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Abstract
We introduce (r;, 7;)-fuzzy (7,s)-semiclosures and (r;, 7;)-fuzzy (7, s)-semiinteriors. Using the notions, we

investigate some of characteristic properties of fuzzy pairwise (7,s)-semicontinuous, fuzzy pairwise (7, s)-semiopen

and fuzzy pairwise (7,s)-semiclosed mappings.
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1. Introduction

The concept of fuzzy sets was introduced by Zadeh
[12] in his classical paper. Using the concept of fuzzy
sets, Chang [2] introduced fuzzy topological spaces and
several other authors continued the investigation of
such spaces. Chattopadhyay et al. [4] and Ramadan [9]
introduced new definition of smooth topological spaces
as a generalization of fuzzy topological spaces. Kandil
[6] introduced and studied the notion of fuzzy
bitopological spaces as a natural generalization of fuzzy
topological spaces. Lee et al. [7] introduced and studied
the concept of smooth bitopological spaces as a
generalization of smooth topological spaces and Kandil’'s
fuzzy bitopological spaces.

In this paper, we introduce (z;,r;)-fuzzy (7,s)
-semiclosures and (r;, 7;)-fuzzy (7, s)-semiinteriors.
Using the notions, we investigate some of characteristic
properties of fuzzy pairwise (7,s)-semicontinuous,
fuzzy pairwise (7,s)-semiopen and fuzzy pairwise
(7, s )-semiclosed mappings.

2. Preliminaries

In this paper, I denotes the unit interval [0,1] of
the real line and I;=(0,1]. For a set X, I* denotes
the collection of all mappings from X to I. A member
p of I¥ is called a fuzzy set of X. By 0§ and 1 we
denote constant mappings on X with value 0 and 1,
For /zeIX, y7;
complement 1—gz. All other notations are standard
notations of fuzzy set theory.

A Crang’s fuzzy topology on X [2] is a family T

¢ denotes the

respectively. any

Bt 20014 1289 7Y
TR 120024 5H  2¥

smooth bitopological spaces, semiclosures, semiinteriors, pairwise semicontinuous mappings

of fuzzy sets in X which satisfies the following
properties:

1 v,1eT.

) I g, 4T then yyAps,eT.

(3) If pzeT for each k&, then Vu,eT.

The pair (X, T) is called a Chang’s fuzzy
topological space. Members of T are called T-fuzzy
open sets of X and their complements 7T-fuzzy closed
sets of X.

A smooth topology on X [409]
r: I¥ — I which satisfies the following properties:

1) «(M)=r(1)=1.

(2) t(uyAng) = ru )N (ps).

B t(Vu) = Ar(uy).

The pair (X, r) is called a smooth topological space.
For rel,, we call ¢ a rfuzzy #-open set of X if

is a mapping

r{(g)=» and ¢ a r-fuzzy rclosed set of X if
()=,

A system (X, r,r;) consisting of a set X with two
smooth topologies r; and 7, on X is called a smooth
bitopological space. Throughout this paper the indices
¢,/ take values in {1,2) and 7%/

Let (X,r) be a smooth topological space. For each
rely, an r—cut

o,={pellc(w)=r)

is a Chang’s fuzzy topology on X.

Let (X,T) be a Chang's fuzzy topological space
and re];,. Then a smooth topology 77:I% =1 is
defined by

1 if #=0,1,
T(w={r if peT—{0,1},

0 otherwise.
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Definition 2.1 [8] Let (X,r) be a smooth topological
space. For r»el, and for each peIX, the fuzzy »
—closure is defined by

= Clu, N=N{plp<o, (p) 27}
and the fuzzy v-interior is defined by

r—Int(u, N=NV{plu=p, 1(p)=7}.

Theorem 2.2 [8] For a fuzzy set ¢ of a smooth
topological space (X, r) and r<l,, we have:

1) r—Int(g, n°=r—Cl(£, 7).

(2) r—Cl(g, N°=r—Int(x°,».

