East Asian Math. J. 18(2002), No. 1, pp. 111-125

SOME FAMILIES OF INFINITE SERIES SUMMABLE
VIA FRACTIONAL CALCULUS OPERATORS

SHIH-TONG Tu, PIN-YU WANG AND H. M. SRIVASTAVA

ABSTRACT. Many different families of infinite series were recently ob-
served to be summable 1n closed forms by means of certain operators
of fractional calculus (that is, calculus of integrals and derivatives of
any arbitrary real or complex order}. In this sequel to some of these
recent investigations, the authors present yet another instance of ap-
plications of certain fractional calculus operators Alternative deriva-
tions without using these fractional calculus operators are shown to

lead naturally a family of analogous infimite sums involving hypergeo-
metric functions

1. Introduction and Definitions

The subject of fractional calculus (that is, calculus of integrals and
derivatives of any arbitrary real or complex order) has gained consid-
erable importance and popularity during the past three decades or so,
due mainly to its demonstrated applications in many seemingly diverse
fields of science and engineering (see, for details, [5], (7], and [16}). Var-
ious operators of fractional calculus are indeed found to be useful in
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such areas of mathematical analysis as (for example) ordinary and par-
tial differential equations, integral equations, summation of series, ef
cetera.

One of the most frequently encountered tools in the theory and ap-
plications of fractional calculus is furnished by the Riemann-Liouville
fractional differintegral (that is, fractional derivative and fractional in-
tegral) operator D¥ of order u, defined by (¢f., e.g., [15], [16], and [19])

DP{f(2)} := { I‘_("—Lm foz(z =) QAC (R(p) < 0)
’ A= D f(2)} (m—1 <R < m(; m)e N),

1.1

provided that the integral in (1.1) exists, N being (as usual) the set

of positive integers. In many recent works (see, for example, {10], [11],

[12], {22], and [23]}, dealing with the summation of series by means of

fractional calculus, an essentially equivalent differintegral operator N¥

(v € R) was employed fairly successfully. We choose first to recall here

the definition of this fractional differintegral operator N} as follows:

DEFINITION (cf. [8], [9], and [21]). If the function f(z) is analytic
(regular) inside and on C, where

= {c-,c*},

€~ is a contour along the cut joining the points z and —oo + 13(z),
which starts from the point at —o0, encircles the point z once counter-
clockwise, and returns to the point at —oo, C*t is a contour along the
cut joining the points 2z and oo + i3(z), which starts from the point
at 0o, encircles the point z once counter-clockwise, and returns to the
point at oo,

Ny =T [«

(veR\Z™; Z~ :={-1,-2,-3,...}) (1.2)

and

NI} = lim (VS (neN), (13)
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where ( # z,

—mSarg{(—2)<w for C7, (L.4)
and

0<Sarg(C—2)<2n for CY, (1.5)

then N?{f(2)} (v > 0) is said to be the fractional derwative of f (2)

of order v and N} {f (2)} (v < 0) is said to be the fractional integral
of f (2} of order —v, provided that

W {f(@)Hl <o (v€R). (1.6)

For the sake of completeness and ready reference, we find it to be
worthwhile also to recall here each of the following potentially use-
ful lemmas and properties associated with the fractional differintegral
operator N/ which is defined above (see, for details, [8] and [9]).

LEMMA 1 (Linearity Property). If the functions f(z) and g(z) are
single-valued and analytic in some domain Q C C, then

NI f (2) + hag (2)} = N {f ()} kN {g (2)} (v e Rz €Y

(1.7)
for any constants ky and k.

LEMMA 2 (Index Law). If the function f(z) is single-valued and
analytic i some domain Q C C, then

Ny NE{F (@Y = NEY{F (2)} = NENY {F ()] (1.8)
WVE{F ()} #0; N {fF(D)}#0;, prveR zeQ).

LEMMA 3 (Generalized Leibniz Rule). If the functions f (2) end
g (2) are single-valued and analytic in some domain Q C C, then

N 9@ =2 (DA @) g ) ek ze),
n=0
(1.9)
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where g™ (z) 1s the ordinary derwatwe of g (2) of order n (n € Ny :=
N u{0}), #t being tacitly assumed (for ssmphcity) that g (2) is the poly-
nomaal part (if any) of the product f (2) - ¢ (z).

