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THE HYERS-ULAM STABILITY OF THE QUADRATIC
FUNCTIONAL EQUATIONS ON ABELIAN GROUPS

JAE-HYEONG BAE AND YONG-S00 JUNG

ABSTRACT. In this paper, we investigate the problem of stability
of the quadratic functional equation f(z +y+2)+ flz —y) + f(y—
z) + f(z — z) = 3f(z) + 3f(y) + 3f(z) on abelian group.

1. Introduction

The problem of the stability of functional equations has originally
been stated by S. M. Ulam [9]. In paper D. H. Hyers [5] has proved the
stability of additive mapping.

Th. M. Rassias [7] gave a generalized solution to Ulam’s problem for
approximately linear mappings and he proved a new generalization of
the Hyers-Ulam stability theorem when one considers the most general
Hyers-Ulam sequence [8]. Let G;, i = 1,2 be groups. A function f :
G — G5 satisfying the functional equation

(1.1) flz+y)+ flz—y) =2f(z) +2f(y)

is called the quadratic functional equation. It is well known that a
function f : Fh — E» between vector spaces is quadratic if and only if
there exists a unique symmetric function B : E; X Fy; — E,, which is
additive in x for each fixed y, such that f(z) = B(z,x) for any =z € E,
(see [1]). The Hyers-Ulam stability of the quadratic equation (1.1) on
normed spaces has been studied in [4].

Consider the following functional equations:

(12) fle—y—2)+f@)+fy)+f(2) = flz—y) + Fly+2)+ f(z—2)
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and

(1.3) flz+y+2)+f(z—y)+fly—2)+f(z—2) = 3f(2)+3f(y)+3f(2).

Recently, the first-named author investigated the generalized Hyers-
Ulam stability of the equation (1.2) and (1.3) on a normed space([2],
[3]). The purpose of this note is to investigate the Hyers-Ulam stability
of the equation (1.3) on abelian groups.

Let X be a commutative semigroup with zero in which the following
law of cancellation holds:

(1.4) a+c=>b+ cimplies a = b for all a,b,c € X.

Let R, be the set of all nonnegative real numbers. A multiplication by
nonnegative real scalars is defined on X as follows:

(1.5) ala+b) = aa + ab,
(1.6) aa + fa = (a+ B)a,
(1.7) a(fBa) = (apf)a,
{1.8) la = a,

for all a,b € X and o, 8 € Rs.
Moreover let (X, d) be a metric space such that

(1.9) d(z +y,z+ z) = d(y, z) for all z,y,z € X,

(1.10) d(tz,ty) = td(z,y) forall z,y € X, t € R;.
We define a norm || - || on X by
(1.11) llz| := d(z,0),z € X.

A commutative semigroup (X, | - ||} with zero and metric d satisfying
the conditions (1.4)—(1.11) is called a quasi-normed space.
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2. The results

Let Eq be a group. Let h: By x By x By — R, be a given function.
We denote

H(z,y,z) = h(z,y,2) + h(z,0,0) + h(y,0,0) + h(z,0,0) + 2h(0,0,0)
K(z,y,2) = 3h(z,y,2) + h(z +y + 2,0,0) + h(x — y,0,0)
+ h(y — 2,0,0) + h(z — 2,0,0) + h(0,0,0)
for all z,y,2z € E;.

LEMMA 2.1. Let E; be a group and Es a quasi-normed space. If the
functions F,G : Ey — Es fulfill the inequality

diF(z+y+2)+ Flz—y)+ F(y—2)+ F(z — 2),
G(z) + G(y) + G(2)] < h(z,y, 2)
for all z,y,z € Fy, then we have
diF(z+y+2)+ Flx—y)+ Fly — 2) + F(z — z) + 5F(0),
3F(z) + 3F(y) + 3F(2)] < H(z,y, 2)

(2.1)

(2.2)

dG(zx+y+2)+ Gz —y) + Gly — 2) + G(z — 2) + 5G(0),
3G(z) +3G(y) +3G(2)] < K(z,y,2)
for all x,y,z € E.