Definition 2.3 [7] Let x be a fuzzy set of a smooth
bitopological space (X, r,7) and 7,sel,. Then g is
said to be
1) a (r;,rj)—fuziy (7, s)-semiopen set if
there is a r;-fuzzy »-open set p in X
such that p<u<r;— Cl(p,s),
(2) a (z;,r;)-fuzzy (7,s)-semiclosed set if
there is a r;—fuzzy »-closed set p in X
such that r;—Int(p,s) <u<p.

Theorem 24 [7] Let x be a fuzzy set of a smooth
bitopological space (X, r,7) and 7,s€l. Then the
following statements are equivalent: -

() gisa (r;,r;)-fuzzy (7 s)~semiopen set.

(2) pfis a (z;,1;)-fuzzy (r,s)-semiclosed set.

(3) 7;— Cl(z;— Int(y, 7),8) = p.

(4) r;— Int(z;— Cl(p®, 7), s) < p.

3. (r;, rj))-fuzzy (r,s)-semiclosures and

(z;, r)-fuzzy (7, s)-semiinteriors

Definition 3.1 Let (X, r;, r;) be a smooth bitopological
space and 7,sel,. For each pel¥, the (r;,r;)-fuzzy
(7,s)-semiclosure is defined by
(z;, 1) —sClp, 7,8) = N\{pel* | p<p,
o is (r;, ;) —fuzzy (7, s) — semiclosed }

and the (r;,r;)-fuzzy (r,s)-semiinterior is defined by

(ti, 7)) —sInt(g, v, )= \V{esI* | 2 p,
pis (z;, ;) — fuzzy (7, s) — semiopen }.

Obviously, (z;,7;)—sCl(g,7,s) is the smallest

(7, r;)-fuzzy (r,s)-semiclosed set which contains g
(z;, 7;)~fuzzy

and (r;,7;)—sCl(g,7,s)=p for any
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(7,s)-semiclosed set u. Also, (ry,7;)— sInt(y,7,s) is
the greatest (rz;,7;)-fuzzy (7,s)-semiopen set which
is contained g and (rj,t;)—sInt(g, 7, s)=g for any
(7;,7;)-fuzzy (7,s)-semiopen set pu. Moreover, we
have
,— Int(y, ) <(z;, z;)—sInt(y, , s)
<p<(r;, 1)~ sCl(y, 7,5)
<r;— Cl{y, 7).

Also, we have the following results:

(D (z;, 5;)—sCl(0, 7, 9)=0, (r;,7;)—sCl(1,7,9)=1.
(2) (r;,1;)— sCl{p, 7, 8) = p.

(3) (z;, ;) — sCl(\Vp, 7, 5)

2 (zr;,7;) — sCl(y, 7, )V {(z;, r;) — sCl(p, 7, 9).
@ (z;,1;)— sCl{(z;, 7,) — sCl g, 7,5), 7, 5)

= (z;,7;)— sCl(y, 7, 9).
®) (r;, r;))— sInt(D, ,9)=10, (r;,7;)—sInt(1,7,8)=1.
(6) (ry, ;) — sInt(u, 7, 5) < p.
(D) (z;, 7;)— sInt(pAp, 7, 5)

< (1;,7;) — sInt(y, v, ) A(z;, 7;) — sInt(p, 7, 5).
8 (z;, 1) —sint((r;, 7;) — sInt(p, 7,5), 7, s)

= (r;, 7;)— sInt(y, 7, 5).

Theorem 3.2 For a fuzzy set g of a smooth
bitopological space (X, 1), 1;) and 7,sel,, we have:

D ((z;, 1) — sInt(y, 7,9)°=(z;, 1;) — sCU( 1", 7, 8).

@) ((zi, 1) — sCUg, 7,9)°= (7, 1;) — sInt(x°, 7, 5).
Proof. (1) Since (z;, ;) —sInt(g, r,9) <p and (z;,1;) —
sint(y,7,8) is a (z;,z;)-fuzzy (#,s)-semiopen set,
£z, ;) —sInt(y, ,9)° and ((r;, 7;) — sInt(g, 7, 5)) ¢
is a (r;, r;)-fuzzy (7, s)-semiclosed set of X. Thus

(z;, 1) —sCl(¢, 7,8
<(z;, ;) —sCl(((z;, t) —sInt(g, »,5)°, 7, )
=((z;, r;) —sInt(y, 7, 5)°.

