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Abstract

The main aim of this paper is to study the concept of fuzzifying proximity and fuzzifying uniformity in the
framework of fuzzifying topology. Some fundamental properties of them are esablished.
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1. Introduction

Since the generaliation of the notion of an ordinary
set into a fuzzy set by a Zadeh [15], many authors
work for construction new branches of fuzzy
mathematics. Proximities and uniformites have been
studies in detalis [1, 2, 3, 4, 5, 6]. Samanta et al. [9,
10] give a new definition of fuzzy topology by
introducing a concept of openness of fuzzy subsets. He
introduced a new definition of fuzzy proximity [11]. In
(1991) M. Ying [12] defined a fuzzifying topology on a
set X as a mapping from 2%, the family of all subsets
to the closed unit interval I, satisfying the natural
axioms. He also developed the fuzzifying topology in
[13, 14] by using fuzzy logic and established.

2. Preliminaries.

For the sake of fixing notation, we recall some basic
definitions. We shall let X be a nonempty and I be the
closed unit interval and we let I,=I-0=(0.1],

I,=I-1=[0.1). We denote the characteristic function
of a subset A of 2% by 1a.

Definition 2.1([12]). A function ¢ : 2% » I is
called a fuzzifying topology on X if it satisfies the
following conditions:

(0) «(X)=r2)=1.
02) {ANB)=«A)/\r(B) for each A,B e 2%

03) U A)=z [\ «A) for any {4}, ,C2%

The pair (X, )
space.

is called a fuzzifying topological
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Fuzzifying topologies, Fuzzifying proximity and Fuzzifying uniformity

Let 7, and 1, be fuzzifying topologies on X. We
say 1, is finer than ryor 1, is coarser than ;) iff
r(A)<ry(A) for all Ae2”.

Let (X,r) and (Y,7r) be fuzifying topological
spaces. A function f @ (X, r)—=(Y,rp) is called a
fuzzifying continuous map if 7(A4) < of “1(A4)) for all
Ae2”.

Let (X,r) be a fuzzifying topoloical space. The
mapping T £ 2¥>I is called a fuzzifying cotopology

satisfying the following properties:
O’ 7(2)=7(X)=1.

02)"7(AUB)=7(A)/\T(B) for all A, Be2%.
(03)":((@/1,-)2 {Eyz(A,-) for all A,&2%,

3. On fuzzifying proximities.

Definition 3.1. A function & @ 2% x 2%¥ = Iis
called a fuzzifying proximity on X, if it satisfies the
following axioms:

(FP1) &X,2)=0,

(FP2) &(A,B)=4&B,A)

(FP3) if &(A,B)*1, then ASBC,

(FP4) &(AUB, )= &A,0V&B,0),

(FP5) For any A, BSX, there exists CEX such that

A B2 M ixa, Ve, B).

The pair ( X,8) is a fuzzifying proximity space.

Theorem 3.2. Let & be a fuzzifying proximity on
X. The mapping Cs : 2% x I} - 2%, is defined by

CsA, D=XBe2¥| A, B)<1—1.
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Then it has the following properties:

() Cs(o,m.=0

(2) ASCHA,D.

(3) IfASA,, then CHA; NSCyA,, D.
(4) Cs(A;UA,, D= CyA,, nUC(A4;. 1.
(B)If <7, then C4(A,11)SCA(S,15).
(6) Cs(Cs(A, 1, D=CKA, 1.

Progf. (1), (2), (3) and (5) are easily proved.
(4) From (3), we have

C(AUA2, D2CH(A,, D\UCHA4,, D.

Conversely, suppose there exist A;, A4,=2% and

r € I such that
C(A VA, DEC(A;, DUCKA,, 1.
There exist x€X and (=1, such that
Co(14,V1a, D) >t>Co(1a,, DDV Cx(14,, D(2).
Since Cila,, D(x)<¢, for each ie{1,2}, there exist
15 € 2% with &(15,14)<1— 1 such that
Cs(la,, D(x)<(1 g)(x) <1,

On the other hand, since
815V 1g,14,/\14,)
<815 V1p,14)Ve15Vig,14)
<0(1p,14)V&1p,14)
<1-7
It implies
Co(14, V14, D(x) <(1 5 Ay )x)
<t

It is a contradiction.

(6) Let &(B,A)<1—71. Then B2CLA,N.

BY (FP3) of Definition 3.1, there exists & such that
8>¢8- 6, where 6°8A,B)=inf{8(A,C) VC,B)}. It
follows

&B,A)=68° (B, A).

Since &-8(B,A)<1—71, there exists Ce2* such

that
1—1r>8-8(B, A)=(B, C)/\8(C, A).
Hence

B2CAC°, n,CRCLA, 1.
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Thus
B2Cy(C(A,M,D.
CiCs(A, D, NECLA, D).

