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Analysis of the Stepped-Impedance Low Pass Filter using
Sub-Gridding Finite-Difference Time-Domain Method
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Abstract

One of the dominant aspects governing the accuracy of the FDTD method is the size of the spatial increment
used in the model. The effect of having reduced cell size is to increase the computational time and memory
requirements. To overcome these problems, sub-gridding technique can be used. This implies that the application
of a sub-grid cell would provide improved accuracy without increasing the run time and computer resources
considerably. In this paper, we describe the three dimensional sub-gridding technique that is applied to model only
the fine structure region of interest. The detailed solution procedure is described and some test geometries were
solved by both uniform grid and sub-grid models to validate the suggested approach. While keeping the accuracy,
the computational time becomes 6 times faster and the memory requirement is reduced by a factor of 2.5
comparing to the conventional FDTD approach.
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I. Introduction used in the model. In some structures, FDTD cell

size may be determined by geometry features rather

The FDTD method has been successfully used to than by cell size requirement. For example, for a
analyze the properties of various microwave struc- stepped impedance filter, the strip width is smaller
tures. One of dominant aspect governing the accu- than the minimum cell size of conventional FDTD.
racy of the FDTD is the size of the spatial increment By reducing the cell size to obtain the accurate result
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of this type of problem, the run time and memory
requirement increase substantially. Therefore, one
needs to use a sub-gridding algorithm to improve the
accuracy and to reduce computational time and
memory size simultancously. A few paper have been
published on sub-gridding FDTD algorithm ™", In
[11~[3], electric field on the sub-grid boundary were
calculated using the homogeneous traveling wave
equation. The homogeneous traveling wave equation
must assume a homogeneous medium. In [4],
magnetic fields set on sub-grid boundary to satisfy
normal field continuity between the two media.
Since the error occurred by not satisfying the
boundary condition is not significant, we suggest a
sub-gridding algorithm placing electric fields on sub
-grid boundary unlike [4] in this paper. To reduce
error by not satisfying the boundary condition,
weighting factor is utilized. By doing this, one can
remove the limitation imposed in [1]~[3]. To verify
the validity of this algorithm, a waveguide and
stepped impedance filter characteristics are analyzed.

. Algorithm of the Sub-Gridding Technique

This algorithm is based on the finite-difference
representation of Maxwell's equations using a central
-difference formation and the Yee-cell notation . In
the sub-gridding algorithm, it is necessary to match
coarse cell and fine cell at sub-grid boundary. Also,
the cell size in the fine grid region should be an odd
integer fraction of the coarse cell size, 1/3, 1/5, 1/7
and so on. Hence, it provides collocated fields in
time and space between coarse grid and fine grid. In
this paper, as shown Fig. 1, fine cell size is 1/3 of
the coarse cell size. The time increment in the fine
cell region, At is one-third of the coarse grid time
increment, 4t

To calculate the sub-grid fields, values of the
fields at and near the sub-grid boundary are needed.
We define the electric fine grid field as "e", the

magnetic fine grid field as "h", the electric coarse
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Fig. 1. A section of the sub-grid boundary (front

view).

grid field as "E", and the magnetic coarse grid field
aS HHII'

2-1 Sub-gridding Algorithm

The algorithm illustrated in Fig. 2 can be summa-

rized as following.

(1) Calculate H™"* and E ™.
(2) Caleulate h™"® using ¢ calculated by n time
step.

n+1/6

(3) Calculate e using h"  calculated by step (2).
e"® fields located on the sub-grid region
boundary are calculated by spatial and time

interpolation of E™', E, and E".

n*1/6 Fee=f (o)
0 [®
n+2/6 €7 8=, BET EE™Y)
1©
3
n+1/2 H”'TT]“%E\ R 36=F (6747 %) I
1®©
n+4/8 @ o E=F (IS T LETE)
@ Q)
n+5/6 Heseop (o)
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n+ I B ® e =R s SE™ ) ,
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Fig. 2. Sub-gridding algorithm flow chart.
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(4) Caleulate h"* using ¢"° calculated by step (3).
n+3'6

Replace H™'* by collocated h in sub-grid
regions.
(5) Calculate ¢"™*® using h™**® calculated by step (4).

e"*® fields located on the sub-grid region

boundary are calculated by spatial and time
interpolation of E™', E", and E".
(6) Calculate h™*° using ¢"**

(7) Calculate ¢"" using h"™* calculated by step (6).

calculated by step (5).

e""' fields located on the sub-grid region bound-
ary are calculated by spatial interpolation of E

n+l

n+]

Replace E™' by collocated ¢"' in sub-grid
regions.

