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FUZZY DIRECT PRODUCT IN FUZZY SPACES

M. AL-GHAMDI

ABsTrRACT Using the concept of fuzzy spaces, which was introduced
by Dib. The fuzzy external and mternal product of fuzzy subgroups
are defined Further it 1s obtained the relation between the introduced
concept and the direct product of fuzzy subgroups on fuzzy subsets

1. Introduction

The concept of fuzzy sets was introduced by Zadeh [8] in 1965. The
concept of fuzzy subgroups was defined by Roscnfeld [7] Anthony
and Sherwood [3] reformulated the definition of fuzzy subgroups with
respect to -norm 7'. Foster [6] introduced the product fuzzy subgroups
with respect to minimum. Abu Osman [1] reformulated the product of
fuzzy subgroups with respect to 7.

Dib [4] in 1994 introduced the concept of fuzzy spaces which is
replacing the concept of universal set in ordinary case. Using fuzzy
spaces; Dib generalized the Resonfeld-Anthony- Shorwood definition of
fuzzy subgroups. This direction was studied in many works [2,4,5,6].

In this paper, we introduce the fuzzy external and internal direct
product of fuzzy subgroups in fuzzy subspaces and their basic proper-
ties. Moreover we obtain their relation with the direct product of fuzzy
subgroups on fuzzy subgroups, given by Abu Osman.

2. Notations and Preliminaries

In this section, we shall give some notations and preliminaries that
will be used throughout this paper from [4,5].

Received November 8, 2001.



60 M. AL-GHAMDI

Zadeh in his classical paper [8] defined the fuzzy set as a function
from a set X in to the closed interval I = [0, 1]. The set IX represents
the family of all fuzzy subsets A of X.

The fuzzy space [4], denoted by (X, L) is the set of all ordered pairs
{(z,L); z€ X}, e,

(X,L)={(z,L); z€ X}

where L is the lattice of possible membership values.

The sublattice L’ of L is said to be an M-sublattice if it satisfies
that:

(1) L’ contains at least one element other than the zero element.

(ii) L’ is closed under an arbitrary times of ( supermum V) and

( infimum A) operations.

The fuzzy subspace U of the fuzzy space (X, L) is defined as U =
{(z,uz); z € Up}, where Uy is an ordinary subset X amd-u.(z € X) is
in an M-sublattice. The fuzzy subset A of X is contained in the fuzzy
subspace U if A(z) € uy, for z € Up and A(z) = 0 if x ¢ Uy and we
write A € U. The fuzzy subspace V = {(z,vz); ¢ € Vp} is called a
subspace of the fuzzy subspace U = {{z,u,); = € Up}, and we write
VcU,if (1) Vo C Up and (i) v, C uy; z € V.

Let A be a fuzzy subset of the fuzzy space (X, I). The fuzzy subset A
introduces the following fuzzy subspaces:

H(A) = {z,[0, A(z)]); = € Ao}

H(A) = {(z, {0} U [A(z),1]); = € Ao}
HO(A) = {(:1:, {0’ A(x)})’ T € AO}

where Ag is the support of A. The algebra of fuzzy subspaces U =
{(x,uz); z € Up} and V = {(z,vz);7 € V} of the fuzzy space (X, I)
is defined as follows

UV ={(z,us Uvz); z€UgUVp}

UnV = {(z,uzNvg); z € UgNVp}.
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We denote L o K, the vector lattice L x K with partial ordered defined
by:

(1) (r1,81) < (72,82) if 7y < 79,8; < 5o, where 7y, 72 € L, 51,82 € K.
(i) {0,0) = {r,s) whenever r =0 ors=0,r € L and s € K.

The fuzzy Cartestan product of the fuzzy spaces (X, L) and (Y, K) is a
fuzzy space, denoted by (X, L) ¢ (Y, K} and is defined by

(X,L)o(Y,K) = (X xY,LoK).