Theorem 3.3. Let( X,8) be a fuzzifying proximity

space. Define a map 75 @ 2% — I by

ts(A)=sup{r=l | C{A°, n=A%.

Then r; is a fuzzifying topology on X induced by

é.
Progf. (01) Since CX@,D=9 and Cf{X,N=X,

for all TEI‘, fa(@) = Z'B(X) =1
(02) Suppose there exist A, A,2% and
such that

t=(0,1)

ol A} NAD< <t A1) A rs( Ay).
Since r5(A;)>t and rs(As)>t, there exist 1, >t
such that
Ai=C{A{1),i=12
Put r=n/\%. We have
C((A1NAD, D=(ANAy".
Consequently, z;(A,/\A,)=1>t. Hence
r(A1NA)Z (A /Nrs(As).

(03) Suppose there exists a family {A,2%|jer}
and t=(0,1) such that

TB(A,').

AN
Aj<e< Ly,

U

f"( jer

Since  N\jertelA;)<t, for each jeI, there exists
r;>t such that

Ai=C(A5T).
Put r= /\;r7;. We have
U avenee U aye
CB(( ]EFA’) ,T)-( ]EFA/) .
Consequently, 75 V ,erd,)=1>t. Hence
Z'a( ];/F A,)Z ]é/[' Z'(;(A,').

Theorem 34. Let (X,8 be fuzzifying proximity
space. A mapping T : 2% — I defined by
_ inf .
T {A)= xeAC(l (A, x))

i1s a fuzzifying cotopology on X.
Proof. (01)" Clear.



(02)

144UB = M 1-saUB»)

xe A¢(\B°

_ inf _
= earng 8A, )V & B, x))

inf inf
oA 1—&A, DN\ xQBC (1—-8(B,x))
=T (A /N7 «B)

|

%

03y

Ay = _of (- sN4;x)

reUAS

inf
xe UAC, 1- 6(Aj'x)
=N I (1— o4, )

= /\].7 5(Aj)

T

[\

4. Fuzzifying uniform spaces.

Definition 4.1. A nonzero function F : 2%% = Iis

caled a fuzzifying filter on X x X if it satisfying the
foolwong condition:
SF1) if A%1la., then F(A)=0,

SF2) F(A/\B)= F(A)/\F(B).
SF3) F(X*xX)=1,

Definition 4.2. A function U :2%*¥ — I is called a
fuzzifyin uniformity on X if it satisfying for g,
we2 XX the following condition:

(FU1) U is a fuzzifying filter on X X X,
(FU2) w<U(u"Y), where u '(x,3)=u(y,x)
(FU3) w)<sup{U(w) | we> wSu}.

The pair (X, U) is said to be a fuzzifying uniform
space.
let U, and U, be fuzzifying uniformities on X.

We say U, is finer than U, (or U, is coarser than
Uy) iff Up(w)< U (w) for all ue2*

Theorem 4.3 Let( X,U) be a fuzzifying uniform
space. For each ocl let U'={u 2% % | Klw)>al.
Then U*® is a uniformity on X.

Lemma 4.4. Let( X, U)
space. For each u,u, up=2X% and A, A, Ae2”, we

be a fuzzifying uniform

have
(1) Acu[A], for each W(u)>0,
(2) u S u-u, for each U(u)>0,
(3) (v-wl[Al=v[ulAll,

ON FUZZIFYING TOPOLOGICAL SPACES

(4) (zqmm)[A]UAz]Eul[Ax]mUz[Az],
(5)if £ X — Y is a function, for each ve
we have

FIUARAD = (f x HTWIA]

Yxy
27,

Theorem 45. Let (X, U) be a fuzzifying uniform
spaces. The mapping C, 2X x I, — 2% is defined

by
ClA, D= YNul A1| Ulu)>D.

For each A,AI,A262X and r,n,nel, we have
the following properties:

(1) CLo,n=0

(2) ASCA, D,

(3) if A, S A,, then CK(A;,D S ClA,, D,

@) CcAUA,, D=CA,, NUCKA,:. D,

(5) if 1<, then C({A, 1) S CLA, 1),

6) CACH(A, D, D=CKA,D.

Poof. (1) Since u[@]=0,C@, D=0

(2) For Kw) > 0, by Lemma 44(1),
implies A € C[(A, D).

(3) and (5) are easily proed.

(4) From (3), we have

ChAUA2, DECKA,L, DUCKA;, D).

Acul A]

Conversely, suppose there exist A, Ae2” and 1=l
such that

ChAUA, DECLAL DV LA, D.
There exist x € X and ¢ € I, such that
CAl V14, D> Clars D(x)VC A1 a2, D).