(2.3)

Proof. A simple inspection shows that for all z,y,z € Eq,
diGz+y+2)+Glz—y)+ Gy~ 2) + Gz — z) + 5G(0),
3G(z) + 3G (y) + 3G(2)]
<d[Gzx+y+2)+ Gz —y)+ Gy — 2) + G(z — z) + 2G(0),
JF(z+y+2)+Glz—y)+ Gy — 2) + Gz — 2) + F(0)]
+d[G(z — y) + 2G(0),3F(z — y) + F(0)]
+d[G(y — 2z) + 2G(0),3F(y — z) + F(0)]
+d[G(z — z) + 2G(0),3F(xz — z) + F(0)]
+[BF(z+y+2)+3F(x—y)+3F(y—2)+ 3F(z — 2),
3G(z) + 3G(y) + 3G(2)]
+ d[4F(0), 3G(0)]
< h(x+y+20,0)+ h(z —y,0,0) + h(y — 2,0,0)
+ h(z — 2,0,0) + 3h(z,y, 2) + h(0,0,0)
= K(z,y,2),
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which implies that the inequality (2.3) holds. The inequality (2.2) can
be proved quite similarly as (2.3). O

Let N denote the set of all natural numbers.

LEMMA 2.2. Let E, be a group and F5 a quasi-normed space. If the
functions F,G : E; — E3 satisfy the inequality (2.1), then

d[F (k"z) + (k" — 1)F(0), k*" F(z)]

(2.4) SRR o o 0
< KON b H((k — i)k 3, K a, 0)k ™%
i=1 =0
and

d[G(k™x) + (k" — 1)G(0), k*"G(z))

(2.5) it o ‘
< KON b K (k- i)k, K e, 0k

i=1 j=0

forallz € E; andn, k € N, where k > 2, b; = 2b;_1 + b;—2 (by =1,
by = 2).

Proof. Our proof depends on induction. For the case n =1 in (2.4)
we need to show the inequality

x5

-1
(2.6)  d[F(kx)+ (k* = 1)F(0),k*F(z)] < Y b;H((k —i)z,z,0)

%

for all € Fy and all integer k > 2.
Putting z = 0 and y = «z in (2.2) yields

d[F(2z) + 3F(0),4F(z)] < H(z,x,0)

for all z € E,. Assume that (2.6) is true for some k > 2 and all z € E;.
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Then we have

d[F((k + Dz) + ((k + 1)2 — 1)F(0), (k + 1)2F ()]
< d[F((k+ D)z) + F((k — 1)z) + (k% + 2k)F(0),
(k* + 2k — 2)F(0) + 2F (kz) + 2F ()]
+ d[2F(kz) + 2F (z) + (k* + 2k — 2)F(0),
F((k — 1)2) + (k +1)*F(z)]
< H(kz,z,0) + d[2F (kz) + (k* + 2k — 2)F(0),
F((k— 1)) + (k* + 2k — 1) F(z)]
< H(kz,z,0) + d[2F (kx) + 2(k* — 1)F(0), 2k F(z))
+d[(k - 1)*F(z), F((k — 1)z) + ((k — 1) = HF(0)]

k—1 k—2
< H(kz, 2,00+ _ 2b;H((k —i)z,2,0) + »_ bH((k — i — 1)z,,0)
=1 i=1

k
H(kz,x,0) + 2by H ((k — 1)z,2,0) + Y 2b; 1 H((k + 1 — i)z, ,0)
=3
k
+ Y b2 H((k+1~i)z,z,0)

=3

WFij

H((k+1-14)z,z,0).

Hence by induction, the inequality (2.6) is valid for all £ > 2 and all
x € E;. Now we assume that (2.4) holds true for all n > 1. For n + 1
we get the inequality

d[F (k™ z) + (k2" TD — 1)F(0), k* TV F(z)]
< d[F(k"'x) + (k? — 1)F(0), k* F(k"x)]
+ KA d[F(k"z) + (k*" — 1)F(0), k*" F(x)]
k—1 k—1n-1
< D biH((k — )k "z, K", 0) + k> Y > b H((k — i)k’ 3, kI z,0)k~%
=1 =1 7=0

k—1 n

=Kk > b H((k— i)k z, ki z,0)k™Y

i=1 j=0
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Consequently this means that (2.4) is proved by induction. The inequal-
ity (2.5) can be proved by the same way as above. a

Our main result is as follows:

THEOREM 2.3. Let Ey be an abelian group and Es a Banach space.
Let the functions F,G : Ey — Es satisfy the inequality

|Fz+y+2)+Flza—y)+ Fly—2)+ F(z — 2)
— G(z) = G(y) — G(z)| < h(z,y,2)

for all x,y,z € El. Suppose that the series

(2.7) > h((k—i)kz,kz,00k™¥ and Y h(k'z,0,0)k™>
7=0 j=0

are convergent for all x € E; and the condition

(2.8) liminf h(k™z, K™y, k" 2)k™2" = 0

n—oo

for all z,y,z € Ep, then there exists exactly one quadratic function
A: E1 — E2 such that

k-1 oo

(2.9) |A(z) + F(0) — F(@)| <k™2) > bH((k — i)k z, k'z,0)k~>
i=1 =0

and
k-1 oo

(2.10) I34(2)+G(0)~G(z)|| < k72D > biK((k—i)k'z, k/z,0)k>
i=1 j=0

for all x € E;.

If moreover, E; is a linear topological space and F' is measurable (i.e.,
F~1(U) is a Borel set in E; for every open set U in E,) or the function
t — F(tx) is continuous for each fixed x € E;, then

(2.11) A(tz) = 2 A(z)

forallz € F1,t € R.
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Proof. Let A,(z) := k~*"F(k"z) for all z € E; and n € N. We shall
prove that {A,(z)} is a Cauchy sequence for all z € E;. In fact, by
Lemma 2.2, (1.10) and (2.7) we have for n > r and = € F;,

| An (2), Ar(2)||

= k72| F(k z) — KT (k)|

< KPR Q)] + k| PRk )

+ (K270 —1)F(0) — B F (k)|

k—1n—r—1

< k_2r||F(0)|| + = Z Z sz((k — i)kj'f‘rx, k:j+T3:, O)k_2(j+r)
i1=1 ]ZO
k—1n—1 )

= KO + 57230 3 biH (k — i)k, ki, 00~
i=1 j=r

—0 as r—oo.
Since E5 is complete, there exists the limit

(2.12) A(z):= lim A,(z)

n—0o

for all z € F;. We can also check that {k=2"G(k"z)} is a Cauchy
sequence by the similar method as above. Now we claim that

(2.13) 3A(z) = lim k™"G(k"z)

n—oc

for all z € E;. By (2.1) and (1.11), we obtain that

13A(z) — k=G (k")
< |I3A(x) — 3 k72" F(k"z)|
+ 13-k~ F(k™z) + k=" F(0) — k= "G (k™z) + 2k~ 2"G(0)||
+ k72" G(k™2) + 2k~ 2"G(0) — k"G (k™z)|| + k=2 ||F(0)||
< 3| A(z) — Ap(@)|| + k=2 h(k"£,0,0) + 2k >*||G(0)|| + k~>"|| F(0)],

and hence from (2.8) and (2.12), it follows that the relation

nlirn I3A(z) — k~2"G(k"z)|| = 0
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for all z € Eq, which gives (2.13).
The function A is quadratic. In fact,
[An(z +y+ 2) + An(z —y) + An(y — 2) + Aulz — 2)
— kT G(k"z) + kTG (k™y) + kTG (k™ 2)||
< kTh(K"x, Ky, kM 2),

and so letting n — oo in view of (2.8) and (2.13) we obtain the equality

Alz+y+2)+Alz —y)+ Aly — 2) + Az — 2)
= 3A(z) + 3A(y) + 3A(z)

for all z,y,z € Fj.

By (2.4) and (2.5), we can easily verify the validity of the inequality
(2.9) and (2.10). To prove the uniqueness assume that there exist two
quadratic functions Cp, : E1 — F9,m = 1,2 such that

|Crm () + F(0) — F(z)|
k—1 oo

< k_2amZZbl (k— i)k z, ki z, 00k~

i=1 j=

where z € Fy and a,, > 0, (m = 1,2) are real constants.
Since C,,, are quadratic functions, we see that for m = 1,2

