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CHARACTERIZATIONS OF
REGULAR po—-SEMIGROUPS

SANG KEUN LEE

ABSTRACT Lajos([1-3]) gave the ideal-theoretical characterizations of
some classes of semigroups without “order” The first author([4]) gave
the ideal-theoretical characterization of some classes of po-semigroup
with order “<”. In this paper we give the other characterizations.

1. Introduction

S. Lajos{[1-3]) gave some characterizations of a regular semigroup
without “order”. Recently S. K. Lee([4]) gave the characterizations of
the regularity in a po-semigroup (:ordered semigroup) by a different
criteria.

The aim of this paper is to obtain other characterizations of the
regularity in a po-semigroup S.

Kehayopulu([5-9]) considered the ordered semigroups. A po-semigroup
(:ordered semigroup) is an ordered set (S, <) at the same time a semi-
group such that:

a<b=ca<chband ac<bc

forallc € S.
The following definitions are well known.
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DEFINITION 1. Let A be a non-empty subset of a po-semigroup S.
A is called a lefi(resp. right) ideal of S if
i} SA C A(resp. AS C A).
iil)aceAand b<a for be S=bc A.
A is called an ideal of S if A is both a left and a right ideal of S.

DEFINITION 2. Let Q be a non-empty subset of a po-semigroup S.
Q is called a quasi-ideal of S if
1) QSNSQCQ
i) ae@ and b<a for be S=bc Q.

Every left(resp. right) ideal is a quasi-ideal. Also every ideal is a
quasi-ideal.

DEFINITIONS 3. Let B be a non-empty subset of a po-semigroup S.
B is called a bi-ideal of S if
i} BSBCB
ii) aeB and b<a for be S = b€ B.
Every quasi-ideal is a bi-ideal.

DEFINITION 4. A subsemigroup 7 of a po-semigroup S is called
regular if, for all a € T there exists £ € T such that e < aza.

NOTATION. For a subset H of a po-semigroup S,

(H]={t€ S:t<h forsome h € H}.

We denote by L(a)(resp. R(a), B{a),Q(a)) the left(resp. right, bi-,
quasi-) ideal generated by a € S. And we denote by I{a) the ideal of
S generated by a € S.

One can easily prove that

L{a) = (aU Sa], R(a)=(aUaS], B(a)= (aUaSa},

Ha) = (aU SaUaSUSaS) and Qa) = (aU ((aS]N (Sal)].
(cf. also [8]).
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REMARK 1. Let T be a subsemigroup of S. Then T' is regular if and
only if e € (eTa] foralla € T.

2. Main Results

LEMMA([7, 8], ALsO SEE [4]). Let § be a po-semagroup. We have
the follounng.

i) AC (A] for any ACS.

i) If AC BC S, then (4] C (B].
i) If A s some types of ideal, then A = (A}
iv) (A|(B]| C(AB] for all A and B C S.

Recently S. K. Lee([4]) proved the following Theorem A.

THEOREM A. A po-semugroup S is regular 1f and only if for every

bi-ideal B, any three left 1deals Ly, Lo, L and every ideal I of S, we
have

BnLinLy C(BLLy), equwalently BnINLC (BIL).

Now we give new characterizations of regular po-semugroup S.

PROPOSITION 1. Let S be a po-semagroup. Then the follouings are
true.

(1) If S 15 regular, then for each bi-1deal, each ideal I and each
subset X of S, we have BNINX C (BIX].

(2) If BNQ C (BSQ) for each bi-ideal B and each quasi-ideal Q
of S, then S 1s regular.

Proor. (1) Let a € BNINX. Since S is regular, there exists x € §
such that

a < aza < (aza)z(aza) = (aza)(zazr)e € (BSB)(SIS)X C BIX.

