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C-TRANSFORMATIONS ON OPEN 3-CELLS

JOO SUNG LEE

ABSTRACT. In this paper, we show the existence of open subsets
U of S which admit a C-transformation onto the interior of B3.
Let U be an open set which is homeomorphic to the interior of B3.
Then, we prove that if U has a pseudo general polyhedral prime end
structure then U admits a C-transformation.

1. Introduction

The existence of a C-transformation onto the interior of some compact
manifold M with nonempty boundary is one of the interesting unsolved
problems in geometric topology. This work continues the earlier work of
the author and B. Brechner [B-L], where they develop a 3-dimensional
prime end theory, define a C-transformation, and prove the following: If
U is an open subset of S? which admits a C-transformation ¢ onto the
interior of a compact 3-manifold M with nonempty boundary, then (1) ¢
is uniformly continuous on the collection of all crosscuts of U and (2) The
Induced Homeomorphism Theorem holds; that is, if A is a homeomor-
phism of CI(U) onto itself, then, ¢ph¢~! extends to a homeomorphism of
all of M? onto itself.

Here, we give a partial answer to a problem of the earlier paper[B-L],
by characterizing those open 3-cells of E?, which admits C-transformation.
Recall that L. Husch[Hu], C.T.C. Wall|W] and C. Edwards[E] provided
sufficient conditions for an open 3-cell U to be homeomorphic to the
interior of B3, where B? is the closed 3-ball. Therefore, we will assume
that our open set U is such an open set in this paper.
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In this paper we will show that the existence of a pseudo general
polyhedral prime end structure of U will guarantee the existence of a C-
transformation from U onto the interior of B3 and therefore we conclude
that if U has a pseudo general polyhedral prime end structure then U
admits the induced homeomorphism theorem|B-L].

2. Definitions

In this section we will briefly review three dimensional prime end the-
ory. Prime end theory is essentially a compactification theory for simply
connected, bounded domains, U, in E?, or simply connected domains
in S? with nondegenerate complement. The planar case was originally
due to Caratheodory [C], and was later generalized to the sphere by
Ursell and Young [U-Y]. The author and B. Brechner developed a sim-
ple three dimensional prime end theory for certain open subsets of Eu-
clidean three space [B-L]. One of the main purposes in this theory is
to focus an induced homeomorphism theorem which, we believe, have
many applications.

Let U be a bounded connected open subset in E? with a finitely gen-
erated homology and a finitely generated fundamental group. We state
basic definitions for prime end theory, a crosscut, a chain of crosscuts
and a prime end. We refer to the reader [B-L] for the details including
definitions and interesting examples.

1. A crosscut is an open 2-cell D in U such that

(1) D separates U into exactly two complementary domains,

(2) CI(D) is a 2-cell, and
(3) CI(D)N Bd(U) = Bd(D,).
2. A chain of crosscuts in U is a sequence {D;}°, of crosscuts such
that

(1) Djyy separates D; from {D;y;}32,;

(2) CUD;) N CUD;) = ¢, for i # j; and

(3) limj—oo(diam(D;)) = 0.

3. Two chains of crosscuts, {Q;} and {R;}, are equivalent iff

(1) For each @Q;, there exists j > i such that ();;; separates Q;
from Q; U R;;

(2) For each R;, there exists j > i such that R;,; separates R;
from R; U Q).
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That is, two subsequences can be alternated or “interspersed” to
form a new, equivalent chain of crosscuts.
4. A prime end of U is an equivalence class of chains of crosscuts of

U.

DEFINITION 2.1. A bounded domain U has a prime end structure iff
there exists a finite number of prime ends, {E;}! ,, of U, and a finite
number of crosscuts, {Q;}",, with @; a crosscut of some chain repre-
senting F;, such that

L. diam(Q;) < e,

2. If U; denotes the corresponding domain for Q;, then Bd(U) | J U, U;
is an e—neighborhood of Bd(U) in Cl(U), and

3. If B; denotes the corresponding boundary compactum of @);, then

DEFINITION 2.2. Let U be a bounded domain which has a prime end
structure. If the closure of each crosscut @); is a polyhedral disk in the
definition of prime end structure, then we say that U has a polyhedral
prime end structure. In particular if Bd(Q;) N Bd(Q);) is even number
of points then we say that U has a pseudo general polyhedral prime end
structure.