Cn(kz) = kQ"Cm(:c)
for all z € F1,n € N. Hence we obtain for z € F,

k=2M|C1(k™z) — Ca(k" )|
< k77" ([[C1(k"2) + F(0) — F(k")|| + | F(k"z) — Ca (k") + F(0)]))
k-1 oo
< (a1 + az)k™? Z Zb H((k — )k, ki, 0)k 20+
i=1 j=0
k—1 oo
= (a1 +a2)k™2 Y S biH((k — )k, K, 00k,

i=1 j=n

In view of the convergence of the series (2.7), the righthand side of the
last inequality can be made as small as we wish as taking n sufficiently
large. Hence C4(z) = Cy(z) for all z € E;.
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To end the proof, let L be any continuous linear functional defined
on the space E3. Let ¢ : R — R be given by

o(t) := L[A(tz)]

for all x € Fq, t € R, where z is fixed. Then ¢ is a quadratic function
and, moreover, as the pointwise limit of the sequence

on(t) = k™ "LIF(k™tz)], teR

is also measurable and hence has the form ¢(t) = t?p(1) for t € R (see
[6]). Therefore for all t € R and all 2z € E4

L{A(t)] = ¢(t) = t*(1) = L[t*A(2)],
which implies the condition (2.11). This completes the proof. O

The next lemma and theorem are to present the results concerning
the case F'(0) # 0.

LEMMA 2.4. Let E; be a group divisible by k and E» a quasi-normed
space. If F,G : E; — E, satisfy the inequality (2.1), then

[F(z) + (k" — 1)F(0), k*" F (k™" )]

(2.14) P o o
< kT2 N biH((k - i)k 2, k2, 0)k%
i=1 j=1
and

d[G(z) + (*™ — 1)G(0), k*"G(k™"x)]

(2.15) e o o
<k N K ((k— kT z, k7T, 0)k%

i=1 j=1

for all z € Ey and n,k € N, where k > 2, b; = 2b,_1 + b;_2 (by = 1,
by = 2).

Proof. Setting x = k~™¢ into (2.4) and (2.5) it is immediate to obtain
(2.14) and (2.15). 0
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THEOREM 2.5. Let Ey be an abelian group divisible by k, k > 2 and
E5 a complete quasi-normed space. Suppose that the series

Zh k—i)k™ Iz, kIz,0)k* and th Iz,0,0)k?

j=1

are convergent for all x € E; and the condition

liminf h(k™ "z, k™ "y, k" 2)k*" =0

n—00

for all x,y,z € Ep, then there exists exactly one quadratic function
A: E; — E5 such that

k—1 oo
(2.16)  d[B(z), F()] <k7>> > bH((k— i)k, k™ z,0)k%

i=1 j=1

and
k—1 oo
(217)  d[B(z),G(@)] < k72D Y bK((k— i)k Iz, k Iz, 0)k%

for all x € Ey.

Proof. Since the series Z;’;O h(0,0,0)k% is convergent, it follows
that h(0,0,0) = 0, and from (2.1) we obtain F(0) = G(0) = 0. Put
B, (z) := k™ F(k™"z) for all z € E; and n € N. In view of Lemma
2.4 we can prove that for all z € E; the sequence {B,,(z)} is a Cauchy
sequence. Let us define

(2.18) B(z) := lim B,(z)
n—oo0
for all x € E;. Then it is easy to verify that

(2.19) 3B(z) = lim k*"G(k"z)

for all z € E,. Since
d[Bn(x +y + 2) + Bp(z — y) + Bu(y — 2) + Bn(z — 2),
K" G(k~"x) + K*"G(k~™y) + k*G(k™"2)]
< kP h(k"z, kT "y, kT 2),
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according to (2.18) and (2.19) we obtain the relation

Bz +y+2)+B(z—y)+ B(y—z2)+ Bz —2)
= 3B(z) + 3B(y) + 3B(2)

for all z,y,z € E; by taking limits of both sides as n — oco. Hence B
is a quadratic function. Taking into account (2.14) and (2.15) we get
immediately the estimations (2.16) and (2.17). To prove the uniqueness
we can proceed similarly as in the proof of Theorem 2.3. We complete
the proof. O

REMARK. If h is constant we have Hyers-Ulam stability, whereas for
h(z,y,z) = ||z||” + ||y||” + ||z]|P, z,y,2 € E (E : normed space) Rassias
type of stability.
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