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ON THE SPECTRUM OF THE
RHALY OPERATORS ON bv

MusTAFA YILDIRIM

ABSTRACT. In this paper, we determine the spectrum of the Rhaly
matrix R, as an operator on the space bv, when limy(n + 1)an # 0
and exists

Given a scalar sequence a = (a,) of scalars, the Rhaly matrix R, is
the lower triangular matrix with constant row-segments

ag ¢ 0
] ap 0
R, = Gy Qo Qaz ... {° (1)

The Cesaro matrix is Ry, and more generally, if we take a, = n™*
we get the z—Cesaro matrix C,.

bu is the space of sequences of bounded variation normed by

lellow 2= |limz] + " ok — zp41] < oo, (2)
k
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From [5] any matrix A is in bv iff A satisfies

HA“bv = supZ | Z(ank - an—l,k)l < (3)
™ on k=0
and
Aé € bu where 6 :=(1,1,...). (4)

We represent the set of eigenvalues of the Rhaly matrix R, and the
spectrum of R, on the Banach space X by mo(Ra, X) and o(R,, X},
respectively. Under the above conditions, the purpose of this study is
to determine the spectrum of Rhaly operator R, as an operator on the
Banach space bug.

The spectra_of the Cesdro matrix on bv has been studied by Oku-
toyif2].

In [4] taking 0 < lim,{n + 1)a, < oo Rhaly showed that R, is
a bounded operator on the Hilbert space £ of square summable se-
quences, and he also determuned its spectrum as

(o(Ra, ) ={ X : A-L|<L} U {a, : n=0,1,2,...}}.

In this paper the author determines the spectrum of the Rhaly ma-
trix R, as an operator on bv with assumption 0 < L = lim,(n+1)a, <
co. We assume that L = lim,(n+1)a, exists, is finite and that nonzero;
that a, > 0 for all n; that S:={ e, : n=0,1,2, ... }.

According to the above assumption we can give following theorems
for (a,) sequence.

THEOREM 1. {(n+ 1)a,} € bv f R, € B(bv).
PROOF. From [5], R, € B(bv) if and only if (3) and (4) are satisfied.

Since § = (1,1,...), we have (y,) = y = R.6 = (aog, 221, 3az,...,(n+
1)an,...). Hence (y,) € bv & 3 |(n+ 2)ant1 — (n+ 1)an| < oo &
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{{(n+1)a,} € bv. Since {(n+ 1)a,} € bv, we have

oo m

”Ra”bv ‘= sup Z ! Z(ank - anvl,k)l
m n=0 k=0
m n o0 m
= sup { 1> (ank = anredl+ Y. 1D _(nk — Gno1p)l
™ ln=0 k=0 n=m+1 k=0

= sup [ag + Z 1 (z—:(ank — an—l,k)> + an|
m n=1 \k=0
+ Z I Z(an - an—l)l]

n=m+1 k=0
m
- : s -\ 1
S Qo FSUp § P Rt )0 — Tildpi|

m
n=1

_|_(m+1) i lgannl_(n+1)a +(TL+1)an__(_n_:l___1)an|:l

(n+1)" " n

n=m-+1

(s o} o0
Sag+Z](n+1)an-nan_1|+sup Z {(n+ 1)an — nan—1]
m

n=1 n=m+1
+ sup(m + 1) i |-1-— - lan(n + 1)
o Do n+1
: 1 i
< 0(1) +0(1) +0(1) +sup [(m“)k&f{.‘o (m+1 - k+1)]
= O(1).