Remark. We do not give any conditions of intersection of interior
of crosscuts in the above. In fact, it may happen that the intersection
of interior of crosscuts is finite union of disks. But we can modify our
crosscuts so that the intersection is finite union of disjoint circles [Lemma
3.2].

DEFINITION 2.3. An onto homeomorphism ¢ : U — Int(M?), where
M3 is a compact 3-manifold, is called a C-transformation or a C-map iff

(1) The image of every chain of crosscuts of U is a chain of crosscuts
of Int(M3). In particular, the image of each crosscut of U is a
crosscut of Int(M?3).

(2) On each crosscut @, ¢ extends to a homeomorphism from C1(Q)
onto Cl(¢(Q)). (However, ¢ does not necessarily extend to a home-
omorphism from the union of the closures of all the crosscuts of U
to the union of the closures of their images in ¢(Q).)

(3) For each crosscut @; of a prime end of U, let U; be its corresponding
domain. Let (Q;',U;") be the image of (Q;,U;) under ¢. We con-
sider the following open sets on Bd(M?): Int[CI1(U;") N Bd(M?)].
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We require that the collection of all such open disks on Bd(M?)
form a basis for the topology of Bd(M?3).

Notation. We will use notation Q);, S;, U; and B;, respectively, where

Q; is a crosscut, S; = Bd(Q;), U; is the corresponding complementary
domain of Q); and B; = Cl(U;) N Bd(U).

3. Main Theorems

In this section, we will prove the main theorem: If U has a pseudo
general polyhedral prime end structure, then there exists a C-map h :
U — Int(B3). We will use push and pull back technique which is one
of the basic technique in geometric topology. We refer to the reader
[B1,B2] for the details.

We remark that there are some theorems which provide sufficient con-
ditions for an open 3-manifold to be homeomorphic to E? ([E],[Hu],[W]).
Therefore we give the following standing hypothesis in this section.

Standing Hypothesis for This Section: U is an open set which
is homeomorphic to the interior of B3.

LEMMA 3.1. Let € > 0 and {Q;}}, a finite number of crosscuts corre-
sponding to € in the definition of pseudo polyhedral prime end structure.
Suppose that Q); and Q; be crosscuts such that Bd(Q;) N Bd(Q;) = 0.
Then there exists polyhedral crosscuts Q; and Q; such that Q) OQ; =0,

Bd(Q) = Bd(Q)) and Bd(Q,) = B(Q)).

Proof. We may assume that (); and (); are in general position by the
technique “push and pull back”. Hence the intersection of two polyhedral
crosscuts is the finite disjoint union of simple closed curves [B2,pg.14].
Therefore we can untangle ); and ); by push and pull back technique
[See B1]. Consequently we get new crosscuts Q; and Q; such that Q; N

Q; =0, Bd(Q;) = Bd(Q;) and Bd(Q;) = Bd(Q)). O

LEMMA 3.2. Let ¢ > 0 and {Q;}", a finite number of polyhedral cross
cuts corresponding to € in the definition of pseudo general polyhedral
prime end structure. Let (); and (); be crosscuts such that Bd(Q;) N
Bd(Q;) # 0 and even number of points. Then, there exist polyhedral
crosscuts Q; and Q; such that (1) Q; N Q; is disjoint union of polyhedral
arcs and (2) Bd(Q,) = Bd(Q,) for l =1, 3j.
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Proof. Note that we may consider the intersection of (); and @); is a
finite disjoint union of arcs and simple closed curves by the technique
“push and pull back”. We now remove simple closed curves also by
the technique “push and pull back”. If we remove simple closed curves
then the intersection of adjusted crosscuts @; and Q; is disjoint union