Conversely, since u°< (z;, r;) — sCl(¢°, ,s) and (r;, ;)
—sCl(¢f, r,s) is a (r;,7;)-fuzzy (r,s)-semiclosed set,
we have
(Criy 7)) = sCl(p®, 7,9) < p

and ((z;,7;)—sCl(¢, r,9))° is a (g, t;)-fuzzy (7,s)
—-semiopen set of X. Thus

((z;, 7)) —sCl(p€, 7, 5))°¢
=(1;, r;) — sInt(((z;, ) —sCl(u°, 7,8))°, 7, 9)

< (5, 7)) —shnt(g, 7, 9)
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and hence
((zi, ) —sInt(u, 7, 9))° < (7, ;) —sCl(p*, 7, ).

(2) Similar to (1).

4. Fuzzy pairwise (7, s)-semiconti-
nuous mappings

Definition 4.1 [7] Let f:(X,r, ) —(Y, 0, @) be a
X to

r,s€ 1.

mapping from a smooth bitopological spaces
another smooth bitopological space Y and
Then f is called a fuzzy pairwise (7,s)-continuous
( (7,s)-open and (7,s)-closed, respectively) mapping if
the induced mapping f:(X, 1) —(Y,w)) is a fuzzy »
-continuous (7-open and r-closed, respectively)
mapping and the induced mapping f:(X, r) —=(Y,wy) is
a fuzzy s-continuous (s-open and s-closed, respec-
tively) mapping.

Definition 4.2 (71 Let £f:(X,r, ) —(Y,0,w,;) be a
X to
r,se 1.

mapping from a smooth bitopological spaces
another smooth bitopological space Y and
Then fis called
(1) a fuzzy pairwise (7,s)-semicontinuous mapping
if F7Yw) is a (r,)-fuzzy (r,s)-semiopen set
of X for each w;-fuzzy #»-open set ¢ of Y
and f7Nv) is a (z, r)-fuzzy (s, )-semiopen
set of X for each w,—fuzzy s-open set v of Y,
(2) a fuzzy pairwise (7,s)-semiopen mapping if f(o)
is a (w,,w;)-fuzzy (r,s)-semiopen set of Y for
each r;—fuzzy »-open set p of X and f(A) is a
(wy, w)-fuzzy (s,7)-semiopen set of Y for
each r,—fuzzy s-open set A of X,
(3) a fuzzy pairwise (7,s)-semiclosed mapping if
o) is a (w,wy)-Tuzzy (7,s)-semiclosed set of
Y for each r;-fuzzy r-closed set o of X and
f(A) i1s a (wy, w))-fuzzy (s, #)-semiclosed set of
Y for each r,—fuzzy s-closed set A of X.

Theorem 43 Let f:(X,7,0)—(Y,0;,w5) be a
mapping and 7,s€1l,. Then the following statements
are equivalent:
(1) f is a fuzzy pairwise
mapping.
(2) For each fuzzy set p of X,

F((71, 1) ~sClp, 7,9) < 0, — CI(f(p), ¥

(7, s)—semicontinuous

and
f{z2, ) —sCl(p, 5, M) < wy— CI(f(0), s).

(3) For each fuzzy set ¢ of Y,

(11, 0) —sCU(f ' (w), 7,8 <f (w1 — Cl, 7))

and

(72, 71) = sCUF 7 (), 5, N <F 7 (w— Cl g, 9)).
(4) For each fuzzy set g of Y,

f o= Int(g, M) <(7y, ) —sInt(F (), 7, 9)

and

F M wz— Int(p, 9) < (13, 7y) —sInt(f 7 (1), 5, 7).