THEOREM 2. If {(n+ 1}a,} € bv and lim,(n + 1)a, = L < oo,
then

SN (2L,00) C wp(Ra, bv). (5)

If T : bu — bv is a bounded matrix operator with matrix A, then
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™ : bv* — bv™ acting on C @ bs has matrix representation of the form

X Y%-X P-Xx Y2—%X
Ug Qoo — Uy a1 —Ug A0 — Ug 6
U1 apl — U1 a11 — Uy U —Ur ... ( )

where ¥ is the limit of the sequence of row sums of A, uy is the column
vector whose kth entry is the limit of the kth column of A for each &
oo

and ¥ = Z arm = Pr(T(07)) [2].
m=0

LEMMA 3. Let If R, : buv — bv {(n+ 1)a,} € bv, then R} € B(bv*)

and
. L {(k+1ap - L}, \ TR
Ra (0 Rt } U}

o0 n
PrOOF. From above, we have ¥ = lim Zam, = lim zan
n—oo

n—o0

= lim (n+ Va, = L, ux := hm Qnk = hm a,,—O foreach k>0

200

and 9y :=(ProT)(4) = Pk(T(5)) = Pk(ao,%h S (k+1ag,...) =
(k-l— I)Gk.

n
LEMMA 4. Let0 < L = lim,(n+1)a, < oo and Z,, := H (1 - 0719)‘
4=0

A#0, A€ C. Then the partial sums ofEZn are bounded i1f and
V=1
only szRe% >1, A#L.

PROOF. We show the proof of the Lemma as proved in [2, Lemma

[o e}

e E u" is uniformly convergent in every subin-
—u
n=0

terval of Ju| < 1. Hence In(1 —) = —u+O(u?), uniformly in |u| < 1/2,

1.6]. The series
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u € C. Since ag — 0, for a given A # 0 there exists ¥¢ such that ¢ <
for 9 > 190,

N[~

1nz,,=1nf[(1u5‘§3)_21 (1——
_c+21(1—

d="0,

= Qg 0,2
o £ (o)

Far AN [Al?

L 31 2 &
~0-F Y st hn o 0(3)

A Fard d+1  |A?2 =

where ty = 0(19—12). Now since tg = 0(31-2-},

Zt,g-—zta— Z ty = C + O( )

I=>0q =g d=n+1
|
Since if C,, = =Om—logn, then
1 n+1 1 1
a1l — = —— - = —log(l + —
Crgr = Cn = 5 —log —— = 5—— — log( =)
1 1
h2+n“5 ( )

and we have

1 1
E 911 :C'+logn+0(-7;).
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So .
Cn+1 - Co + Z(Cﬂ.}.] - Cﬂ)
9=0
=Co+ ) (Cos1—Cs) Y (Cos1—Co)
9=0 d=n+1
1
=C+0().

Hence as n — oo,

L 1
logZ =C - -r-l-logn+ O(;E-)’

that is I )
Zo = exp(C — = logn + O(=))

n n

= eap(C)n ¥ (1+0(}))

= AnXO(n~TRex -1y,

n
If LA # 1, LRe(%) > 1, then s, = Zk‘{’? is bounded and
k=1

oo
Y nERex=l < oo, 50 that the partial sums of > Zn are bounded.
n=1

o0
If 0 < LRe(3) < 1 or LA = 1, then the partial sums of Z n~LReX are

n=1

o
unbounded, but still we have Zn’LRei*l <o If0 < LRei <0

n=1
then
N L
-~ Ni=x
D nTE =T (®)
n=1 A

where a,, < b, means that there exist m, M € R* such that mb, <
an < Mb,,.
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Using (8}, we see that the partial sums of Z n~ % are unbounded al-

n=1

o0
though Z n~LRe3-1 < 50 and hence we obtain that the partial sums
n=1

of > Z, are bounded if and only if LRe% > 1.

THEOREM 5. If{(n+ 1)a,} € bv and 0 < L = lim,(n + 1}a, < oo,
then

L
SU{A: [A— -2—| < %} C mo(R;, bv" = C @ bs).