((z,y), LoK) is called the fuzzy element of this fuzzy space. For any two
fuzzy elements (z, L) and (y, K), we can use the notation ((z,y),L ¢
K) = (z,L)o (y, K).

The fuzzy Cartesian product of the two fuzzy subspaces U = {(, uz);
z € Upyand V = {(z,v;); = € Vp} isdefined by UoV = {({z,9), (tz, uy));
(.’E, y) € Uy X Vo}

The fuzzy Cartesian product of the fuzzy subsets A of (X, L) and
B of (Y, K} is defined by

Ao B = {((z,y), (A(:L‘),B(y))), (z,y) € Ao X Bo}

where Ay and By are the supports of A and B respectively. A fuzzy
function F from the fuzzy space (X, L) to the fuzzy space (Y, K) is
characterized by the ordered pair F = (F,{f;}), where F : X —» Y
is a function from X to Y and {f.} is a family of onto comembership
functions f; : I — I,z € X satisfymng the conditions: (i) f, is nonde-
creasing on I, (ii) fz(0) = 0 and f,(1) = 1. The action of the fuzzy
function ¥ on the fuzzy subset A is defined by

VmEF“l(y)fx(A(x))a if Fﬂl(y} 7é 0

EA { 0 it F~Yy)=0.

Every fuzzy function F = (F, f.): X — Y, which has a continuous
comembership functions f,;z € X translates every fuzzy subspace U =
{{z,uz); z € Up} to afuzzy subspace F(U) = {(y = F(x), f2(us)); ¥ €
F(Up)} iff fe(us) = for(ug) for all F(z) = F(z'). Moreover, the fuzzy
function F = (F, fz) acts on the fuzzy element (z, L) as follows
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E(z,L) = (F(z), f«(L)) = (F(x), K).

Let U and V be fuzzy subspaces of (X, L) and (¥, K) respectively.
The fuzzy function F = (F, f,} : X — Y induces a function from U to
V iff (i) F(Up) C Vo and (i1) fo(uz) = vr(y; € Up. Let (X, L), (Y, K)
and (Z, J) be fuzzy spaces.

Every fuzzy function F = (F, fpy) : X xY — Z , with onto comem-
bership functions f,, : L © K — J, defines a function from the fuzzy
spaces (X x Y, Lo K) to the fuzzy space (Z,J) by F((z,y),L oK) =
(F(z,y),J). If U,V are fuzzy subspaces of (X, L}, (Y, K) respectively,
then U o V is a fuzzy subspace of (X x Y, Lo K) and F actson U<V
as follows

F((z,us) o (4, vy)) = (F@,y), fay(ta 0 vy))

and
FUoV)={{F(z,y), foy(uz 0 vy)); (z,y) € Uo x Vo}

is a fuzzy subspace of (Z,J) iff
fay (U 0 Vy) = fary (g 0 vy) for all F(z,y) = F(x',y').

IfW = {(z,w,);z € Wy} is a fuzzy subspace of (Z,J), then F is a
fuzzy function from U o V into W if (i) F(Uy x Vo) € W (ii) fry(uz o
Uy) = wgry. U U = Ho(A),V = Hy(B) and W = Hp(C) for some
fuzzy subsets A, B and C of X,Y and Z respectively, then F translates
Hy(A)o Ho{B) into Ho(C) if F(Ag x By) C Cg and fry(A(z), B{y)) =
C(F(z,1)).

A Fuzzy binary operation is a fuzzy function F = (F, f;4) : XXX —
X with onto comembership functions f, such that fz,(r,s) # 0 iff
r # 0 and s # 0. The action of F on (z,I) o (y,I) of (X x X, Io 1) is

(z,)F(y,I) = (F(z,y), 1} = (@Fy,I).

A fuzzy space (X,I) with a fuzzy binary operation F = (F, fay)
is said to be a fuzzy groupord and is denoted by ((X,I}; F). A fuzzy
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semi-group is a fuzzy groupoid, which is associative. A fuzzy monoud is
a fuzzy semi-group, which admits an identity. A fuzzy group is a fuzzy
monoid in which each fuzzy element has an inverse.