Proof. (1) = (2) Let p be any fuzzy set of X. Then
w;— Cl(f(p), ) is w;—fuzzy r-closed and

wy— Cl(f(p),s) is wy—fuzzy s-closed in Y. Since fis
a fuzzy pairwise (7,s)-semicontinuous mapping, we
have f Nw,— Cl(f(0),7) is a(r,r)-fuzzy (7,9
-semiclosed set and f w,— Cl(f(0),s)) is a (rz,17)
-fuzzy (s, r)-semiclosed set of X. Thus

(71, 72) —sCl(p, 7, 5)
<(r1, 1) —sCl(f (= Cl(£(0),7), 7,9)
=F"Nay = ClF (o), )
and
(ry,71)—sCl(p,s,7)
< (12, 71) —SCI(/ ™ (0= CU{£(0), 5)). 5, 7)
=1 w,— Cl(f(0), 9)).
Hence
f((r1, 1) =sCl(p, 7, 9)) <ff H(w— CUF(0),7)
<w— Cl(f(p), )

and

f(r2, 1)) —sClo,5, ) < w— Cl(f(0),9))
< wy— CI(f(p), 9).
(2) = (3) Let pu be any fuzzy set of Y. Then
fUz1, 7)) =sClf (), 7,9) <aw;—CIF " (w), 7)

<w,—Cl(g,7)
and
gy, 1) =sCUf ), 5, 7)) w3~ CUF (), 9)
< a;— Cl(g, s).
Thus '

(11, 12) —sCHf ™ (), 7, 9)
<fU((ry, 1) —sCUF T~ (w), 7, 9)
<f Nw— Cl(g, »)
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and

(r2, 1) —sCHf ™ (), 5,7
<f (12, 1) —sCUF M (), 5, M)
<f Nw— Cllg, ).
(3) = (4) Let y be any fuzzy set of Y. Then
(11, 1) = sCIF 71 ()%, 7, 9 < (@, — Clgf, 1)
and
" (r, ) =sCIF T (W), s, D<= Cl(1S, ).
By Theorem 3.2, we have
f o= Int(g, M) =(f"(wy— Clx, M))°
<((n1, 1) —sCUF H(W°,7,9)°
= (11, 1) —sInt(f "' (), 7,9
and
f N w,— Int(p,9) =(f""(w;— Cl(x°, 9))°
<((rz, 1) = sCUf (W), 5, M)°
= (13, o)) —sInt(f "' (), s, »).

(4) = (1) Let u be any w,-fuzzy »-open set and

v any wyfuzzy s-open set of Y. Then

w;— Int(y, )=p and w;— Int(y,s)=v. Thus
FH) = o~ Int(g, 7))
<(ry, o) —sInt(f ' (), 9 < F ' (w)
and
) = F o~ Int(y,9)
<(ry, o) ~sInt(f ' (), 5, ) < f7'().
So W =(r,r)—sInt(f ' (@),7,8) and F '(»)=
(z5, 7)) —sInt(f ' (v),s,#). Hence f'(w) is a (1, 1)
-fuzzy (r,s)-semiopen set and F7(v) is a (1, 11)

—fuzzy (s, »)-semiopen set of X. Therefore f is a
fuzzy pairwise (7, s)-semicontinuous mapping.

Theorem 44 Let f(X,r,0)—(Y,0;,w) be a
bijection and r,sel,. Then f is a fuzzy pairwise
(7, s)-semicontinuous mapping if and only if

o1— Int(f(p), ») < f((1;, o) — sInt(p, 7, 5))
and
w:— Int(f(p), 9) < f((rp, 1) —sIntp, s, 7))

for each fuzzy set o of X.

Proof. Let o be any fuzzy set of X. Since f is
one-to—one,
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f o= Int(f(0), M) <(r1, 1) —sInt(f ' f(p),7.9)
=(r, rz) —sInt(p, 7,59)
and
N wy—It(f(0),9) <(r2,7))—sInt(f ' (0),s,7)
= (12, 71) —sInt(e, s, 7).
Since f is onto,
o=t (), P = £ oy~ Int(F (), 7)
< f((r1, r2) ~sInt(p, 7, 5))
and
wy— Int(£(0),8) = ff (w2~ Int(£(p),5))
< f((rz, r1) —sInt(p, s, 7).

