y. If R < R,, Y is directly measured
to determine whether the process is out of
control.

=the cutoff value of X determining whether
accept or reject each item.

'Y, = the threshold value of y, the average of the

observed values of ¥, whether to stop the
process and take a corrective action.

For use of the procedure, w, R, », and Y, must

be determined. We assume here that the sample size »
is predetermined considering the cost of testing.

Measurement x

—
R=R+1

@ Yes 1 Accept the item
No

Reject the item

No
Measurement Y for
the next # items
No

Yes

Stop the process and
take a corrective action

i+

Figure 1. The Control Procedure.

3. The Design Criteria

The process control procedure illustrated in <Figure
1> will produce a series of cycles, each of which
includes a start point, a stop point for correcting the
process K samples of size » for 1nspect10n with Y,

Z‘, M, items rejected by screening, and Z (R;— 1)

items accepted. Here, A/, is the number of the rejected
iiems based on X between the (;—1)" and ;* direct
inspections on Y, and R; is the number of items
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Figure 2. Cycle of the Process.

inspected with X between the (; —1)" and ;* rejected
items (including the ;* item) after the (;—1)* direct
inspection on Y. <Figure 2> depicts a cycle generated
by the procedure.

Let 7 be the time elapsed from the start point to the
stop point of the procedure, where the unit time is the
time needed for producing and inspecting an item.
Then

K M;
T= ;}(;Rly+n) @)
which is a random variable since K, M;, i =1,2,", K,
and Ry, j=1,2, -, M, are random variables.

Let 4., u,and o2 o% be the means and variances
of X and Y, respectively, and o be their correlation
coefficient. Let p, and p,, are the target means of X
and Y, respectively, when the process is in control.
Suppose that the process mean shifts from x, = p, to
u, = iy + do, when the process is out of control. For
given values 7y and 7(7) > T)), we are going to
determine R, and Y, so that

EI. T‘[ly: My J = 7‘0,

El T|,uy=ﬂ30+dd},J STI (3)

Note that 7; and 77 are the target values of 7 when
the process is in control and out of control, respec-
tively. If we set 7 larger, we will have smaller ¢ risk.
If we set 77 smaller, we will have smaller /3 risk.

4. The Values of the Design Parameters

4.1 The Screening Cutoff Value

The objective of screening is to assure the customer
of high quality and most screening procedures are
designed so that a specified quality level can be
attained. Suppose that a prespecified outgoing quality
d is to be attained after screening. Then, the screening
cutoff value w should be determined so that

PrlY<U|X<w]=6 4)
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Since the process may change over time, the
distribution parameters of (X, Y) will change. Thus,
there is no @ which make Equation (4) always hold.
When the manufacturing process is in control,
however, it should hold. We determine @ so that
Equation (4) hold when the process is in control.
Equation (4) is reduced to

Wh go)
O(h) =9 ®)
where ¥(., .;.) is the standard bivariate normal

distribution function with correlation coefficient o, @
() is the standard normal distribution function, g = (/
— tty0)/ 6y, and h=(w — u.w)/ or. Once k is deter-
mined, w can be easily obtained by w = u.; + ko
The solution of Equation (5) can be obtained using
IMSL subroutines DNORDF and DBNRDF.

Let y be the proportion of conforming items before
screening when the process is in control. Then, since
y=Pr[Y<Ul= 0((U~ 1)o,) = 0g),

(6)

where @7 '(.) is the inverse function of the standard
normal distribution function. If the values of y, §and
o are given, 4 can be obtained using Equation (5) and
(6). <Table 1> gives numerical values of % for various
values of », ¢ and p. It shows that / takes larger
value if p becomes larger. With larger o, the more
information X gives on ¥, which, through larger value
of 4, consequently relieves those items rejected due to
lack of information on Y.

g=0""(y

42 R.oand Y,

Suppose the process mean has shifted from 4, = 4,
to p,= py + do,. The screening procedure does not
guarantee the outgoing quality & any more. Since
b=po./0, the mean of X is yu .= x4+ doo, and
the actual outgoing quality is

PriY<UlX<w]= w(g(; ipc}f);p) (7)
Table 1. Values of for given 7, §,and p

y=0.6 y=07 y=0.8
R
AR
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Suppose that the manufacturer wants to assure the
outgoing quality greater than or equal to &, even if
the manufacturing process changes over time, that is,
8 is the conservative level of the outgoing quality to
be guaranteed. Then, any change in the process that
makes the outgoing quality smaller than &, (out-of-
control state) must be detected and corrected. We first
determine the amount of change 4 that must be
detected using the following equation :

Y(h — dp, g;0)
o(h —do)

0, = (8)

Next, we must find E(T) which is a function of R;
and Y. Let PrlX<o]=rand Pr[ Y= Y,]= 6.
Then

PriR,=r]=0-n"1z, »r=12- (9

for i=1,2, - K, j=1,2, -, M. Since {K=1k} = (Y,

<V, Yy <Yy Yio> Y}, the probability

function of X can be obtained by
PriK=kl=0-0""0, k=12 (10)

E(T) can be obtained by taking expectation of the
conditional expectation £[ 7| K]. But

i

M, \
EITIK=k=E| Z(}_ Ryt n)

7=

; M,
1(:/4 = kE | ZIR,.,T nJ (11)

and R; does not depend on K for all ; and j. Since
E(K)=1/0,

M;
E(T):I—GE[Z,]R,-;+;¢] (12)
In the Appendix, we show that
M 1
ol = 4 13
E[ JZIR,_,%- n] n+ A== 7] (13)
And we finally obtain
1 1
E[T]=—{n+ 14
[7] Q{fz prpyrm L