Proor. If RXz = Az, then Lxo+(L—ap)z1+(L—a1)z2+- - = Axp
and

Aalza = (Aayt — Dz, (9)

Hence 0 € mo{ R}, bv*) (because if A = 0, then z = (¢, f:%ofﬁo, 0,0,...
€ bv). From (9), we have

G
Tntt = (]. - 7)17". (10)

If A =am, A € mp(R},bv*) (because for n > m+ 1, z, = 0). From
(10), we have

rn = [[0- %)z (1)
=0

From Lemma 4 the other A’s have the properties aL > 1. Hence we
obtain

SU{A: A 21 < g} C mo(RE,bu* =2 C @ bs).
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If Thz =y, then we have

1
To= 3T aoyo
1= /\“a1y1+ (/\*al)()\—ao)yo
Ty = —Y2 + 21 yir + az) Y1
/\*"az (A*ag)()\—al) ()«—az)()\-—al)()\—ag)
Qn
E NGt e )
anA
a0 ) —an )2
ot — n+ — Yo
I -%) IS
k=1 k=0

Therefore T = (A — R;) ™! = (bp) is given by

T):'I = (bnk) = \

. 0, otherwise.
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LEMMA 6. If Re} = o, then
ag 1
IIn- S = war (13)

a
as N — oo. We use the notation a, ~ b, wn the sense that (b—n> ’
n

(—") are both bounded.

Qn

PROOF. See [6].

L bn bn
THEOREM 7. Ifa, = T + i) where (n—-r 1) € £y, then
. . . L, Y -
U{Ha,bv) = \ll Al I/\‘—'—ii ~ -?_._j U o

ProoF By Theorem 5, we have

{* A=< %}US C mo(Ry,b*) © a(Re, ") = o(Ra,bv).

To complete the proof let us show that,

o(Rq, bv) Q{/\ : |/\-%| < %} U S.

Now, let |A — %! > L (which means oL < 1) and A # am (m =
0,1,2,...). We prove that the matrix T~! = (b,1) given by (12) satisfies
the properties in egs. {3) and (4).

Since al, < 1<::>|/\—%| >%andaL<1and)\¢am (m =
0,1,2,...), then

. Un R (n+1)aLan
i = = — =0 14
i b = fim, —— 2, Ry (4

>0
AT - %
)

=k
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for every k. Hence (3) is satisfied.
Now let’s show that the eq. (4) is satisfied. Let

oo N

YUY G = bl = S+ 3+
1 2 3

n=0 m=0

where
N n n—1
Z::lebnm_ an—l,ml; 0<n<N
1 n=0 m=0 m=0
N+1 N+1
E = |z byyim — bnyint1 + Z bnm|l, n=N+1
2 m=0 m=0
Z Z: ’ Z(bnm n—l,m)iv N+2<n <00
n=N+2 m=0
Now lets show that 3, = O(1). Taking al = f—l and M), =
(M — Rgo) then M5 = ank where My 'M\§ = &. So that, we

k=0
obtain

MY (AT — Rpo)d = MY (A — LC)EM (A — L)é = 6.

By using M, '§ = ﬁé we derive Y p_ b2, = /\;L As a result

N n d i 1 1
0 _ 30 = |p0 - =
> | _S_ (b = by )l |bno|+;|A_L ,\~L! A =L}’

n=0 k=0

ie;
N n

DD bk~ =0. (15)

n=1 k=0
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We have
Z Z*anwzbn 1]
n=0 k=0
1boo|+21ank—an L]
n=1 k=0
n—2
}bﬂn“{“v‘bnn—bn—ln 1+ank_zbn 1k1
k=0
N
| 1 1
- j A —ao| +§| A—an B A—Gpo1
n—1 a n—? an
I D=
k=0 /\2H(1 _ ‘_}) k=0 /\21—[(1 _ _L)
n—1

1 Un — Qp-1
|'\—a0| Zf()\_ +anZwk

an)(A — an-1)

k=0
N n—2
an_1(1 - ) > we
k=0
N

1 n — Gn-1
X —ao | +Z{ (/\~a Y —anyy At

n—2
OpQp—
+an§;wk+(—an_1+ T I)E:wkl
k=0

N
n — An-1
e w
|)\*a0| Z —an)(/\—an y Flan—e 12 ®

anln—1 0 0
+ 3 kgowk - ;}(bnk —by_14) |

31
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0 0
2a'n —On_1

—Qap-1
|)\—a0§ Z‘(A an)()\ Qn_1)