PRrOPERTY 1. For constants ¢, A, and v,
NY {(z - c)A} =e " 2(3:_)0 (z—)*™" (1.10)
(weR; ¢,z€C; c# 2z [Ty —A)/T(=}A)] < o0).

PROPERTY 2. For constants ¢ and v,
Ty
NV { vl . _ €
z (Z ) I\( )

(veR; ¢,z€C; c# 2 |T{(v)] <o0).

log (z — ¢) (1.11)

PROPERTY 3. For constants ¢ and v,
Ni{log(z—¢c)} = - "™ T (¥} (z— ¢} (1.12)
(vER; ¢,z€ C; c¢# z; |I'(v)] < o0).

The main object of this sequel to the aforementioned recent works
is to present yet another instance of applications of the fractional dif-
ferintegral operator N¥. We also show how such infinite sums can be
extended naturally to a family of analogous infinite sums involving
the generalized hypergeometric ,F, function with p numerator and ¢
denominator parameters, defined by (cf. [3, Chapter 4])

B, 1 Bas

(@1)e - (ap)k 2*
z (ﬁl ‘(ﬁq)k k!

Q1,4 Ap;
qu(al,... ,ap;tﬁh'“ )5(1;'2): PF‘I Z
(1.13)
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(1,g€No; pSg+1; pSgand |2 < oo
p=g+1land|z|<1; p=g+1, |z| =1, and R(w) > 0),

where {and mn what follows) (), denotes the Pochhammer symbol {or
the shifted factorial, since (1) = k! (k € Np)) given by

N '_I‘(/\+k)_{l (k=0;A#0)
ETUTOY T AAQ 4D (0 +k—1) (keN)

(1.14)
and

q P
W= Z’BJ —2043 (B, €Zy : =2 U{0};3=1,...,q). (1.15)
=1 1=1

Just as in some other earlier works (cf, e.g., (1], {2], [6], [13], {14],
and [18]), we also indicate alternative derivations of these families of
infinite sums without using fractional calculus operators.

2. Applications of the Fractional Differintegral Operator

First of all, in view of the familiar expansion formula:

o~ (=1
log (1+2) = —— F (2] < 1), (2.1)
k=1
we readily obtain
21 (a-c\* z—-c
Z z ( ) = log ( > (2.2)
— z—c z—a

(2,¢,a€C; z#¢; z#a; (a—c)/(z—c)]<1).
Now we multiply both sides of {2.2) by (z — &)™ {m € Ng) and operate

upon each member of the resulting equation by the fractional differin-

tegral operator A/¥. Making use of the generalized Leibniz rule (1.9),
we thus find that

oo

> _,f)k i (}’)N:-‘ CEr T ACEDS

k=1
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-3 () (32

which, upon applying the fractional differintegral formulas (1.10) and
(1.12), yields our first result in the form:

Dbatie-om. e

Sa(E) T ()

SO CE)ED) T e
(meNg; z#a; z#b z#¢ |(a—c)/(z—0)| <1; v ¢No).
Next, since {3, p. 102, Equation 2.8 (15)]

log(1+2)=2 ,F(1,1;2;,~2) {2.5)

in terms of the Gauss hypergeometric function defined by (1.13) unth,
of course,

P"1=q=1,

we consider the following immediate consequence of the definition (1.13):
Z (o1)_y (@) 4 (a—c) Ak
(k =11 {Br)goy - (Badgoy \2— ¢

A+1 .
a— x1,...,0p5a—C
=( c) qu{l P _C} (AeC), (26)

z—¢ By Bg; 2

which, in the special case when

p~1=¢g=1 (acy=az2=1; 1 =2) and A=0, (2.7)

reduces at once to the expansion formula (2.2).
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By appealing to the fractional differintegral formula (1.10) once
again, it is fairly easy to show, for constants ¢, A, and g, that