A very important note is that to each fuzzy group ((X,I},F) is
associated an ordinary group (X, F) and they are isomorphic to each
other by the correspondence z ¢ (z,I) [4]

(U; F) is a fuzzy subgroup of a fuzzy group ((X,I); F) if the fuzzy
subspace U = {(x,uz);z € Up} is closed under the fuzzy binary oper-
ation F. (U; F) satisfies the axioms of the ordinary group of if (Uy, F)
is an ordinary group and fgy(ue,uy) = uepy for all z,y € Up.

If U = Ho(A) is a fuzzy subspace induced by A and (Ho(A); F)
is a fuzzy subgroup, then we say “the fuzzy subset A induces fuzzy
subgroups”. The fuzzy subset A induces fuzzy subgroups iff (i} (Ao, F)
is an ordinary subgroup (i) f;,(A(z}), A(y)) = A(zFy), for all z,y €
Ag If A indures fuzzy subgroups. then (H(A); F) and (H(A), F) are
fuzzy subgroups.

Let ({X,1), F) be a fuzzy group and (U; F); U = {(z, 1),z € Up},
be a fuzzy subgroup of (X, I); F). The fuzzy elements {z,u.); =z € Uy
of the fuzzy subgroup (U;F) are not necessary assoclative with the
fuzzy elements (z, [}; z € X i.e.,

(aFB)Fy # AF(BFy),

where some of A, B and v are fuzzy elements of U and the other are
fuzzy elements of (X, )

The fuzzy subgroup (U; F) of the fuzzy group ((X,I); F) is called
associative wn ((X,I); F)[5] if the fuzzy elements of U are associative
with the fuzzy elements of ((X,I); F).

If U = {{z,uz);z € Up} is a fuzzy subgroup of the fuzzy group

((X,I); I, then the left and right cosets of the fuzzy subgroup U are
defined by

(2, DU = (2, )FU = {(&Fz; fo. (I, uz)); = € Ug}

Uz, 1) = UF(z,1) = {(F; foa{uz, I)); 2 € Us}.
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The fuzzy subgroup (U; F) of the fuzzy group ((X, I); F) is called a
Juzzy normal subgroup if (5]

(i) U is an associative in ((z,1); F).
(1) (z, HNU =U(z,D);z € X.

The fuzzy subset A is called an associetive in the fuzzy group (X, I);
F) if the fuzzy subspace Hp(A) = {(z, {0, A(z)}); A(z) # 0} is asso-
ciative in ((X,I); F).

If the fuzzy subspace Ho(A) is associative in (X, I); F), then H(A)
and H(A) are associative also in ((X,I}; F).

3. Fuzzy External Direct Product

Let (X,L) and (Y, K) be fuzzy spaces, with fuzzy binary oper-
ations ¥ = (F, f;,) and G = (G, gy,) respectively. Consider the
fuzzy Cartesian product (X x Y,L ¢ K). Define the fuzzy operation
M = (M, Mgzyy) on the fuzzy space {X x Y, L o K} by using F and
G as follows:

M = (Fa G) and Mygiyy = (.fzz'1gyy’)‘
The fuzzy operation M = ((F, G}, (fza', gyy’)) acts as

(:U, YT, S)M("L‘l’ y’a 7", 3’) = ((-’L’, y)M(.’E’, y,)a (1‘, s)mu'yy' (1", 5’))
= (zFz , yGY , 7 foxrT , SGyy 8')-
Using the properties of the comembership functions fzz, gy, of the

fuzzy binary operations F and G, we notice that the functions mzz gy
satisfy the following conditions:

1. Mgoyy IS non-decreasing function:

(Ta s)ma:x'yy‘('r’a 5!) = (rf:cx"rl, Sgyy’sf) < (Tlfxm'rllv Slgyy'srl)