~ (A =ad)(A-a)_y)

n.._
(an = @n-1) Zwk —(on —ap-1) ) wk
k=0 k=0

n—2 0.0 n-—2
R ) >kl

o 0
2an —Qp_1

1 N 2a a
< — = 4 n—1 _
_i/\—ao| Zl()\—an)()\-—an_l)

N
+ ) (an — an- 1>ka~(a —ad_y)
n=1

(,\ —a)(A—aj_y)

ka|

k=0
N ana alal oy
n4n—1 n—l

+ 1T Z“’k Zwkl

n=1 k=0

1

= + I+ Is + I3,

|/\—~ aol

L 1
where al = Wk = ! and wg =

A2H(1 - “3)

Since al. < 1, we obtain

k=0 k=1 j=k

n—2

(n + 1)°‘L
Y (1 t 2t

n
,\2H(1 -
1=k

S s = zwo|(1+nfﬁ<1 =)

1
kaL

ot e (1s [ 22)

{
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< O{)(n+1)2F (1 + 1 _la A 2)1—‘15) 16)
=0 (n+1)* +01)n+1)=0n+1).

Since

L 1 a
R R ES I

1 L 1
-=5 (- 751) oG

—_—
=
—
[
|
D lggo
f o —
|
—

a
S
A

= exp[gln(l - %?) —In{1 - E;—)] - l‘

n aQ a
- O(l)ZIIn(l -2y - (1 - %))

cous(o 41) (o)

(18)
Then since a, = L + b and (24} € £y, it follows that
T4+l g4t L/ =T ‘
n—2 n—2
D~k = w)] < fwo — | + 1D (we — wd)
k=0 k=1
1 1

= n a n ag
2
/\21_[(1*";\‘) zafJa- )
1=0 3=0
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rf(nlannlfﬁ)t

=oelo-%) el
_g}’_ n—2k—1
<O(1) {IH ( Q) -1+ oM - —’I
H|1~~i| *

k=1j=0

+

=0(1)(n + 1)*¥ {O(I)i [(aa - ;:L.‘i) + O(G’%ﬁi)]

=0

o o (o 5%7) ot

2

=0(1)(n +1)* {0(1)}: ()|
; 1
i ;W;c I +O((j+1>2)]}

30(1)(n+1)QL {O(l)‘i‘z ]ij‘l +O("G—£—1)-2)ﬂ Z}c%f}

=1 "+

al, =~ [ bJ 1 . jl#ab
=0(1)}{(n+ 1) {O(l)%-z j+1+o((j+1)2) lmaL}

1=1"

=0(1)(n + 1) {0(1) + O(I)Z [(“?9_1755 - O(m{ﬁm)} }
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Hence
0

Gn-1 2a; ~ @ _y
ZI(/\—an)()\—anﬂl) D= a0 -ad_ )

n—1

N

(an —ap) — (@n-1 —a) )
g —_ an)(k — Qp— 1)

1 1
* [()\ —an)A —an-1) (’\—03)(/\—&3“1)] (2af ~ e _y)|

z 2lan — ani + lan-1 - ag—l'
- A —an! |A — an_1|

Z A@n +an—1 —a2 —al_;) + (alal_; — anan_l)” 2L £!

IA—all [A—al_;] {A—an] iX — an_i] n+1 =

51”(5111 ol 64Z{MI('“ =

L= 1
s ol T+ 1‘)7"?17}
o

(20)

N

is shown, where § = in{; | A - a;l. By given (a,) we know that (b,) € bv
3:

from (16) and (19), we have

N n—2 n—2
=3 (an—an )3 e (@ —al) 3wl
n=1 k=0 k=0

N n—2
:Z|(a —al —an_3 +ad_ 1)2“’1:“ (al —ad Z(wk—wk
n=1 k=0

n+1 n+1 n+1 n

h
WE

L
! + 2] 0(n+1)
T

3
Il
—
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N n—-2
Zln(n+1)ziwk wi]
- b1 b1 by
,121[ BT T R R
N
+z:1n n+1) O(1)(n+ 1)*¥
b 1
.{0(1)+0(1); [W+O(W)]}
ad | bn (7)"__1 N |b !
=;'n+1—n 10(n + )nz ST pom )
b 1
+O(1)JZI (HZ——? (n + 1)2-—QL) [(J +‘;)O:L +O(W):|