N:{( ~ o ,F, ‘;t,'.'_,ﬁq,w—c)}}
— TV P(V_A) A—v )\+1,0£1,.-.,04p; _
Ty ¢79 pHFqH[)\—-u%—l,ﬁl,...,ﬁq;“(z C)}
(2.8)

(vER, pe,z€C; ek 2z [T(w—X)/T(-X)| <o0; A—v ¢ Z7)

and
v _ A al,...,ap, )
Nz {(Z C) pFQ‘:ﬂl’“"ﬂq;z_c]}

— p—try F(V_’\‘) A—v V_Aiali"‘)ap; 22
=e F(—A) (z C) p+1Fq+1{ “/\)ﬁl,---,ﬁq;z

(2.9)
(WER; p,c,2€C; cz; [Tw-A)/T (=X <oo; Aé¢ Np).

The above-detailed method of derivation of the summation formula
(2.4) wa the fractional differintegral operator N can be applied mu-
tatis mutandss, using (2.6) and (2.9) instead of (2.2) and (1.12), respec-

tively, in order to obtain the following generalization of the summation
formula (2.4):

(al)k_l T (ap)k_l

2 (k=D O+ Dy (Blpr - Ba)ns (Z:)k
S (1) (-5

:‘::E i(?)(u—l—l—l),\(—i:zy

Mz
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V"*_A_l_*'l)al)"' @pya—c¢
P+1Fq+l[ ’ ] (2.10)

A+1’Bli"‘ 1ﬁq;z_c

(meNg; 2#a; 24 b z#¢; [(a—c)/(z—¢)|<1; vENg; A¢Z7),

In its special case when the constraints in (2.7) are satisfied, the
summation formula (2.10) would reduce to (2.4}, since [17, p. 462,
Entry 7.3.1.125]

oF1(1,b:2;2) = [(1 —)th 1] (2.11)

1
b-1)z
b#£1;, 0< 2] <1).

On the other hand, by applying (2.11) as well as the Chu-Vandermonde
theorem {17, p. 489, Entry 7.3.5.4):

oFy (—n,byc; 1) = (C(:—)b)" (neNy; cgZg), (2.12)

the simpler summation formula (2.4) with

b=c and v=m+1 (and m+—n) (2.13)

yields the sum:

i (k—l)w(knn)(::Z)kzn!(“—c)nH (2.14)

zZ—a
k=n+1

(n€Np; z#¢; 2% a),

which can indeed be proven directly by first letting k — k£ +n + 1
(n,k € Np) and then using the binomial expansion:

1Fo (A i (k_ F=(1-2)"* (MeC |z <1).  (2.15)
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We choose to leave, as an exercise for the interested reader, each of the
aforementioned derivations of {2 14) directly and as a special case of
the summation formula (2.4) under the constraints given by (2.13).

3. Remarks and Observations

A closer examination of each of the summation formulas (2.4) and
(2.10) would reveal the fact that these results can be derived alter-
natively (and more simply) without using the fractional differintegral
operator NY. While the summation formula (2.4) is a rather straight-

forward consequence of the binomial expansion (2.15) in its equivalent
form:
(A)

o o]

Yo F=(1-2)T -1 (MG 2 < 1), (3.1)

k=1
the general result (2.10) is derivable directly from the definition (1.13).
As a mavver of fact, for suitably bounded single and double sequences
{An}o2g and {Bmn}p .o Of essentially arbitrary real or complex pa-
rameters, we readily obtain

oo k m {
— m\ (v —1 z2—cC
S ae (225) 2 (7) 0 e v (15)
k=1 =0
m {
a—=c¢C m Z—C
= Z(I)(V_l+1)'\(~z~b)
=0
oo a—c k
Z(V-{—)\—l**‘l)k Ak Bk+1’1 (Z—C) (32)
k=0

(meNy; 2#a; z#b; z#¢; a—c)/{(z-¢c)|<1; vENy),

provided that each member of (3.2) exists.

The summation formula (2.4) follows immediately from (3.2) when
we set

Ak = __1_ (k € NO) 3 Bm,n =1 (m:n € NO) 3 and A= 0,

k+ 1 5.3
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and apply the reduction formula (2.11) on the right-hand side of (3.2).
In order to deduce the summation formula (2.10) as a special case of
(3.2}, we simply set

_ (al)k"'(al’)k n _ -
A= T+ 1), By (B, €T 20 B =1 EZL)

and appeal to the definition (1.13) on the right-hand side of (3.2).