Conversely, let ¢ be any fuzzy set of Y. Since f is
onto,

o~ Int(g,n) = o~ Int(ff (), n
< f((7), i) —sInt(f " (p), 7, 5))
and
wy— Int(p,s) = wp— Int(ff ' (1),
< f((zy, r) —sInt(f ' (w), 5, 7).
Since f is one-to-one,
f N o= Int(g, M) <f'f((ry, 1) —sInt(F 7 (), 7, 9))
=(1, ) —sInt(f ' (&), 7,5
and
f o= Int(g,9)) <f 'f((ry, i) —sInt(f (), 5, 7))
=(r, 7)) —sInt(f "' (g, s, 7).
Hence the theorem follows.
Theorem 45 Let fi(X,r,r)—~(Y,0,0;) be a
mapping and 7»s€l,. Then the following statements
are equivalent:

(1) fis a fuzzy pairwise (7,s)-semiopen mapping.
(2) For each fuzzy set e of X,

Ar—Int(p, 7)) < (a1, 0y) —sInt(f(0), 7, 5)
and
Az~ Int(p, ) < (@y, w)) —sInt(f(p), s, 7).
(3) For each fuzzy set u of Y,
0 —Int(f 1 (1), D <f '@y, wy) —sInt(, 7, )

and
o—Int(f " (1), ) <f '((wy, w1) —sInt(g, s, ).
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Proof. (1) = (2) Let p be any fuzzy set of X.
Clearly, r;—Int(p,7) is r-fuzzy »-open and
ro— Int(p,s) is r,-fuzzy s-open in X. Since f is a
fuzzy pairwise (7, s)-semiopen mapping, we have
fo—Int(p, 7)) is a (w;, ws)-fuzzy (7, s)-semiopen set
and fry—Intle,s)) is a (wy,w)-fuzzy (s,7)
-semiopen set of Y. Thus

Ao —Int(p, 1) = (w0, wy) —sInt(f(r;— Int(p, 7)), 7, 5)
< (w1, wz) —sInt(f(p), 7, 5)
and
A= Int(o,9)) =(wz, w)—sInt(f(z;— Int(p, 9),s, )
<(wz, @) —sInt(f(p),s, 7).

(2) = (3) Let u# be any fuzzy set of Y. Then
F W) is a fuzzy set of X. By (2),

Ao —Int(f (), 7)) <(wr, @) —shnt(ff ' (), 7,9)
<(w;, @) —sInt(y, 7, )
and
o= Int(f ' (1), 9) <(wz, ) —sInt(ff ' (g),s,7)
<(wy, w;)—snt(y, s, 7).
Thus we have
n—Int(f (), <f (o= Int(f (), D)
< (o), w) —sInt(g, 7, 5)
and
= Int(f 7 (1), 8) <f A= Int(F 7 (1), s))
< 7 (wy, @) —sInt(g, s, M).

3 =
A any r,-fuzzy  s~open set of
r,—Int(p, »=p and ,— Int(4,5)=A. By (3),

Let p be any r-fuzzy r-open set and
X. Then

p=1-Int(p,7) <r—Int(f (o), »
< '@y, wy) —sInt(£(p), 7, 5))
and
A=~ Int(4,9) < rp—Int(f71£(2),9)
< W@y, @) —sht(£(A), s, 7).
Hence we have
(o) < S (w1, wp) —sInt(f(p), 7, 9))
< (w1, wp) —sInt(f(p), 7,9 < f(0)

and

AR < (@, 0p) —sInt(£(A), 5, 7))
< (wy, wy) —sInt(f(A),s, ) < f(A).

Thus  f(0)=(w;,w;) —snt(f(0),7r,s) and f(A)=(w,,
wy) —sInt(£(A),s, 7). Hence f(p) is (w;,ws)—fuzzy (7,s)
-semiopen and f(A) is (w,, w{)-fuzzy (s,7)-semiopen
in Y. Therefore £ is a fuzzy pairwise (7,s)-semiopen
mapping.

