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ON THE SPECTRUM OF THE

RHALY OPERATORS ON bv

Mustafa YILDIRIM

Abstract. In this paper, we determine 나spectrum of 나le Rhaly 
matrix Ra as an operator on the space bv, when limn(n + l)an 寸二 0 
and exists

Given a scalar sequence a = (an) of scalars, the Rhaly matrix Ra is 

the lower triangular matrix with constant row-segments

/a0 0 0 ...、
0 .…

(1)

The Cesaro matrix is R\/n and more generally, if we take an = n~z 

we get the 2：—Cesaro matrix Cz,

bv is the space of sequences of bounded variation normed by

\\x\\bv ：= I lim끼 + — xk+1\ < oo. (2)
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From [5] any matrix A is in bv iff A satisfies

m

IL시I所 ：= sup I —On—l,fc)I V 8 (3)

m n k=O

and

AS G bv where 6 := (1,1,... )• (4)

We represent the set of eigenvalues of the Rhaly matrix Ra and the 

spectrum of Ra on the Banach space X by 7r°(Ra〉X) and(r(Ba, X), 

respectively. Under the above conditions, the purpose of this study is 

to determine the spectrum of Rhaly operator Ra as an operator on the 

Banach space bv^.

T±i6_spcctr3 _€uLtlis_C£Sur£LjjLi3(tij.x-0n bv has- bsfixL-Stuiiicd by Qku- 

toyi[2].

In [4] taking 0 < limn(n + l)an < oo Rhaly showed that Ra is 

a bounded operator on the Hilbert space of square summable se­

quences, and he also determined its spectrum as

(o■(晶乂2)= {入 : I人一이 V ■乙} U ( an : n = 0,1,2,... .

In this paper the author determines the spectrum of the Rhaly ma­

trix Ra as an operator on bv with assumption 0 < L = limn(n + l)an < 

oo. We assume that L = limn(n+l)an exists, is finite and that nonzero; 

that an > 0 for all n; that S ：— { an : n — 0,1,2, ... }.

According to the above assumption we can give following theorems 

for (an) sequence.

Theorem 1. {(n + l)an} e bv iff Ra E B(bv}.

Proof. From [5], Ra G B(bv) if and only if (3) and (4) are satisfied. 

Since(5 = (1,1,...), we have (?/n) = y = Ra5 =(如，2ai, 3«25 • • • , (n + 

1)知 …).Hence (yn) £ 砌 V》|(n + 2)an+i - (n + l)an| < oo O
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((n + l)an} 6 bv. Since {(n + l)an} e bv, we have

oo m

II’시|b히 ：= SUp〉: I〉— ^n — 

m n=0 k=0

m n oo m

= SUp〉： I〉［(Sk ~~ l,fc)I +〉［ I〉사: — an —l,fc)| 
vn

［_n=0 k=0 n=m-|-l A:—0

' m

=sup a0 + y^\

8 m

+ 52 丨 W 아I 

n=m-|-l fc=O

< fio + sup j > i(-十 l)-n 一 nan-ii 
m Ln=l

8

E
l Tb 
\~an-l 一 
n 

n=m4-l

斗如+』虬 
(n+ 1) n

(n±l)G 
un 

n
n

8 OO
< ao + 52 |(n + l)an - nan-i\ + sup |(n+ l)an - nan-i|

1 ttl , 1n—L n=m+1

+ sup(m + 1)〉 I------— |an(n + 1)
” MM/ n + 1

V。⑴+。⑴+。⑴+sup (m + 1) lim (為仕彳一
m fc—>oo y TTL 4- 1 K -p 1 y

= 0(1).

Theorem 2. If ((n + l)an} e bv and limn(n + l)an — L < oo? 

then

S D (2Z/, oo) 으 7To(/?a, bv). (5)

If T :飾一> bu is a bounded matrix operator with matrix A, then
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T* : bv* T bv* acting on C ®bs has matrix representation of the form

(X 腿一又 们一又 涉2 一又
Uq ^00 ~ Z“) <X1O — Uq ^20 — ^0 « - •
如 Qoi — ui ^11 一 口1 U21 一 tZi ・.・

k : : • 丿

(6)

where x is the limit of the sequence of row sums of A, is the column 

vector whose kth entry is the limit of the kth column of A for each k 
oo

and % = £： a-km = [2].