of polyhedral arc and Bd(Q;) = Bd(Q;) for | =i, j. O

M. Brown[Br] defined a local collar and a collar in metric spaces and
proved that a locally collared subset in a metric space is collared. This
paper has been a critical role in study of 3-manifolds. For example,
he shows that a manifold with boundary has collared boundary and two
sided (n—1)-manifold imbedded in a locally flat fashion in an n-manifold
is bi-collared[Br|. Let B be a subset of a topological space X. Then B
is collared in X if there exists a homeomorphism h carrying B x I’ onto
a neighborhood of B such that h(b,0) = b for all b € B. If B can be
covered by a collection of open subsets (relative to B), each of which is
collared in X, then B is locally collared in X.

LEMMA 3.3. Let QQ; be a polyhedral crosscut of U and U; the comple-
mentary domain of Q;. Let Q; = D; U;q. [Bd(D;), S;]. Then there exists
a collar g; - D;x[0,1) — CI(U;) carrying D; x [0, 1) onto a neighborhood
of D; such that ¢;(Bd(D;) x [0,1)) C [Bd(D;), S;).

Notation: [Bd(D;), S;] is a cylinder along @); whose ends are Bd(D;)
and S; and [Bd(D;), S;) is half open cylinder.

Proof. We modify crosscut ; with the union of D; and [Bd(D;), S;].
Then we give a natural collar on Bd(D;) along [Bd(D;), S;]. For example,
let h; : S; x I — @Q; be a homotopy such that h;(z,0) = z and h;(z,1) =
xq for some x¢ € D; and h;(S; x [1/2,1]) = D;.

Recall that the disk D; is collared in e-neighborhood, i.e., there exists
a homeomorphism g¢; : D; x [0,1) — CI(U;). We also can take g;(z,t) =
hi(z, (1 —t)/2 on Bd(D;) x [0,1). O

PROPOSITION 3.1. Let € > 0 and {Q;}, a finite number of crosscuts
corresponding to € in the definition of pseudo general polyhedral prime
end structure. Then there exists a 2 sphere S induced by crosscuts
{Q;}r, such that S has a collar in e-neighborhood induced by the local
collar as in Lemma 3.3.

Proof. We will prove this proposition by inductive step.
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Let Q1, Q2 be crosscuts such that Bd(Q1) N Bd(Q2) # (). We can find
such @2 by (3) of definition of prime end structure. Then by Lemma
3.2, we can find Q;, which is pseudo general position with Q; such that
(Q1UQy) — (U, UU,) forms a 2-manifold with boundary, we denote it
with V.

Take Q3 so that Ny N Q3 # (). Then we apply Lemma 3.2 on ()3 and
N; and get Qé such that Ny and Q;, are in pseudo general position. Then
(N1 N Q) — U, forms a 2-manifold with boundary, denoted by No.

Now we suppose that we have N, which is a 2-manifold with boundary
such that Bd(Ny) has diameter so small, i.e., each component of Bd(Ny)
is contained in a complementary domain U; of a crosscut @); for some
t. Then by the same argument as the above we can find a 2-manifold
without boundary without handle, denoted by S’.

Finally we will find a 2-sphere which has a collar induced by the local
collar as in Lemma 3.3. In the above we found a sphere S’. But we
can not guarantee S’ has a collar induced by local collar on D;’s as in
Lemma 3.3.

So we take regular neighborhood R of 1-skeleton K C S’ in e-neighbor-
hood which are the intersection of Q);’s in S’. We now replace the neigh-
borhood of 1-skeleton in S’, S’ N R, with Bd(R) N UZ}CI(U;). We
denote the modified sphere with S and modified crosscuts with Q;. Let
D! = SN@Q. Then S is covered by {D/}" . Moreover Bd(D/) is
homeomorphic to S; and has a collar along (). This proves the propo-
sition. O

We now state and prove one of our main theorem.