Repeat procedure from step (1) to step (7).

2-2 Fields Interpolation

In steps, (3), (5), (7), the value of e fields includ-
ing e fields at sub-grid boundary have to be calcu-
lated but boundary e fields can not be calculated by
FDTD equation becausc h fields outside sub-grid
region do not exist. Therefore in these time steps, e
fields on the boundary are found by spatial inter-
polation technique using E fields on the boundary.
For example, ¢" on the boundary is calculated by
nearest E' on the boundary. But because E"* is not

2’6

calculated, e"“° can't be calculated. The same is true

for e fields.

2-2-1 Time Interpolation

To calculate E"* and E"™® on the sub-grid boun-
dary in these times, a second-order Taylor series
expansion is used. Using the second-order Taylor
series gives, E'™ is given by

E™ =B+ av+ B )
where,

~u+tl u 1
a=-Eo BT @)

2

B:E;1+I+En 1_2Eu (3)
v =2/6,4/6.

2-2-2 Spatial Interpolation

Non-collocated e fields on the sub-grid boundary
are calculated using spatial interpolation of E. The
interpolated fields are only tangential fields to the
sub-grid boundary. A straightforward spatial interpo-
lation is used. All other sub-grid region fields out of
sub-grid boundary are calculated by FDTD equa-
tions.

The non-collocated sub-grid boundary fields are
calculated by a straightforward spatial interpolation
of the four surrounding E fields. Fig. 1 shows a sect-
ion of the sub-grid boundary surface. Referring to
Fig. 1, interpolation equations to calculate non-collo-

cated ¢ are given by

eln+v :§E|"+v +§Eé1+v

2 co 1 .
eV S L gty oy
2 3 1 3 3
. . EMY 4 Y L BV gV
e;ﬂ __:lE]nH +z i 2 3 4
3 3 4
4)

The interpolated fields given by the above equa-
tions are examples and must also be applied to
calculate other fields and then h fields can be

L~ sub-gridding
boundary
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R d . v
1ie | el F,
& &

Fig. 3. Two different material regions normal to
the sub-gridding boundary.
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calculated. But when the sub-gridding boundary is
placed normal to the two different media as illu-
strated in Fig. 3, normal component of electric field
is not satisfy the continuity condition. However due
to this problem is not significant, weighting factor is

used in order to enhance stability.

2-2-3 Stability Enhancement

In order to increase the stability of the proposed
sub-grid algorithm, the weighting schemes are sug-
gested based on the experiment.

2-2-3-1 e weighting

The differences between the method that calcu-
lates the sub-grid boundary fields and the method
that calculates the rest of e fields in the fine grid
generate some instability. To increase stability, the
following approach is adopted. Fig. 4 shows sche-
matic of the electric fields propagating in x-direction
in the sub-grid region. The fine grid electric fields of
the first cell inside the overlapping region are
weighted as following.

eln+v =aeln+v +ﬂ E]’H'V;_eéﬁ'v
eg-#v =aeg+v +ﬂeél+v ;_e;H'V
. ®)
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Fig. 4. Schematic illustration of the electric fields
in the x-z plane of the sub-grid region (side
view).
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The procedure given by equation (5) is performed
at every fine grid time step.

Fig. 5 illustrates the stability enhancement with
varying weighting factors. When weighting factors
are not applied, stable time is less than 4000 time
steps. However when weighting factors are applied,
stable time is increased.

As shown Fig. 5, stability is guaranteed for and
. In this case, stable time is about 10000 time steps.

2-2-3-2 H weighting

In Fig. 6, magnetic fields in the x-z plane within
the sub-grid region are illustrated. The coarse grid
magnetic fields of the first coarse cell inside the
overlapping region are weighted as following.

