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MULTIPLICATIVE HYPER IS-ALGEBRAS
WoN KyYuN JEONG

1. Introduction

The notion of BCK-algebras was proposed by Y. Imai and K. Iséki
in 1966. In the same year, K. Iséki [I} introduced the notion of a
BCl-algebra which is a generalization of a BCK-algebra. In 1993, Y.
B. Jun et al. [JHR] introduced a new class of algebras related to
BCl-aigebras and semigroups, called a BCI-semigroup. In 1998, Y.
B. Jun, X. L. Lin and E. H. Roh [JXR) renamed the BCI-semigroup
as the IS-algebra. They found the necessary and sufficient condition
that an IS-algebra X is an IG-algebra. Y. B. Jun, E. H. Roh and X.
L. Lin [JRX] characterized the Z-ideals in an IS-algebra and gave a
description of the element of the left (resp. right) Z-ideal generated by
the union of left (resp. right) Z-ideals A and B in an [S-algebra, which
is a generalization of [AK, Theorem 2.5]. They also proved that if an
IS-algebra is finite, then every Z-ideal is closed.

In this paper, we define multiplicative hyper IS-algebras. A neces-
sary and sufficient condition for a strongly distributive hyper IS-algebra
to be an IS-algebra is stated. We also show that every unitary strongly
distributive hyper [S-algebra is an 1S-algebra.

DEFINITION 1.1. A BCI-algebra is an algebra (X; *,0) of type (2,0)
is satisfying the following axioms for all z,y,2 € X :

(2) ((x*ry)*x(z*2)) *x(2xy)=0
(b) (xx{z*xy)*xy=0
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(¢) z+x =0
(d) zxy=0and y»z =0 imply z = y.

For any BCl-algebra X, the relation < defined by z < y if and only
if z *y = 0 is a partial order on X.

A BCl-algebra X has the following properties for all z,y,z € X:
(1) z+x0=2z

(2) (zxy)rz=(zx2)xy

(3) x<yimpliesr+z<yxzand 2xy < z*z.

DEFINITION 1.2. A non-empty subset I of a BCI-algebra X is called
an wdeal of X if it satisfies

(1) 0e1,
(2) x+yelTandye limplyz el

It is well known that an 1deal I of a BCI-algebra X need not be a
subalgebra.

DEerINITION 1.3. ([JXR]} An IS-algebra is a non-empty set X with
two binary operations “+” and “” and constant 0 satisfying the axioms

(1) I{X):= (X, *,0)} is a BCI-algebra.

(2) S(X):=(X,-) is a semigroup.

B)z-(yrxz)=(x-y)x(z-2)and (z*xy) - z=(z-2) *x(y- 2) for
all z,y,2z € X.

LEMMA 1.4. ([JHR]). Let X be an IS-algebra. Then we have

1) 0-z=2z2-0=0,

(2) x <y wmphes thatz-2<y-zandz-xz < 2-y,
forallz,y, z€ X.

DErFINITION 1.5. (J[AK]) A non-empty subset A of a semigroup
S(X) = (X,-) is said to be left (resp. right) stable if z-a € A (resp.
a-z € A) whenever x € S(X) and a € A. Both left and right stable is
two-sided stable or simply stable.
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DEerFINITION 1.6. ([JXR]) A non-empty subset A of an IS-algebra
X is called a left (resp. right) I-wdeal of X if

(1) Ais a left (resp. right) stable subset of S(X),
(2) for any z,y € I{X), z xy € A and y € A imply that z € A.

Both a left and right Z-ideal is called a two-sided T-ideal or simply
an Z-ideal. It is clear that if A is a left (resp. right) Z-ideal of an
IS-algebra X, then 0 € A. Thus A is an ideal of I(X) := (X, *,0).

2. Multiplicative hyper IS-algebras

DEFINITION 2.1. A multiphicative hyper IS-algebra is a non-empty
set X with a binary operation “*” and a hyperoperation “-" and
constant () satisfying the following axioms :

(i} I{X) := (X, *,0) is a BCl-algebra,

(ii) multiplication is a hypevoperation - 1 X x X — Pu(X), where
Po{X) is the power sct of X with the cmpty set removed, such
that - is associative,

(i) forall z,y,z € X, z-{yx2) C(z -y)*(z-2) and (z*xy) -2 C
(z-2)=(y-2).