Thus ¢ € (BIX],and so BNINX C (BIX].
(2) Let @ € S. We consider the bindeal B(e) and the quasi-ideal
Q(a) of S generated by a, respectively. By hypothesis and Lemma, we
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have

a € B{a)NQ(a) C (B(a)5Q(a)] = ((a U aSa)S(aU ((aS] N (Sa))]
C ((a U aSal(S)(aU (Sa])] € ((aU aSal(S)((aU Saj]]
= ((e U aSa](S](a U Sa]] C {(aSaU aS? UaSaSa U aSaS?al|
C ((aSal]] = (aSa).

Then § is regular.

COROLLARY 1. A po-semigroup S is regulor 3f and only +f for each
bi-ideal B, each i1deal I and each quasi-rdeal Q of S, we have BNINQ C

(BIQ.

PROPOSITION 2. Let S be a po-semagroup. Then the follounngs are
true.

(1) If S 1s regular then, for each bi-ideal B, each ideal I and each
subset X of S, BNINX C (XIB.

(2) If BNQ < (QSB] for each bi-ideal B and each quasi-ideal Q
of S then, S s regular.

PROOF. (1) Let a € BNINX. Since S is regular, there exists z € S
such that

a < aza < (ara)z(aza) = a(zaz)(aza) € X(SIS)(BSB) C XIB.

Thus @ € (XIB}, and so XNINB C (XIB).

(2) Let a € S. We consider the bi-ideal B(a) and the quasi-ideal
Q(a) of S generated by a, respectively. By hypothesis and Lemma, we
have

a € B(a) N Q(a) C (Q(a)SB(a)] = ({aU ((aS] N (Sa})}S{a L aSa]]

€ ((a U (aS)(S)(e U aSal} € (({a U aS])(S)(a U aSal]
= {{a U aS)(S)(a U aSa]] C ((aSaU aSaSav aS%a U aS%aSa]}
C ((aSa]] = (aSa).

Then S is regular.
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COROLLARY 2. A po-semigroup S 1s regular if and only of for each
quasi-ideal Q, each ideal I and each bi-ideal B of S, we have BNINQ C
(QIB).

PROPOSITION 3. Let S be a po-semigroup. Then the followngs are
true.

(1) If S 1s regular then, for each subset X, each ideal I and each
left wdeal L of S, XnINL C (XIL).

(2) If BQL C (BSL] for each bi-ideal B and each left ideal L of
S then, S s regular.

PROOF. (1) Since every left ideal is a bi-ideal, we can obtain X N
INL C (XIL]from (1) of Proposition 2.

(2) Let a € S. We consider the bi-ideal B{a) and the left ideal L{a)
of § generated by e, respectively. By hypothesis and Lemma, we have

a € B(a) 0 L{a) € (Q(a)SL(a)] = (e U ((aS] N (Sa])]S(a U Sa]
< ((a U (aS]](S(a U Sa]] < (({a L aS])(S](a U Sal]

= ((aUaS}(Si{a U Sa]] C ((aSa U aS%a U aS3q||
C {(aSal]] = (aSal.

Then S is regular.

COROLLARY 3 {THEOREM A). A po-semagroup S 18 regular of and
only 1f for each bi-ideal B, each ideal I and each left ideal L of S, we
have BNINL C (BIL).

PROPOSITION 4. Let S be a po-semugroup. Then the follounng are
lrue.

(1) If S is regular then, for each might ideal R, each wdeal I and
each subset X of S, we have RN IN X C (RIX].

(2} If RN B C (RSB for each bi-ideal B and each right ideal R of
S then, S is regular.
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PROOF. (1) Since every right ideal is a bi-ideal, we can obtain RN
INX C {RIX] from (1) of Proposition 1.

(2) Let a € S. We consider the the right ideal R(a) and the bi-ideal
B(a) of § generated by q, respectively, By hypothesis and Lemma, we
have

a € R(a) N B(a) C (R(a)SB(a)] = ((aU aS]S(a U aSal]
C ({auaS](S}(a L aSa]] = ((aSa U aSaSaU aS%a U aS?%aSal)
C ((aSa]] = (aSa].