= (Tla sl)m:m:'yy’ (rt‘ 3,1)

if (r,s) <(r1,%) and (v, ) < (r},s}).
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2. (0,0)mggryy (0,0) =0, (1, 1)mggryy(1,1) = (1,1)

3. (7, 8) Mgy (7', 8") = (r fout!, 8Gyys’) £ 0l v £ 0,5 # 0,7 #
0 and s’ # 0;

4. Mgz gy, are onto:

(LOK)mxx’yy’(LoK) — (Lfa:a:'Lngyy'K)
—d (L’ K) = LOKV

Therefore mzq,, satisfies the conditions of the comembership func-
tions of the fuzzy binary operations. Hence if F = (F, fzz) and
G = (G, gyy) are fuzzy binary operations on (X, L) and (Y, K) re-
spectively, then M is a fuzzy binary operation on the fuzzy Cartesian
product (X x Y, Lo K) and we write M = Fo G = ((F,G), Mgz yy)-
Therefore we can introduce the following:

DEFINITION 1. For every fuzzy groupoids ({(X, L); F') and ((Y, K); G),
there 1s a fuzzy groupoid ({(X x Y,L ¢ K); M), where M = F o G,
that called the external fuzzy direct product of the two fuzzy groupords
(X,L);, E) and ((Y,K);G). We shall write

(X, Ly By o (Y, K} G) = (X, L) o (Y, K}, E0 G).

Using the above definition and the properties of the fuzzy binary op-
eration I o (7, it is interesting to have the following

THEOREM 1. If ((X,L); F) and ((Y,K),G) are fuzzy groups, then
the external fuzzy direct product ((X,L); F) & ({Y,K);G) s a fuzzy
group, which s wsomorphic to the group of the ordinary external direct
product of the two groups (X, F) and (Y, G) by the correspondance

((z,9), Lo K) & (z,y).
The proof of Theorem 1 is directly obtained 1f we notice that
((z,y), Lo K)M((z',y"), Lo K) = ((xFz',yGYy'), L o K)

Let U = {{z,uz)iz € Up} and V = {(z,uz);x € Vu} be fuzzy
subspaces of the fuzzy groups ((X,L); F) and ((Y,K),G) respectwely
(where F = (F, F.;)) and G = (G, g5,)).
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THEOREM 2. If (U; F) and (V;G) are fuzzy subgroups of the fuzzy
groups ((X,L); F) and ((Y, K); G) respectively, then the external fuzzy
direct product of the fuzzy subgroups

(UiE)e (V;G) = (UoV,E0G)
is a fuzzy subgroup of the external fuzzy direct product of the groups
(X Ly E)® (VK G) = (X xY,LoK); FoG).

Proor. To prove Theorem 2, using {4] and Theorem 1, it is suffi-

cient to prove that
(i) Up X Vp is an ordinary subgroup of (X x Y, F x G)

(ii) (ux;vy)mmx'yy’(u;n”;) = (UpFz', VyGy )-
Since (U; F) and (V; G) are fuzzy subgroups of the fuzzy groups ((X, L);
F) and ((Y. K): G) respectively, then we have

ay) (Ug, F) is an ordinary subgroup of (X, F)

3'2) ua:Fum' = UgFz’
and

b;) (Vo, G} is an ordinary subgroup of (Y, G)

b2) vy Gyy vy = vyGy'-
From a;) and b;), it follows that Uy x V; is an ordinary group of
(X x Y, F x G) which proves (i). From a;) and by) it follows that

('U':m Uy)mzz"yy’ (uz’1 'Uy’) = (uﬂfl‘iﬂ' Uz, ‘vygyyrvy:)
= (uxF:c'a UyG’y')

and (ii) is proved.

If the fuzzy subset A induces fuzzy subgroups in the fuzzy group
((X, L); F), it means that the fuzzy subspaces Ho(A), H(A) and H(A)
are fuzzy subgroups relative to the fuzzy binary operation F.