If in (iii) both containments are equality, we say that the multiplica-
tive hyper IS-algebra is strongly distributwve. All hyper IS-algebras in
this paper will be multiplicative hyper IS-algebras and will be strongly
distributive only if explicitly stated.

First, we prove the following.

THEOREM 2.2 In a strongly distributwe hyper IS-algebra X, we
have D€z -0 and 0 € O~ 2 for everyz € X.

PROOF. We obtain that -0 =z -(z*z) =z -z xx -z, for every

z€X. Thus 0 € 2 -0, for every z € X. Similarly, we have 0 € 0 - z,
foreach z € X

The above theorem is not true if the hyper [S-algebra is not strongly
distributive, as is shown by the following example.
Example 2.3. Let (X, *,-0) be an IS-algebra such that |X| > 1.
Define hypermultiplication as zey = X —{0}, for every z,y¥ € X. Then,
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by routine calculations, we can check that (X, *, ¢, 0) is a multiplicative

hyper IS-algebra but not strongly distributive. For every z € X, we
have 0 g x e =0ez.

In the following theorem, we find the necessary and sufficient con-
ditions for the hyper IS-algebra to be an IS-algebra.

THEOREM 2.4. Let X be a strongly distrebutive hyper IS-algebre.
Then the following are equivalent :

(1} X is an IS-algebra,

(2} |z-y]=1 for everyz,y€c X,
(3) |lz-0] =1 foreveryz € X,
(4) [0-z| =1 for everyz € X,
(5) 10-0] = 1.

PRrROOF. We only prove that (3} = (2), (5) = (4) and (5) = (3).
Other cases are straightferward.

(3)=(2): Let z,y e X. Thenz-0=z(y*xy) = (z-y)x {2z y).
Assume that a,b€ z-y. Thenaxb,bxa € z-0. Since z-0 = {0}, we
have a *b = 0 and bxa = 0. Hence, a = b. Thus, x -y is a singleton
set, i.e, |z -y| = 1.

(5) = (4) : Assume that [0-0|=1. Ifr e X,then0-0 =0-(z*z) =
(0-z) % (0-z). Let us suppose that a,b€0-z. Thenaxb bxa€0-0.
It follows from 0-0 = {0} that e xb =0 and b xa = 0. Thus, a = b.
So, we have [0-z| = 1.

(5) = (3) : Similarly, if {0-0| =1, then |z-0] =1, for each z € X.

THEOREM 2.5. Let X be a strongly distributive hyper IS-algebra.
Then 1t is an IS-algebra if and only if there exists an element x in X
such that |z - 0] = 1.

PRrOOF. Necessity is obvious. Conversely, assume that |z -0} =1
for some x € X. If £ = 0, then we are done by Theorem 2.4. Suppose
that z # 0. Then 0-0=(z*z)-0= (z-0)* (z-0). But z-0 = {0}
by Theorem 2.2. Hence (z - 0) * (x - 0) contains only 0 * 0 = 0. Thus
|0-0] = 1 and in view of the equivalence in Theorem 2.4, X is an
IS-algebra. This completes the proof.
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Clearly the proof from Theorem 2.5 is valid if we replace [z-0| =1
with |0-z| = 1. To show that the above Theorem is not valid in general
if X is not strongly distributive, we give the following example.
Example 2.6. Let X = {0,a,b,c}. Define x-operation and multipli-
cation “” by the following tables

* 0 a & ¢ . 0 ¢ b ¢
0 0 a b ¢ oo 0 0 O
a a 0 ¢ b al 0 a b ¢
b b ¢ 0 a b 0 a b ¢
¢ ¢c & a 0 c 0 0 0 O

Then we can easily check that X is an IS-algebra ([JXR]). Define hy-
permultiplication as

zey={z -y (zx(0*z)) -y, (z+0x(zx(0%x)))) -y, - }.
Hence, we have the following e-table :

* 0 a b c

0 | {0} {op {0} {0}
a | {0} {0,e} {0,b} {0,c}
b { {0} {0,a} {0,b} {0,¢}
c | {0y {0} {0} {0}

Then, by routine calculations, we can show that (X, *,e,0) is a mul-
tiplicative hyper IS-algebra that is not strongly distributive. And the
algebra (X, *,e,0) is not an IS-algebra, since a e (b * c} = {0,a} and
(aebd)*(aec)={0,a,b, c}. However, for every z € X,

ze0={z-0,(z+{0+2)) 0,---}={0}=0ezx.
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THEOREM 2.7. Let X be a strongly distributive hyper 15-algebra.
Then 1t is an IS-algebra if and only if there exist elements T and y n
X such that |z -y} = 1.