772=0

Lemma 3. Let If Ra ： bv bv ((n + l)an} c bv, then J?* € B(bv*) 

and

r* __ ( L {(& + l)ak - 乙}夏고、
~ \ 0 洗 )- 3

8 n

Proof. From above, we have x — lim anv = lim an 
n—>oo J— n—>8

u=0 v=0

= lim (n + l)an = L, := lim ank = lim an = 0 for each k >0 
n—>oo n—>cxd n—>oo

and & := (jF^ oT)(5) = Pk(T(S)) = F%(q(),2如 . 。+ 1)어、. . •) =
(k; +

Lemma 4. LetO < L = limn(n+l)an < oo and Zn :=

n

砂=0

A 7^ 0, A G C. Then the partial sums 

only if LRej^ > 1, X L.

oo

0f£Zn

涉=1

are bounded tf and

Proof. We show the proof of the Lemma as proved in [2, Lemma

1.6]. The series

8

is uniformly convergent in every subin-

n=0

terval of |씨 < 1. Hence ln(l —u) = —u+0(u2), uniformly in \u\ < 1/2,
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u E C. Since T 0, for a given 入 尹 0 there exists 如 such that 쁫 V * 
for涉 > 仏），

n n
In% = In [[（I-¥）= £"-¥） 

移=0 涉=0

n

=。+〉: ——）

律））

T “ 1 t 2=。-茂w +评㈤ 

涉=涉0 1 1涉=砂0

where 棚=0（；寿）.Now since 気=0（*）,

n oo oo 1

yz 棚=如一£ t,5=c+。（云）•
砂=涉0 涉=i9o ?9=n4-l

Since if Cn = 「丁 一 logn, then

—v + 1衫=0

/r 广、 1 I Tl+1 1
E -G =击-旋二厂=击f +打）

=£广:+吋

and we have

E
涉+1 —C + log n + 0（疽.

i9=i?o
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So
n

G너T = Cq +，；((爲+1 — (為)
涉=0

oo oo

=G)+ £：((為+】.—c^) ^2 «，涉+1 ~ c§) 

涉=0 i9=n+l

= C + O(-).
n

Hence as n —> co,

log Z” = C — ~ logn + (9(—),

that is

% = exp(C — — logn + <?(—))

=exp(C)n~^(l + 0(-)) 
n

=An^O(n~LRe^~1\

If LX

then

n

共 1, LRe(=) > 1, then sn = is bounded and

k=i
oo

n~LRe^~x < oo, so that 나蛇 partial sums of Zn are bounded.

n=l

oo

If 0 V LRe(^) < 1 or LA = 1, 나len the partial sums of n~LRe^ are

n=l
8

unbounded, but still we have < oo. If 0 < LRe\ < 0

n=l

A * nT
n=l X

(8)

where an x bn means that there exist m,M e such 난mbn < 

Qn < A4bn.
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oo

Using (8), we see that the partial sums of n~^ are unbounded al- 

n=l 
8

thoughv 8 and hence we obtain that the partial sums 

n=l
of Zn are bounded if and only if LRe^ > 1.

Theorem 5. If ((n + l)an} € bv and 0 < L = limn(n + l)an < cq, 

then

Su{X： I人—車I 芝} um)(」R"* 으 (Mbs). 

£i 厶

Proof. If R^x = Xx^ 난len Lx()+ (L~aQ)xi + (L-~ai)X2 + t • - = Aa；o 

and

= (Aa'1 一 l)xn. (9)

Hence 0 E ®(R 爲 bv*) (because if A = 0, 나len x = (血, 五븡訐 o, 0,0,...)

€ bv). From (9), we have

琮 H = (1-- (10)
入

If A = am, A 6 tto(-R*, bv*) (because for n > m + 1, xn = 0). From 

(10), we have

n —1

xn — [[(1-- ^)^0- (11)

J=O

From Lemma 4 the other A5s have the properties aL > 1. Hence we 

obtain

5U{A： I入一 刍老} 5俱也* 으。㊉ bs).

厶 厶
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If T\x = y、then we have

1
知=7---- yo

A — ao

1 at

斗= 厂譚1+ （人一血）（入_啊）此

1 d\ 02入
2 人一。2 히2 + （入 一 %）（入 一 Q】.）'' + （入一 ”2）（入一⑶）（人一 이J）하'

丄 .
=\ Vn + TV 7?/n—1

A — an (A — an)(A — dn-i)

Qn人
(A — ttn)(A — an-l)(A —如一2)'” 2

知(1- 뽀) 叩 (1— 뽀)
fc=l fc=O

Therefore T^1 = (Al 一 -Ra)-1 = (b洪)is given by

1

A — an

T： = (bnk)= <
k < n

(12)

0, otherwise.
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Lemma 6. If = a, then

N-l

k=0

as N ——> oo. We use the notation an * bn m the sense that

are both bounded.