Then S is regular.

COROLLARY 4. A po-semigroup S is regular if and only if each right
ideal R, each wdeal I and each bi-ideal B of S, we have RNINB C
(RIB].

REMARK 2. If we change the bi-ideal to a quasi-ideal and change
the quasi-ideal to a bi-ideal in Proposition 3, 4 and Corollary 3, 4, then
we have the similar results.

PROPOSITION 5. Let S be a po-semagroup. Then the followings are
true.

(1) If S is regular then, for each right ideal R, each subset X and
each wdeal I of S, we have RN X NL C (RXL].

(2) If RN L C (RSL] for each right ideal B and each left ideal R
of S then, S 15 reqular.

PROOF. (1) Let a € RNXNL. Since S is regular, there exists x € S
such that

a < aza < {eze)z(aza) = (azaz)a(ze) € (RSRS)X(SL) C RXL.
Thus o € (RXL],and so RNINX C (RXL).

(2} Let a € S. We consider the the right ideal R{a) and the left ideal
L{a) of S generated by a, respectively. By hypothesis and Lemma, we
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kave

a € R{a) N L{a) C (R(a)SL(a)] = ({(aUaS]S(at Sa]]
C ((aU aS)(S}(a U Sa]] = ({(aSa U aS%a U aS%a U aS%a]]
C ((aSall = (aSa).

Then S is regular.

COROLLARY 5. A po-semigroup S is reqular if and only if each right

wdeal R, each subset X and each left 1deal L of S, we have RNXNL C
(RXL).

Hence we have characterizations of the regularity of po-semigroup
from Corollary 1, 2, 3, 4, 5 and Remark 2.

THEOGREM. Let.S ba_a po-semugroup. Then the follownngs are equiv-
alent.

(1) S 15 regular.
(2) BNINQ C (BIQ)] for each bi-ideal B, each ideal I and each
quast-ideal QQ of S

(3) BNINQ C (QIB] for each quasi-ideal Q, each wdeal I and
each hi-tdeal B of S.

(4) BnINL C (BIL] for each bi-tdeal B, each ideal I and each
left ideal L of S.

(5) QNINL C (QIL] for each quasi-ideal @, each wdeal I and each
left wdeal L of S.

(6) RNINB C (RIB] for cach right 1deal R, each wdeal I and each
bi-1deal B of S.

(7) RNINQ C (RIQ] for each right 1deal R, each ideal I and each
quasi-ideal B of S.

(8) RNXNLC(RXL] for each mght 1deal R, each subset X and
each left wdeal L.



162 SANG KEUN LEE

(1]
2]

3]

[5}
[6)
[7]
(8]
[9]

REFERENCES

S. Lajos, A remark on regular semagroups, Proc. Japan Acad. 37 (1961), 29-30.

S. Lajos, Characterszations of certain elemenis in semigroups, Math. Japon
22 (1977), 21-23.

S. Lajos, Characterizations of some classes of semugroups, Math Japon. 40(3)
(1994), 601-602.

S.K. Lee, On characterizations of some classes of po-semigroups, Math. Japon
47(1) (1999), 51-55.

N. Kehayopulu, On completely reqular poe—semsgroups, Math. Japon. 37(1)
{1992}, 123-130.

N. Kehayopulu, On left regular ordered semigroups, Math. Japon. 35(6) (1990),
1051-1060.

N. Kehayopulu, On right regular and right duo ordered semigroups, Math
Japon 36(2) (1991), 201-206.

N. Kehayopulu, On weakly prime tdeals of ordered semigroups, Math Japon.
35(6) (1990), 1051-1056

N. Kehayopulu and S Lajos, On regular, regular and intre-reguler ordered
semsgroups, Pure Math. and Appl. 5(2) (1994), 7-186.

Department of Mathematics
Gyeongsang National University
Chinju 660-701, Korea

E-maal: sklee@nongae.gsnu.ac.kr


mailto:sklee@nongae.gsnu.ac.kr