=0(1) + 01} + O(I)Z Z(n +1)el-2

1=1n=)

b
[ +Otgtpean)

1(£Nﬂxdk%w)[U;ZPL+‘“631%@34
([ e) [0+ oty

b, 1 _
[+1+0gﬁdpﬂ~om

= O(1) + O(1)

'[\’12

i

3

=0(1)+0(1)

™=

i

J

Mz

=0(1) + 0(1)

1

L %Y
H

(21)
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and finally
0,06 n-2
no 3§, Sy
k=0
nln—y — a’?aa’g 1 Onln_1 e
L ; Zw+ : Z(wk_wk

n=1 k=

‘bn‘ + |bn~— ‘ + 1bn”bn—1l
”Z T Z ]

IA

)Z

nl

n n l)l Z(wk wk)l

J‘)Z [by] + |bn-1| + |[onlfbn-1]

N
+ol )Zln(n—i—l)

e - b 1 .
-{O(l)(n-{—l) "+ o(1) - [W+O((j+1)l+aﬂ)]}

N
=0(1)+0(1)> e
n=1

7

Y

n

1)% - Z[ b i o(— )]
n=1 (n+1)? 3=1 (7 + 1)el (3 + 1)1+"L

N
=0(1) +O(1) + O(1)> (ni—1)2 = O(1).

(22)
Hence we have >, = O(1).

N+1

Z |Z bN+1m—bN+1N+1+ZbNm|

2
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N N-1
=13 — - -
il A—anyr  A-—an
=D a =0
r]la-% =0 32
j=m
N
AN+1 1 1
< +
mZ=o S . Paval [A—an]
AR -5
g=m
N-1 .
N
+ . N
m=
AR 1%
I=m
! 1
tA—anta|  [A=-an]
ON 41 N ot a
7
+— 1+ZH|1_T|
AT n-g N s
)
1
+ N

N
RN IR
=0

—oy+ &

m=0 j=0

N-1m-— ”
1+ |1- 2

n (N+1)*Lay

[ A2

BYE L+ ol

)
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L 1' N
+M(N+1)a 1+/0 ;Ed.'ll,

since ol < 1, then Y, = O(1).

o

N
S = 3 S b —baim) |
3 n=N+42 m=0
o N
= Z 2( n = - n_(in—l )l
m=0 ,\21‘[(1_%) AzH(l—%‘L)
3=m

n=N+42
J=m

7=m
oo N m-1
1 1 a
= B E n 1+ Z [1- X)
n=N+2 H | 1 aJ. | m=1 =0
J:
1 1 1
: l anan—l( a1 - X
o(1) Z (n+1)°L{l }
n=N+4+2 m—‘l
A |
nn+1)any nn+ l)aﬂ n(n + 1A
b dz
=0(1) )  (n+1)*F 1+/ —
n=N+2 o *
K M 1

l

-t
n+l n  am+1DA

39
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0 oL Nl—aL 1 1
- O(I)ngv;z(n“) {H lwaL} RS TALRN PYL

oo
=O(]\‘rl—cﬂ,) Z (n+ l)aL—Z
n=N42

— O(Nl—aL) (iL' + 1)aL—2d$
n=N+1
= O(1).

This agrees, with the result obtained by Okutoyi [2], for the special
case R, = C}.

For the other special cases of spectrums of Rhaly matrices R, we
give the following examples.
n+3
2

ExXAMPLE 1. If a =
n‘+1

} then

ro(RS, bu*) = { A :;,\—%|5 %}U{l, 2,31,

and
o(Ra,bv) = { A :|A—%|g %}u{2,3}.

EXAMPLE 2. If a = (sin

th
n+1) e

1
mo(Ra, bv) = {A 1 {A-5 1<

DO | =

and

1
o(Ry,bv) = { A :|A—§|§ 5}
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