(13)

Proof. See [6].

Theorem 7. If an = —'——l——邑一 where 

n+1 n+1

_ f - L
bv) — < A : |A——j

I (즈 ) G £i, then 
Kn + 1;

L} _
2f U，

Proof By Theorem. 5, we have

{ 人 : '" — 치 V r}uS 으 7「o(l議, 饥*) C a(R\bv*) = a(Ra,bv).

To complete the proof let us show that,

夜Ra,bu) C I A : |A-|| < 1} U $

Now, let |A — > 블、(which means aL V 1) and A 尹 am (m =

0,1)2,...). We prove that the matrix T-1 = (b 部)given by (12) satisfies 

the properties in eqs. (3) and (4).

Since aL <1<》|人 一 *|〉专 and aL < 1 and A 寸二 (m = 

0,1,2,…)，then

Um bnk = 
n—>oo

a，n
极—耳

I시끗I

lim 尧=0
n—>oo (fc)aL

(14)
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for every k. Hence (3) is satisfied.

Now lefs show that the eq. (4) is satisfied. Let

oo N
yT I(bnm - &n-l,7n)| = £： + £： +

n=O m=0 12 3

where 
N n n—1

〉:=〉：I〉: bnm〉: &n —l,7n|)。J 仇 M N

1 n=0 m=0 m=0

AT4-1 N+l

〉:=IEv+i,m — ^n+ln+i +^AfjTTil? n = N + 1

2 m=0 m=0

oo N

〉:=〉:I〉: (bnm — ^n —I ? N + 2 < n < OO.

3 n=N+2 77i=0

Now lets show that = (9(1). Taking 成=——一 and M\ = 
n I 1 

n

(AZ — Rao) then M^l8 =where = 8. So 난lat, we

fc—o
obtain

M~\XI - Rao)6 = M^\XI - LCi)SM~\X - L)6 = 6.

] 1
By using = -----6 we derive b^k = ----As a result

A — L ~ A — Li

N n N ]

£l£(爲; - bn-l,k)\ = I嗚)1 + £： 侦二五 — X二기 = |A- LP 

n=0 fc=0 n=l * *

i.e.；
N n
52 I y?(bnfc - bn-l,k)\ = 0- 

n=l k=0

(15)



ON THE SPECTRUM OF THE RHALY OPERATORS ON bv 31

We have

N n n—1
£：=支 I 文做 6n-l,fc|

1 71=0 /c=0 fc—0

N n n—1

=l&ool +Ibnk — 6n-l,fc|

n=l k~0 k=0

N n—1 n—2

=1^001 +〉: \bnn — &n —l,n—1 +〉： — 。"胡
n=l k~Q fc=0

] A.]
I A — ao I A — an

1

入—Qn — 1

n—1

+£

k=0蛇 (1-끗)

3=k

1 N

+ £l
n=l

I A — ao I

Ti- 2

-E

fc=0 A2JJ(1 - ¥)

j=k

Qn—I 

n—1

n—1
a，n —如一 1 ,

m---- v\------ \ +anywk
(A-an)(A-an_i) 느言

Tl — 2

--亍)Z2 Wk I
人:=0

] N
丄 ,I an — an-l .=r-? [ +〉丿 7T C7T r + anwn—l

I A - a0 I 七 (A-an)(A-an_i)

?2 — 2 n — 2

£ Wfc + (—<xn-l + 쓰3加丨
fc=0 fc=0

1 N o n-2

= —一- +〉: I —----- ", 厂厂흐-足----c + (如 — 如-1) w踞
I 人 - (저3 I n^l (入 一 如)(入 一 如一1) k=Q

n—2

£山
k=0

^n^n—1+ A

n

~ y?(fenfc — bn-l,k) 1 
fc=0
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_ ]2如 一 如-1 2（空 — 成-]

丨 入 一 %）丨 （入 一 an）（A - 如—1） （入 - 0암）（人 ~ an-l）

ti一2 n—2

+ （如-«n-l） y^,wk - （a° 一 an-l） £ wk 

fc=O fc=O

n — 2 q q n—2

.如如-1 anan-l O 0 I
+ p「一〉丿 k—厂— 】 써

fc=O fc=0

V ]I I 2如 一 Qn-1 2成  새—]