H;’;H 2 _ 0.01H£’+”2 +0.99h§+”2 > fine
2
+0.99h;+” » fine

+0.99h57 12 e

rcoarse

a+l/2 _ n+l/2
hZ - 001H2 scearse

H'? =0.01H
/L;HUZ — O.OIH:H/Z

rcoarse

ntl/2
scoarse +0.99/ 74 > fine
°

° (6)

Where, H:'cnarse, hZﬁne, H4coarse, and h4ﬁne are calculat-
ed values by the Yee FDTD equations at n+1/2 time

step.
[I. Waveguide Analysis

The waveguide structure operating at 9.26 GHz
excited by TE,, mode sinusoidal source was modeled
as shown in Fig. 7. The structure is modeled sy 42
Axx22 Ay x50 4. The fine grid region is modeled
by 94xx54yx104z located at the central part of
the waveguide. Uniform grid mode] was created with
a cell size of 2.16 mm and sub-grid model was
created with a fine cell size of 0.72 mm and a coarse
sell size of 2.16 mm.

For comparison, magnitude of the electric ficld in

the fine grid region was compared to the correspond-
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Fig. 5. stability enhancement with varying weighting factors.

ing values determined by the uniform grid algorithm

E wniform E subgrid

in Fig. 8. eFTON = % 100% M
. . E uniform
Amplitude error between the two approaches is
computed by The maximum error between the two model is
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Fig. 6. Schematic illustration of the magnetic fields
in the x-z plane of the sub-grid region

(side view).
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Fig. 7. Schematic illustration of the waveguide.
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Fig. 8. "+z" directed wave propagation in sub-grid
region for two case.

about 0.5 %.

IV. Analysis of the Stepped-Impedance Low
Pass Filter using Subgridding Algorithm

We analyzed a low-pass filter having a maximally
flat in-band response and a cutoff frequency of 2.5
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Fig. 9. Schematic illustration of the stepped-irape-
dance low pass filter.

GHZ"® by the proposed method. It is required that
the insertion loss at 4 GHz is more than 20 dB. The
filter impedance is 5042 the highest practical line
impedance is 1500, and the lowest is 100. Relative
permittivity of the substrate is 3.5. Fig. 9 is the sche-
matic illustration of the filter modeled by the sub
-gridding algorithm. The impedance value of 1, 3, 5
steps is 10 (2 and the impedance value of 2, 4, 6
steps is 150 €. Therefore, the thickness of 2, 4, 6
steps is thinner than the thickness of I, 3, 5 steps.
To model such a planar structure, it requires a large
number of cells. However, it is possible to model
this structure using sub-gridding technique. Calcula-
tions were made for three cases, i.e., full coarse grid,
sub-grid, and full fine grid. The coarse grid were
modeled with 0.26 mm cell size for x. 0.64mm cell
size for y, 0.254 mm cell size for z and the fine grid
used Ax/3 for x, Ay/3 for y, 4:z/3 for z. Dimension
of full coarse grid and full fine grid were 48 4x X
75 4yx 154 and 98 Axx 155 4yx20 4z, respecti-
vely. For sub-grid, the fine grid fills space of 4.4x X
39 Ay %3 4= coarse grid cells.

S values obtained using the FDTD with a coarse
grid, fine grid, and sub-grid calculation are shown in
Fig. 10. Sa becomes greater than 0 dB at around 1
GHz. This error is due to the reflection at the sub
-grid boundary caused by using the weighting factor.
However the error is not significant. The use of the
sub-grid reduces required memory and run time
while it provides accuracy comparable to a single
uniform grid with the fine cell. The run times for the
three test cases are listed in Table 1. As shown in
Table 1, it takes about 20 hours for fine grid, about
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Fig. 10. S of the stepped-impedance low-pass filter.

Table 1. Run times for the three test cases.

,,,,, - e -
Test case Run time :
R
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= et T
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Fig. 11. Normalized run times and memory require-
ments for three test cases.

3 hours 47 minutes for sub-grid, and about 1 hour
43 seconds for coarse grid for the same accuracy.

The normalized run times and required memory
sizes for three models are compared in Fig. 11. Both
the required memory and the run time for the
sub-grid test case were greatly below those of the
fine grid.

V. Conclusion

An algorithm for incorporating sub-gridding tech-
nique into finite-difference time-domain method has
been suggested. A procedure to update the field
values within coarse grid region was implemented.
Stability considerations were also discussed. For a
waveguide structure, the amplitude error was about
0.5 % and for filter structure, the run time and
memory size are reduced substantially while keeping
the accuracy almost the same as that of fine grid
algorithm. Therefore, accurate analysis is possible
without modeling the whole space with the fine grid

cell.
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