Theorem 46 Let f:(X,1,1r)—(Y,0,0;) be a map-
ping and 7,se1l,. Then the following statements are
equivalent:
(1) fis a fuzzy pairwise (7,s)—semiclosed mapping.
(2) For each fuzzy set p of X,

(@, wy) —sCl(f (), 7,5) < f(r;— Cl{p, 7))
and

(g, @) —sCI(f(p),s,7) < f(r;— Cl(p, 9)).

Proof. (1) = (2) Let o be any fuzzy set of X.
Clearly, 7,—Cl(e,7) is «r,-fuzzy r-closed and
os— Cl(p,s) is ry-fuzzy s—closed in X. Since f is a
fuzzy pairwise (7,s)-semiclosed mapping, we have
(o= Cl{p,7) is a {(w,,wy)-Tuzzy (7,s)-semiclosed
set and Ar—Cl(o,s) is a(wy,w)-fuzzy (s,7)
—-semiopen set of Y. Thus

(w1, w3) —sCI(f(0), 7,5)
< (@1, w2) = sCI(f (7, — Cl{p, M), 7, 9)
= f(r;— Cl(p, 7))
and
(0, ) —sCl(f(p),s,7)
< (wz, w)) —sCl(f(zr;—~ Cl(p,9)), s, 7)
= f(z;— Cl(p,9)).

(2) = (1) Let p be any r;—fuzzy r-closed set and
A any n-fuzzy s-closed set of X. Then r;—Cl
(o, V=p and r,— Cl(4,s)=A. By (2),

(01, w2) —sCI(f(p), 7,8) <f(r;—Cl(p,7)
= f(o)
< (@1, ) —sCI(f(p), 7,5)
and
(wy, @) —sCI(f(A),s, 7 <f(r;— Cl(4,5))
= A4
<(wsy, w) —sCI(f(A),s, 7).
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Thus  f(p)= (w1, w;) —sCl(f(p),r,s) and f(A)=/(w,,
) —sCI(f(A),s,»). Hence f(p)is (w,,wy)-fuzzy (7,s)
-semiclosed and £(A)is (w,, w;)~-fuzzy (s, »)-semiclosed

in Y. Therefore f is fuzzy pairwise (7, s)-semiclosed.

Theorem 4.7 Let f:(X, 7, 1)—(Y,w,w;) be a bijec-
tion and 7,sel,. Then f is a fuzzy pairwise (7,s)
-semiclosed mapping if and only if

(@), @) = sCl(g, 7,9) <7, — CI(F ' (), »)

and
' ((wy, @) = sCl(g, 5, M) < 1— CI(f ' (1), 5)

for each fuzzy set p of Y.

Proof. Let ux be any fuzzy set of Y. Since f is onto,
(@1, w3) —sCl(g, 7,5) = (@1, @) —sCI(fF " (), 7,9)

< fln,— ClI(F (), M)

and
(02, 0) =sCl(g, 5,7 =(wz, ) —sCI(fF " (),s,7)
< f(r— CI(f " (1), 9)).
Since f is one-to-one,
F @y, @2) = sCl(p, 7,9) <f 'flzy—CI(f ' (1), 7))
=1~ CI(/ (1),
and
T (g, @) = sCl(p, 5,7) <f 'flry— CIF (), 9)
=1~ CL(f (1), 9).

Conversely, let o be any fuzzy set of X. Since f is
one-to-one,

F (@1, @) = sCl(f(p), 7,9) <= Clf ' /(0), 7
=r— Cl(p, 7)
and
(w2, @)= sCI(f(p),5,7)) <z,— CI(f 'f(p),5)
=1,— Cl(p, ).
Since f is onto,
(01, w2) = sCl(f (), 7,9) =ff'((@1, ws) = sCU(F(0), 7,5)
< f(r;— Cl(p, )

and
(w9, w)— sCI(f(p), s, ) =1 "((wy, w)— sCI(f(p), s, 7))

< f(zr;— Cl(p, 9).

Hence the theorem follows.
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