_ I 人 一。0 I （入 一 如）（人 一 如一1） （人 一。잎）（入 - an-l）

N 7i—2 n—2

+ E 1（어2 - 如-1） 52 Wk ~ （새 一 an-l），[遞I

n=l k=0 fc=O

N n — 2 o Q n—2
+ 力으끄그 £他 — 으宇 d爾

n=l fc—0 k=0

= 仄느「5 + 心口3，

Since aL < 1, we obtain

where 成
L 1 ，o 1

=n + 1'Wk= n and 銘=„ o
叩（1 一끄） 叩 （J%

3=k j=k

n—2

k=Q （
n—2 n

1 + zna- 

fc=lj=k

뿌普 (I 苫

卯⑴（n + 1）勇（1 + f"糸
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“⑴（n + 1产（1 + E&（n_2）】~） （i6）

=O（l）（n + l）aL + O（l）（n + 1） = O（n + 1）.

Since

ln（1 — —ln（1 一勺） = _柘% + o 成土피 + °x~。（누）

= -；（"7土）+。（品피，

（17）

we have

n z aj \ n 0 -
n（i=스） -1 = exp £ln（l— 須—ln（l 一 ¥）- 1 

j~k、 X I 匕7=& ■

Then since a3 = and （糸:）C 知 it follows that

（18）

+ -오
+ j+l

L

J + 1

n—2 n—2

一 诚）1 < \w0 - Wq| + |J2（wfc -，球）I
A:=0 k=l

1 1
n n n0~
叩（f 知（f

J=O J=O



34 MUSTAFA YILDIRIM

的
7

-1A
r
l
 k

n

n

 
=

 1___) 
세 n____ n° /끗) 早u(i 一勺丿

f n / -. o? \ n—2k—l Q
叮 三스 7 +。⑴ £1邛一豈

[j=0 \ J fc=lJ=0

=0（1）（” + 1）邓 ｛。⑴g g - 击） +。（弟피

+O（I）1 备如S Yf）+。箫詞｝

=0⑴S + 1广，（。⑴螺［爲+。（（示我

=이巩5。⑴+ *"이看니言니 

瑚⑴皿 +1严 .⑴ + 言 ［籍 +。（爲이 在3 

=o⑴S +1）勇j o（i）+。⑴£：［謂戸+。（石糸袞）］＞ .



ON THE SPECTRUM OF THE RHALY OPERATORS ON bv 35

Hence

N o

1 스 （A - an）（A - an_i）
2史一成t

（人 - Q얌） （入 一 “n—1）

_ 夺 | 2（如—成）—（如-1 - 破-1）

n=1 （A - an）（A - an-i）

' 一（入 - 如）（人 一 如—i） （人 一 a임）（人 —战_1〉，% n-i）l

< v~> 2扇-成| + |如-1 -政 打

—I人 一 an\ I人-an-1|

I入（如 + 如一1 - 战-战-1） + （成成一1 - 如，如一：l）| ] 2■乙 _ L. 

스 I人 一 成I I入 一 成_打 仄一 如| 済 一 Qn — ii 姦十] ” 

玮 £ （営 + 쁘킈） + £ 對1시 （쁜" '뜩"） 

七而%（I시+ 45시 岛项）湍齢｝ 

= 0（1）

（20）

N
is shown, where d = inf | 人 一 으j. By given （an） we know that （6n） G bv 

项=i
from （16） and （19）, we have

N tl—2 n—2

】2 = 52 血n - ”一1）52 Wk — （새 — an-l）Wk\

n=l k—0 fc=0

N n—2 n—2

= E l（an — 破 一 °n-l + 아-：L）wk - 您 - 애-1） £（皿; — Wfc）l 

n—1 fc=0 fc=0

=y i— + -冬---- --—纟—『+ 刍。（孔 +1）

n+1 n+1 n+1 n n n
n=l
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A 1

+事3+1)

N 、

n—2

£ \wk -诚 I
k—0

W} 쓰! - 涪 + 籍급 - 뜩"W +1)

E 1

n=3

(n + ])2_疝 j + * + O((顶 + ])i+勇)

+£沽铲腿+1严

. {o(i)+ o ⑴ W* + 0((""』}

=£烏-涪g 修쁪盐m+1)

N
+ c(i)£

3 = k

N N

=0(1) +。⑴ +。⑴£ + 1 叶2

j느1 n=j

. -- 尅-----(_(j(_____ 1_____ )
[(?+l)aZ 十 5、(g + 1)1 +对丿

=。⑴ +。⑴言 (/ K씨 [&쓰戸 +。(。느E)