THEOREM 3. If A and B induce fuzzy subgroups in ((X, L), F)
and ((Y, K);G) respectively, then A o B wnduces fuzzy subgroups in
the external fuzzy derect product ((X,L); F) ® ((Y,K);G). Moreover
(Ho(A); F) @ (Ho(B); G) = (Ho{A 0 B); HoG).
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PROOF. Let A, B be fuzzy subsets, inducing fuzzy subgroups in
({(X,L); F) and ((Y, K); G) respectively. Then (Ho(A); F} and (Ho(B);
G) are fuzzy subgroups of ((X,L); F) and ({Y, K); G) respectively
( Simillarely H(A), H(A)}, H(B) and H(B) can be considered). From
Theorem 2, we have

(Ho(A); E) ® (Ho(B); G) = (Ho(A) © Ho(B); F.0 G)
= (Ho(A o B); FoG).

COROLLARY 1. If A, B are fuzzy subsets, inducing fuzzy subgroups
i ((X,L); F) and ((Y, K); G) respectively, then
H(A)® H(B) = H(A+ B)
H(A)® H(B)= H(AoB)

ExAMPLE 1. Consider the fuzzy group ((X,I);EF), where X =
{1,-1,2,—¢}, 2 = -1, I =[0,1] and F = (F, fzy), where F is the
usual multiplication and fq{(r, s} = /f(r)f(s), where

(& 0<t<0.2
1_“_3_2E’ 02<t<0.25
HOER: "_51‘+§-t, 0.25 <t <03
2 0.3 <t < 0.85
_5.1+?t, 0.85 <t <09

[ & 09<t<1

it is easy to verify that ({X,I); F) is a fuzzy group. If we use the
notation A = < Uy, r > to define a fuzzy subset A{z) = r; z € Uy and
A(z) = 0; z ¢ Us. Then it is easy to see that the fuzzy subsets

A=<{1,-1},0.2 >



68 M. AL-GHAMDI

and
B=<X,05>

induce fuzzy subgroup in ((X,I); F). According to the above corol-
lary, the fuzzy subset A x B =< {1,-1} x X,(0.2,0.5) > induces
fuzzy subgroups in the external fuzzy direct product of the fuzzy group
(X, D), F) with itself.

The external product of ordinary groups has many properties, which
can be extended to the fuzzy case. Let ((X, L); &) and ((Y, K); G) be
two fuzzy groups. Denote by X = X x {f} and ¥ = {e} x Y, where ¢, f
are the identities of the ordinary groups (X, F) and (Y, G) respectwcly
The proof of the following theorem can be obtained straight-forward:

THEOREM 4. If (X,L); FY& (Y, K); G} 15 the external fuzzy direct
product of the fuzzy groups ({X,L); F) and (Y, K); G), then

(1) (X I%:M) and (¥, ) M) are fuzzy subgroups of the ({X, L),
F) e (v, K) G).

(ity ((X,J}; M) and ((Y,J}; M) are associatwe n ((X,1); F) @
(Y, K}, G).

(iii) Fach element of (X, J) commuts with each element of (Y, J).

(iv) (X, )N (Y, ) = {({e, ), ])}

(v) each element of ((X x Y,J); M) can be umitten as the summa-
twon of an element of (X,J) and element of (Y,J) and this
representation s unique.

Therefore

((z,9),J) = ((z, f), HM((e,y),J),

where J = Lo K.

From the above theorem, the fuzzy group ((X,L); F) can be embeded
wn the external fuzzy direct product ((X,L); F) & ((Y,K);G) by the
correspondence

ix = (ex,42) 1 (X, L) » (X x Y, J),

where
ix : X=2>XxY; ix(z)={(z,f); z€ X
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i I = J; i (r)=(rr), rel, z€X,

and f is the identity element of (Y,G). ix 15 called the fuzzy natural
igection of (X, L) wto (X x Y, J).