PROOF. Necessity is obvious. Conversely, suppose that there exist
elements z and ¥ in X such that |[z-y|=1. Thenz - 0=z (y*xy)} =
(z-y)*(z-y) = {0}. By Theorem 2.5, X is an IS-algebra. This
completes the proof.

DEFINITION 2.8. A hyper IS-algebra X is said to be unitary if it
contains an element v in X such that z-v=v-z = {z} forallz € X.

Example 2.9. In the Example 2.6, the hyper IS-algebra X is then a
unitary multiplicative hyper IS-algebra.
From Theorem 2.7, we have the following result.

THEOREM 2.10. FEvery unitary strongly distributive hyper IS-algebra
X 1s an IS-algebro.

THEOREM 2.11. Let X be a hyper 1S-algebra. If there exist elements
z and y in X such that |z-y| =1, then 0-0 = {0}.

Proor. Suppose that {z -y} = 1 for some z,y € X and consider
z-0. Thenz -0 =2z -(y*xy) C (z-y)*(z-y) = {0}. But then
0-0=(zxz)-0C (z-0)*(z-0). Since z-0 is a singleton set, we have
0-0 = {0}, completing the proof.

COROLLARY 2.12. In any unitary hyper IS-algebra X, we have O -
0 = {0}.

3. Hyper Z-ideals

Let I be an ideal of a BCl-algebra (X, x,0). For any z,y in X, we
define z ~ y by zxy € I and y*xz € I. Then ~ is a congruence
relation on X. Let C, denote the equivalence class containing z. Let
X/I := {C.lz € X} and define that C; x Cy = Ci.y. Since ~ is a
congruence relation on X, the operation “x” is well-defined. Moreover,
if (X, %,0) is a BCl-algebra and if I is an ideal of X, then (X/I, *, Cp)
is also a BCl-algebra, which is called the quotient algebra vie I, and
Co = I [MX].
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Let I be an Z-ideal of an IS-algebra X. Since I is an ideal of the
BCl-algebra X, {X/I,*,(y) is a BCl-algebra. Define C; - Cy = Cyy
on X/I. Then the operation “” is well-defined. It is known that the
operation “” is distributive on both sides over the operation “x”.

Thus we have the following Theorem.

THEOREM 3.1. ([AK2]). Let (X,*, ,0) be an IS-algebra and let I

be an I-ideal of X. Then (X/I,*,-,Cy) 18 also an 1S-algebra, which is
called the quotient algebra wia I, and Cy = I.

DEFINITION 3.2. A non-empty subset A of a multiplicative hyper
IS-algebra X is called a left (resp. right) hyper T-ideal of X if
(HI1} A is an ideal of I(X),
(HI2) if z € X and a € A, then za C A (resp. az C A).

Both a left and a right hyper Z-ideal is called a two-sided hyper
T-ideal or simply hyper T-1deal.

Let I be a hyper Z-ideal of a strongly distributive hyper IS-algebra
X. Then (X/I,*,Cy) is a BCl-algebra as above. Define C, - Cy =
Cyy = {Ca | a € z-y} on X/I. Then the binary operation “” is
well-defined. Indeed, if C; = Cy and C; = C;, then 2+ y,y+z € [ and
sxt, txs € I. Since I is a hyper Z-ideal of a strongly distributive hyper
IS-algebra X, y(t+s) = yt xys C I for every y € X, and (y * z)s =
ys * s C I for every s € X. To show that yt xxs C I, let a € yi,
b € zs and take any p € ys. Then (a+b) x (p*d) <axp€ytrxysC I
and hence (a*b)x (pxb) € I. Sincepxb € ysxxs C I and I is an
Z-ideal of I{X), we have axb € I. Thus yt «xzs C I. Similarly, we also
have zs x yt C I. Tt follows that C; s = Cy¢. Thus Cy - Cs = Cy - Gy
This shows that the operation “” is well-defined. Moreover, we have
the following theorem.