Finally, we determine Ry and Y so that the out-
of-control state can be can be detected before a
specified length of time elapses. Denote Y, as
Y= sty - lo,/Vn. Then, the design problem is
equivalent 1o determine R; and /such that

ET0=E[Tlpu,= 1yl

1
= 9, [n+

1
a1 -1 —m)™]

}z T,

ET] = E[ Tl#\ = Hy + ddy]
1
0, {n [1—0 =

< (15
)T

where

G, = P[?27;v|/1 =py]=1-0),

0,=P[ Y=Y lu= 10+ do,]
=1—-0(—dVn),

7y= P[X<wlp, = pqel= @(h), and

m=PlX<wlp, = 1o+ doo,]
=1- 0k — dp).

Example. Suppose the current and target propor-
tions of acceptable items are 0.8 and 0.95, respec-
tively, and the time requirements are 7; = 600 and T
= 60. Further, the manufacturer wishes the proportion
of acceptable items to be at least 0.90 after screening
even if the process mean shifts. The performance and
screening variables are jointly normally distributed
with correlation coefficient 0.9. Suppose that the major
quality characteristic of n=4 items are directly
inspected and determine whether the process mean is
shifted or not.

Using IMSL(1990) subroutines, we obtain 4 = 0.73,
d=0551=237,R. =2 and ET(0 = 604.7, ET1 =
59.0. <Table 2> shows some solutions for p= 0.9,
0.95 and y = 0.6, 0.7, 0.8. Note that, for given 7, we
have smaller ®; when p= 0.95 than when o= 0.90,
having less chance to measure Y directly. For the
extreme case of p= 1, there is virtually no need to
measure Y directly and all the inspection and process
control can be perfectly performed with X.

Table 2. Solutions for and p = 0.9, 0.95 and

v =0.6,0.7,08

h ‘ d { | B | ET0| ET1

y =06 0.09] 063 | 232 | 7 |607.9]| 58.7
0=1090|y=07 0.27| 061 | 2351 3 | 6132 566
y=08 0.73| 055 | 237 | 2 | 6047 590

y=06 011, 073 | 231 | 2 | 6054 | 578
0=095|r=107 045| 068 | 232 | | | 6100} 570
y =09 0.88] 0.57 236 | 1 |6043] 56.7




5. Conclusion

A process control procedure is presented when 100 %
inspection is performed with a surrogate variable
instead of the performance variable. Assuming
bivariate normal distribution, a control scheme is
suggested on the basis of the time length between the
start and stop points of a cycle of the procedure.
Methods of finding the screening cutoff value and
design parameters are provided and an example is
given for illustration.

Appendix

Derivation of (13)

Note that

PrR;=7IR; >R, 1=(1— 7{),,,,16, '

r=R; +1, R, +2,

T,

and
Pr[[{’,-j: V'RUSRL] = {(1 . 71,))‘7171_}

J1-(1-n").
Thus,

El R[le1j>Rl, J :R]‘“i’l/ﬂ',
ELR,IR;<R,1=1zx—{R.O-D")/
{1-a-n")

Therefore,
M, "
E 2]R1j+7llM,':7}Z]:E 21le+ %]Rf1>R1,,
1= i=

ernfl > R[‘_ R[m < R,]

m—1

=nt 21 E[R"J'IRI://\" Rl] + E[Rim]Rz’ngl,]
=n+(m—1) < Ly R,{)

T
R;
+{L _ JI_ZQT -R,,}
T 1-(1—n"
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But
PriM, =m]={(1-2"}""{1-1 - "},
m = 1’2, “oe
Thus,
M, M.
E[ Z.]RO.—!— n] - E[E ZIR,,-+ nIM,-”

m—1 i

o M,
= 2 E[ W]Rz'j+ nlM; = m}Pr[M,-: m)

1
{l— (1 - p™)

=n+

References

Bourke, P. D. (1991), Detecting a shift in Fraction Nonconfor-
ming Using Run-Length Control Charts with 100 % Inspec-
tion, Jomrnal of Qualin' Technology, 23, 225-238.

Boys, R. J., Glazebrook, K. D. and Laws, D. J. (1996), A Class of
Bayes-Optimal Two-Stage Screens, Nanval Research Logistics,
43, 1109-1125.

Gong. L., Jwo, W. and Tang, K. (1997), Using On-Line Sensors
in Statistical Process Control, Management Science, 43,
1017-1028.

reenshtein, E. and Rabinowitz, G. (1997), Double-stage Inspec-
tion for Screening Multi-characteristic Items, //E Transactions,
29, 1057-1061.

Hong, S. H. Kim, S.B., Kwon, H. M. and Lee, M. K. (1998),
Economic Design of Screening Procedures when the Rejected
l[tems are Reprocessed, Ewropean Journal of Operational
Research, 108, 65-73.

Hui, Y. V. (1991), Economic Design of a Complete Inspection
Plan with Feedback Control, fnternational Jowrnal of
Production Research, 29, 2151-2158.

Shaoxiang, C. and Lambrecht, M. (1997), The Optimal Frequency
and Sequencing of Tests in the Inspection of Multicharacteristic
Components, /[E Transactions, 29, 1039 1049.

Tang, K. and Tang, J. (1994), Design of Screening Procedures:
A Review, Journal of Quality Techrnology, 26, 209 - 226.

Visual Numerics, Inc. (1990). [MSL C/Stat/Library: reference
Manual, Houston, 1990.