Svmalarly (Y, K) 1s embeded in (X x Y, J) by the fuzzy natural injec-
tion

iy = (ty,1y) (Y, K) 2 (X x Y, J);
w Y 5 X xY; iy(y) = (e,y)
1wl = J; ,(r)=(r71)
where e 1s the 1dentity element of the group (X, F).
The fuzzy projection of (X x Y, J) on (X, L} 1s defined by
Oy = (Ilx,7) : (X x Y, J) > (X, L),
where
Ox : X xY =X, n.(z,y) =2
Tz, = Ly 7w (r,s) = /s
Swmalarly the fuzzy projection of (X x Y, J) wnto (Y, K) s defined by

I, : (X xY,J) = (Y, K),
Iy : X xY = Y; Iy(z,y) =y,
Ty 1 J = K; wy(r,s) = \/Ts.

Foster 1n [6] introduced the concept of product fuzzy subgroups.
Abu Osman in [1] generalized this concept using the t-norm T and he
obtained the following result;

THEOREM 5 [1]. Let G1,G2 be groups and G = Gy x Gy be the
external direct product of G, and Gy. Let py be a (classical) fuzzy
subgroup of G1 and us be a classical fuzzy subgroup of Go unth respect
to T. Then p = j11 X po 18 a classical fuzzy subgroup of G wnth respect
to T, where pu(x1, x2) = T(u1(z1), pa(x2)).

Now we show that this result can be embeded in our fuzzy external
direct product.



70 M. AL-GHAMDI

LEMMA 1. 1. Any fuszy subset C : Gy x Gy — I can be embeded as
a fuzzy subset C* : G1 x Gy — J as C*(z,y) = (C(z,y),C(x,y)).

2. If g1 : Gy — I and pg : G2 = I are classical fuzzy subsets of Gy
and G respectwely. Then, for C = py X g, C* is classical J -fuzzy sub-
group of the group G1xGs. Since C*(zy,25) = (C(x1, x3), (Clzy, 72)) =
(T'(p1(z1), pa(z2)), T(pa(z1), (a(z2)))-

Let £ = (z1,72), y = (y1,y2) where z1,y1 € Gy and 2, ys € Go. Then
using Theorem 5

C*(zy™) = (Clay™),C(zy™"))
> (T(u(z), 1)), T(pel2), uy))) = T* (1), 1(y))-

4. Internal Fuzzy Direct Product

Let ((X,I); F) be a fuzzy group and U = {(z,u;);z € Up} and
V = {(z,v:); =€ Vy} be fuzzy subspaces.

DEFINITION 2. Let (U; F) and (V; F) be fuzzy subgroups of the
fuzzy group ((X, I); F) where F = (F, fs,). Then U and V are said to
have fuzzy internal product if (i) W = UFV = UV is a fuzzy subgroup
(i) the correspondence S : U @ V — W; where (x,us)S(y,vy) =
(zFy,uz fryvy) is 2 homomorphism. And we write W = U O V.

Using Theorem 4 and Definition 2, we get the following result.
THEOREM 6. If the fuzzy groups U and V have the wnternal fuzzy
product G = U OV n the fuzzy group ((X,I), F), then
(i) U and V have the same identity element

E = (ee;) and UNV = {E}.

(ii) Pach fuzzy element of U commutes with each fuzzy element of
V.

(iii) The collection of the fuzzy elements of U and V is associative.

(iv) Fach fuzzy subgroup (U or V) is associative mn G.

(v) Each element (z,9,) € G can be written n o unique wey:

(Z,gz) = (ma ux)E(y’ 'Uy) :(xpy,uxfxyvy)'



FUZZY DIRECT PRODUCT IN FUZZY SPACES 71

COROLLARY 2. If the fuzzy subgroups U and V' have fuzzy internal
product U © V,then

(1) uzNv; ={0} forallz € X and z # e.
(il UCc G andV C G.

It is interesting to notice that some essential reasulls for the internal
product in the ordinary case are still true for the fuzzy case.