THEOREM 3.3. Let X be a strongly distributive hyper IS-algebra and
let I be a hyper Tadeal. Then (X/1,*,-,Cy) s a strongly distributive

hyper 1S-algebra, which is called the quotient hyper IS-algebra wa I,
and Cy = 1.

Proor. First, we can show that the operation “" is associative,
Le., (Cy-Cy)-C, =C,-(Cy-C,), for any z,y,z € X.



144 WON KYUN JEONG

Next, we prove that “-” is distributive on both sides over the oper-
ation “¥”. For any C,,Cy,C; € X, let C, € (Cyp % Cy) - C; = Couy Cs.
Then a € (x*y) -z = (- 2) x (y - z). Hence there exist p € z - z and
g € y-zsuch that a = pxq. Since Cp € {Cs |s € z-2} = Cp , = Cr-C;
and C, € (Gt ey -2} =Cy,=Cy-C,, Cqa = Cpug=CypxCy €
Cy-CoxCy-C,. Thus C; € C;-C, » Cy - C,. This proves that
(Co*xCy)-C, CCy-C,xCy - C.

To show that the reverse inclusion, let C, % Cy € C, - Cy * C,, - C,.
Then C, € C; - C, and Cp € Cp - C,. Hencea € -z and b € y- 2.
Sinceaxbe (x-2)*(y-2) =(x*xy) 2z, Co * Cp = Caup € Clzay) z =
Cruy - Cy = (Co % Cy) - C,. Thus (CpxCy)-C, = Cy - C, xCy - C,. By
a similar method, we obtain C; - (Cy xC;) = Cy - Cy ¥ C; - C;. Thus
X/I is a strongly distributive hyper IS-algebra, completing the proof.

LEMMA 3.4. Let I be a hyper T-ideal of a strongly distributive hyper
I5-aigebra X. Then for any element C, € X/1, we have |C, - Co| = 1.

ProoOF. Let C, be an element of X/I. Then C, - Cp = Cio =
{Cz|lz € a-0}. Since I is a hyper T-ideal of X and 0 € X, we have
a-0 C I. Hence C, - Cy contains just the zero element of X/I. This
completes the proof.

THEOREM 3.5. Let (X,*,-,0) be a strongly distributive hyper IS-
algebra and let I be a hyper T-ideal of X. Then the quotient hyper
IS-algebra X /I 1s actually an IS-algebra.

PRrOOF. From Theorem 3.3, we know that (X/I, x,-, Cp) is strongly
distributive. In view of Lemma 3.4 and Theorem 2.4, X/I is an IS-
algebra.

REFERENCES

[AK] 88 Ahn and H.S Kim, A note on I-ideals in BCI-semagroups, Comm.
Korean Math Soc 11 (1996), 895-902.

[AK2] SS Ahn and H.S Kim, On isomorphisms theorems in BCI-semugroups, J.
Chungcheong Math. Soc. 9 {1396), 1-9.

{n K Iséki, An algebra related unth a propositional calculus, Proc Japan Acad
42 (1966), 26-29.



MULTIPLICATIVE HYPER IS-ALGEBRAS 145

[JHR} Y.B Jun, S M. Hong and E.H Roh, BCI-semigroups, Honam Math. J. 15
(1993), 59--64

[JRX] Y.B Jun, EH Roh and X L Xin, T-ideals generated by a set in IS-algebrs,
Bull Korean Math. Soc 35 {1998), 615-624.

{JXR] Y.B.Jun, X L X and E H. Roh, A class of algebras related to BCI-algebras
and semigroups, Soochow J. Math. 24 (1998), 309-321.

MX] CZ Mu and WH Xiong, On ideals in BCK-algebras, Math Japon. 36
(1991), 497-501.

Department of Mathematics
College of Natural Science
Kyungpook National University
Daegu 702-701, Korea