(21)
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and finally

N n—2 o o n — 2
厶 = 丈|으뽀三 £ 诳一 쑛二리陽

n=l k=0 fc=：0

N _ o 0 n-2 o 0 n—2
丈 I 어性亍으性그 £ Wk + 으쓰d J2(wfc - 球)I 

n=l fc=0 fc=0

< 0(l)£ lb4± 1^-11 tlMbn-11 g |wfe| 

n=l ' ’ k=0
n(n + 1)

N n-2

n=l v 7 fc=O

V Q⑴ V I시 + 岛一1| + 卩시|歸一1| 

-,4 .ml 
n=l

N 1
+ (9(1) V ——--- —

；日顽+ 1)

n
.< O(l)(n + 1)«L + O(l)£

j=L

_ 9丄 + o(-- --- )
I_0 + 1)疝七+ 1)申叫

N 1 
=。⑴+。⑴方汀①E 

n=l ' 7

N 1 n 
+ O(1)52 (n + l)252 

n=l ' ' j = l

____h_____ H 0(_____ ______ )

L(j + i)aL lb + i)1+aL；

N i
=夂1)+夂1)+夂1)£稱讦=°(1)・ 

n—1 ' )
(22)

Hence we have = 0(1).

N N+l

= I £ W+l’m - Sv+1,N+고 + 52 如V,m|

2 m=0 m=0
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N 

니〉2 N+l

m=0 A2 fl (1 - 끗)
j=m

N 1
<、r Q【V+1_________ 1

_ Z— N+l V
”=° I시2 ][ |1 一 冬|

J=m

N-l 
gr ______ 으흐_______

十2— N

心 I 시2 J] I 1 一 끗 I
3=m

1

QN+1 1 aN

A — ajv .Li A — ftjv 卩_
m=° 入 2 (1 - 끗)

J=m

1

1

I 人一a，N+i I I A — a tv I

1
:---------- + ---------

I A — a at 4-1 I I A — qn I

(
N m—1

】+財|1-为

，，丄丄， a， m=0项=°
J=O

(
TV—1 m—1

i+5 丨 qi
, 人， m=0 项=°

j=0

=。⑴+ 0너의普브] 

I入r

+ 0+1严饭

N 1 

i+y 
maL 

m=l

I A I2

' N-l
< 1 + £ maL

、 771=1

=0(1) + K(N + 2)aL~l 1 + dx >
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+M(N+l)aL~1 < 1 +
0

N-l

since aL < 1, then y = 0(1).

oo
£= E

3 n=N+2

oo

N

I〉： (brim ~ ^n —l,m) I 
m=0

N /OO IN /E E(

—M 丄 vn —0 'n=N+2

oo

n=7V4-2

n
TO=°XA2]J(1-

J=m

食r iV

i£

771=0

〕一j| 

叩 (1-끗)
J=m

8

n=N+2

N m —1 1+ 支[I 11* I 
m=l j=0

1 

w

1
n

Hu-끗 I
J=o 

1 1,, 
+ t)1

Qn 〉、

1 
maL

1

1
, I。疽妇一 1( —

^n —1

oo ( N
=。⑴ £(n+irMi + £

n=N+2 I m=l

I 1 1.----------------------------------- 1一 -
n(n + l)an„i n{n + l)an n(n + 1)A

= 0(1)E E产卜+厂糸}

n=N+2 I Jo

,K M 1------------------- 1--------------
n + 1 n n(n + 1)A



40 MUSTAFA YILDIRIM

= o⑴ £ 3 + 1产{1 + 告그}洁評 + 土) 

n느& I 1-aLJ n(n+l) 丨시
OO

=O(、Ni-aL)£ (n + 1)qL-2

n=N+2

POO

=O(NJL)/ (z + l)aL~2dx
Jn=N+l

= 0(1).

This agrees, with the result obtained by Okutoyi [2], for the special 

case =(為
For the other special cases of spectrums of Rhaly matrices Ra we 

give the followiirg examples.

n _|— 3
Example 1. If a = (—z--- ) then

vn2 + 1

7「o(此,術*) = {人：I A-| I < |}U(1, 2,3}, 

厶 厶

and

fev) — ( A ： I A — - I < -} U ( 2 ,3 }.
厶 厶

Example 2. If q = (sin —-—) then
n +1

旳侬*,術*) = {入：|A-||< 
厶 £i

and

。㈤s bv) ~ { X ： I A - - I < -}•
厶 厶
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