THEOREM 7. If (X, I);F) = U ©V, for some groups U and V,
then U and V are fuzzy normal subgroups.

ProoF. Using Theorem 5 and the known properties of homomor-
phisms we get:
1. U( and V) is associative in ((X, I); F).
2. The collection of fuzzy elements of U and V is associative.
3. For every fuz7y elements of u € U and (z,]) € (X,I) we have:

fro TN anmn exeeey tie In o iMoo aa
\L, 2} Cadiz bHe WT £11 1N 4 UnGué-way aa

{z,I) = woLvo
for some ug € U, vy € V, then for any u € U we get
(z, I)Fu = (uoFvo) Fu = uoF(voFu) = uoF (uFvo)
= ((woFu)Fug ") E(ugFuvo) = w E(x, I).

ie.,

(z, U = U(z, I).

From 1,2 and 3, it follows that U is normal fuzzy group in G.

THEOREM 8. If U and V are fuzzy subgroups of the fuzzy group
({(X,I); E), for which

(i) UNV = {(e,ue)}, where {e,u.) is the a common identity be-
tween U and V.
(i) UFV = (X, I).
(iii) The collection of fuzzy elements of U and V' 15 assocratwve.
(iv) U and V are normal fuzzy subgroups.

Then U,V have an inner product and U OV = (X, I).
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Proor. Any fuzzy element (x, I) can be written in a unique wa.y as
(z,I}) = uv; u € U,v € V. Since if uv = uyv;, then vjo~! = v luy =
(e, ue). It follows u = u; and v = v;.

Define H : (X, I) 2 UoV

H(z,I) = (u,v) where (z,I) =uFv.

This function is well defined by the previous discussion, which also
shows that H is one-to-one correspondance. To prove the theorem it
is sufficient to show that H is an isomorphism. H is a homorphism
between the two fuzzy groups ((X, I); F) and UoV : Let (z1, ) = w1ty
and (z9, 1) = uyvs. Then (zy, I){z2, I) = uyviusvs. Now we show thar
MUz = ug¥; for every ug € U and v; € V. Since (vlugvl'l)ugl c U,
since U is normal and vi(usvy'us') € V since V is normal. But
UNV = (e, u.), then vluzvl_luz'l = (e, U}, 11Uy = uav). Therefore

H((z1, F(x2,I)) = F(uiviuzv2) = F(uiuzvivz)
= (w2, v1v2) = (w1, v1 H{uz, v2)
= H(.’EI,I)EH(xz,I)

Theorem is proved.

Let A and B be fuzzy subsets, inducing fuzzy subgroups. As shown

in {5] the fuzzy subset A induces fuzzy normal subgroups if H{A) is a

fuzzy normal subgroup. If ((X, I); F) is a uniform fuzzy group, where

F = (F, f)and f is a t-norm, then H(A) is a fuzzy normal subgroup if
(i) (Ao, F) is an ordinary normal subgroup in (X, F).

(i) A(zFy) = f(A(x), A(y)); =,y € Aq.
(i) A(z) = A(2') for all F(z) = F(2).

DEFINITION 3. If A, B are fuzzy subsets of the uniform fuzzy group
({X,I); F) with t-norm comembership function, then we say that A, B
induce inner fuzzy product if (X,I) = H(A) ® H(B).

Theorem 6 can be reformulated for the fuzzy subsets, which induce
inner fuzzy product as follows
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THEOREM 9. If G s a fuzzy subgroup, with e uniform fuzzy binary

operation, having t-norm comembership function; and A, B are fuzzy
subsets which induce 1 G nner fuzzy product, then

(i) H(A), H(B) have the same dentity element i.e., A(e) = B(e).

(iiy zFy = yFz and A(z)fB(y) = B(y)fA(z), for allz € Ao, y €
By.

(iii) A(z)- B(x) =0 for all z € X.

The author takes this opportunity to thank K. A. Dib for his dis-

cussions and interest in the work.
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