THEOREM 3.1. If U has a pseudo general polyhedral prime end struc-
ture, then there exists a C-map h : U — IntB3.

Proof. Let {e,} be a decreasing sequence of positive real number
with ¢, — 0. For ¢; > 0, there exists a finite number of cross cuts
{Qu:}12, satisfying the definition of pseudo general prime end struc-
ture. Therefore we can find a 2-sphere S; induced by modified crosscuts
{Q1;}:2, as in Proposition 3.1. (Here, @}, is Qf; in Proposition 3.1. Re-
call that U, Bd(Dy;) has a collar p; along crosscuts on S; such that
p1(UZ, Bd(Dy;) x 1) = UL, S

Take ¢, and a finite number of crosscuts {Qy; } ¥, so that e,-neighborhood
induced by {Q:};*, is contained in complementary domain of S; and
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S1N Sy # 0 where Sy, is a 2 sphere induced by {Q;}:,. For convenience
we may consider €, = €.

We now encounter one obstruction to prove theorem. In fact, we can
find a collar p, on Sy such that po (U2, Bd(D);) x 1) = U2, Sy. But we
can not guarantee that the collaring structures p; and p, are compatible.
Le., p1(x x[0,1))NU — Ej is in a single fiber of p, where Ej is the open
3 ball whose boundary is Ss.

We now add new crosscuts induced by Q1; N Q2; to {Qq}3n, for i =

2,

1,..,ny and j = 1,...,no. Then new collection of crosscuts {Qs;};™

covers U, S1;. We may consider {Qy; f;’l is pseudo general polyhedral

since we can modify new crosscuts induced by (; N ()2; so that new
crosscuts is pseudo general position with ()o; by fixing the part of Sy;.
Consequently, by Proposition 3.1, we can find 2 sphere Sy such that Sy

has a collar induced by local collar D, for i =1,...,2,.

Recall that {Sy;}:”) covers {Sy;}1",. Moreover U-", Bd(D};) has a

collaring structure p, inherit the collaring structure of U}, Bd(D},), i.e.,
a fiber py(x x [0,1]) NU — E5 is a fiber of the collar py for z € Bd(Dj)
where Fs is the open 3 ball whose boundary is Ss.

We now extend collar p; : Sy x [0,1) — [S1,52) to py : S1 x [0,1] —
[Sl, SQ] so that pl(Sl X 1) = pQ(SQ X 0)

If we apply the above argument to €5 and €3 then we get a 2 sphere S5
corresponding to €3 and a collar p3. Moreover p, : Ss x [0, 1] — [Ss, S3]
is the collar such that py(Ss x 1) = p3(S3 x 0).

We paste p; and ps to get a map

1(x) for z €[S, S,
fi(x) = { 22533) for x € {82753%'

By continuing this process, we can define f = lim; ., f;. Then f :
S1 x [0,1) — U — Ey, where Fj is the open 3 ball whose boundary
is 51, is the collar blocked by crosscuts {Qp; Z:l’olflk“ Let g : S) X
[0,1) — S; x [0,1/2) be a map with g(z,t) = (z,(1/2)t). Consider
fogoft:U—-FE — E*— FE; where E* is the open 3 ball whose
boundary is f(S; x 1/2) which is 2 sphere.

We now extend h = fogo f~! to U so that h = identity on E; to
get amap h: U — Int(B?) where B3 = f(S; x 1/2) U E*. Then, by the
construction of the map h, it is clear that h is a C-transformation. This
proves the theorem. Il
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THEOREM 3.2. If U has a pseudo polyhedral prime end structure,
then U satisfies the induced homeomorphism theorem. [B-L] Le., if
f: Cl(U) — CI(U) is an onto homeomorphism, then hfh~! : Int(B?) —
Int(B3) can be extended to the homeomorphism of B? onto itself, where
h is the homeomorphism in Theorem 3.1.
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