Since Ci{la,N(x) < ¢ for each i< {1,2}, there

exist u, € 2%°% with (wy)> 7 such that
CAA;, DD <ulAN0<L

On the other hand, since U(u(lup)>T and from
Lemma 4.4(4),

(Nl AT UA IS [ A Nusl As],
we have
CUAI VA, D% < Au) 4,V A)(x)
<[ A 1(x) Aol 4210
(t

It is a contradiction.
(6) Suppose there exist A € 2% and r=l; such that

CACy(A, D, DFECAA, D.

There exist x € X and ¢ = I such that
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CACy(14, D, (0> Cil4, D(x).

Since Ci{l4, D<t, there exists 2 %X with

U(u)>r such that
Cilla, D) <ul Alx)<¢

On the other hand, since {#) > 1, by (FU3), there
exists u, € 2%*¥ such that

U <

Uy ° ulgu, U(u1)> 7.
Since C.(A, 1D < wu[A], we have
CAC, (A D, D < Cluy[AL D

S wlu,[A]l
= (g - uPl Al (by Lemma 4.4(3))
< u[ Al
Thus, Cu C.(A, D, DD)<ulAlx)<t. It is a
contradiction.

Theorem 4.6. Let (X,U) be a fuzzifying uniform

space. Define a map w : 2%¥ — I by
t{A) = sup{rel;| C,(A°,D=A%.

Then r,is fzifying topology on X induced by U.

Proof (01) Since C,(2,D=9 and C/ (X, D=2X,
forall re I, r,(X)=r,(2)=1.

(02) Suppose there exist A,,A4, € 2¥ and ¢t = (0,1)
such that

ru(Al/\A2)< t< Tu(Al)/\Z'u(Az).

Since r,(A)>¢t and r,(A;)>¢ there exist 1, )¢
such that

Ai=C,(A 1n,i=12.
Put r=71/\1;. We have
CL(ANAD D= (A \A)°
Consequently, ,(A;/\As)=1r>t. Hence
r.LAI/N\As) 21, (A) N\ (Ay).

(03) Suppose here exists a family {4, 2% j e I}
and ¢ < (0,1) such that

ru( j;/F Aj)< < ].QF T 4)).

Since NAjertA)>t, for each jerI,there existes

7;> t such that
A ,C= Cu( A ;, 7’,’).
Put v = /\jer?. We have
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C era) 1) = &r A">C

Consequently, 7,( V)21t Hence

ru( v A,») > A

jEF jer Z‘u(A,‘).

Definition 4.7. Let (X, U) and (Y, V) be fuzzifing
uniform spaces. A function f @ (X,U0) — (Y, V) is
said to be fuzzifying uniform continuous if

V)< U< H M), Vo e 277,

Theorem 48. Let (X, U),(Y,V) and (Z, W) be
fuzzifing spaces. If f : (X, 0) - (Y,V) and g :
(Y, V) - (Z W are fuzzifying uniform continuous,
then g-f @ (X, U) — (Z,W is fuzzifying uniform
continuous.

Proof 1t follows that, for each @ &

WM((g-Nx(g- M W) = W(gxa)+ (fxN (a)
= WM(fxH (gxe) (o))
= V(% H " Hw)
>Uw).

2 ZXZ,

Theorem 49. Let (X, ) and (Y, V) be fuzzifying
uniform spaces. Let

f X0,V be
continuous. Then:

(1) ACLA, DHLCAA). D,

2 CLFYN(B), n<fF C,(B, D),

3 F: (X, r,) — (Y,r,) is fuzzifying continuous.

Proof. (1) Suppose tere exist 1, € 2¥ and re I
such that

fuzzifying  uniform

ACK14, D) € CAALA),D.
There exist ¥y € Y and ¢ € I such that
ACALA, D)) > t>CA14),D(y).

Since f Y({y) = o, provides a contradiction that
ACA1a, D) = 0, F'({») = @, and there existis
x € f'({y) such that

ACA14, M) 2 Clla, D) > 1> CALla, DIAD).

Since C,(A14).D(Ax) < ¢ there exists v e 277
with W(v) > 7 such that
CAA14), D(Ax)) < LALDUAD) < ¢

On the other hand, since f is fuzzifying uniform
continuous,

wW(FXN ) zvw)> T



It implies
UARLDIA) = (fx H™(W[1al(x) (by Lemma 4.4(5))
=sup {14(z) A(fx A7 (¥)(z, 0}

zeX

2> Cu(la, V)(x)

Thus, Cu(la, N(x) <t It is a contradiction.
(2) For each Be2Y and rel, put A= f Y(B).
From (1),

ACu(f (B, NS Cu(Af (B),NSCv(B, 1,
It implies
Culf (B, nef (A Culf e W(Cu(B, 7).

(3) From (2), Cu(B, 1) = B implies Cu(f '(B), 1) =
FYB). 1t is easily proved.
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