Next we recall the following known reduction formula for a gener-
alized hypergeometric function defined by (1.13) {17, p. 572, Entry
7.10.1.1):

’\)ﬂ'la“-:pr; -
F, zi = Fy (A prspe + 152
r+1 r{u1+1,...,ur+1; ;2 1( s My B 3 )

T rd Y
M) 55
s=i(pk) M1 T HE

(1 €255 py £ o 37k S k=1,...,7; |2l <1).

For the Hurwitz-Lerch Zeta function ®(z,s,a) defined by (c¢f. {3, p.
27, Equation 1.11 (1)}; see also {20, p. 121, Equation 2.5 (1))

(3.6)

(a€e C\Zg; s€ C when |z{<1; R(s)>1 when |z= 1),
it is easily observed that {20, p. 123, Equation 2.5 (16)]

®(z,1,a) =a oF1 (1,a;a+1;2) (Jz] <1). (3.7)

Thus, in its special case when X = 1, the reduction formula (3.5) as-
sumes the form:

1,}11,~~~ s Hrs

F
+1
T L. e+ Y

Z:\ = (ﬂl"‘ﬂr)zé(‘z!l:#k)
k=1
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r

[T {t-m} (3.7)

i=1j#k)
(s $ Zgs 1y # s §# Kk G k=1,...,7; |2] <1),
which, for g; — p;, +1 (3 =1, .,r), immediately yields

oC k—l r T
Z k+ k+ :Z@(Z,l,ﬂ:k‘*‘l) H {(lu'.’)‘_p’k)—l}
k:l ) fir) k=1 3=1(3%k)
(3.8)
(“J ¢ Z—! )U'J %ﬂk; 3'7éks J,k=1, » Ty Izi < 1) .
In particular, since [17, p. 463, Entry 7.3.1.135]
n ( n—1 Zk
2F1(1,n;n+1;z):—;1- ‘\log(l—z)+zf (neN; |2/ <1)
k=1
(3.9)

or, equivalently,

& (z,1,n) = —— (1og(1—z>+"z k) (neN; |zl <1), (3.10)

each of which corresponds (for n = 1) to the familiar relationship (2.5),
upon setting

#szj (mJeNO;le,...,r)

in the summation formula (3.8), we get

U N NS )
==Y 2™ (log(l—2)+ ) —
k=1 (k+ma)---(k +m) k=1 (=1 {

fl {(m, - mi)™} (3.11)

3=1(3#k)

(m;, € No; my #my; 12k 3,k=1,...,7r; |2{ <1).
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By appealing to the easily verifiable identities (3.9) and (3.10}, the
summation formula (3.11) can be proven directly in a rather elementary
way. In much more general settings, the case z = 1 of the infinite series
occurring on the left-hand side of (3.11) was considered earlier by Al-

Saqabi et al. [1] and Wu et al. [24] (see also Aular de Durdn ef al. [2]).
Furthermore, if in (3.11) we set

r=n+1 and mj=j-1 (F=1,...,n+1),

and multiply each side of the resulting equation by 2", we obtain

oo zk+n n41 - z‘
Z = E: n—k+1
fakkr1)- (k) & (k’g(l—m}h)

k=1 =1
n+1l
[ ey 12l < 1) 3.12
l‘." 7 ’ \ w7 /3
1=1{(3#k)

which provides a virtually simpler version of the ma:n result in a recent
paper by Tu et al. [22, p. 6, Theorem 2|. Closed-form expressions for
infinite series of the type occurring in (3.12) can also be found to be
listed by Hansen [4, p. 174].

Finally, we remark that some interesting extensions of the straight-
forward consequence (2.14) of the binomial expansion (2.15), especially
when n = 2 and n = 3, were derived recently by Wang et al. {23] na
the fractional differintegral operator A/ in a manner which we have
already illustrated fairly adequately in the preceding section.
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