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TOPOLOGICAL CONJUGACY OF
DISJOINT FLOWS ON THE CIRCLE

KRrzYSzTOF CIEPLINSKI

ABSTRACT. Let F = {F’ : §8* — §', v eV} and G = {G" :
st — 8!, v e V} be disjoint flows defined on the unit circle
S!, that is such flows that each their element either is the identity
mapping or has no fixed point ((V, +) is a 2-divisible nontrivial
abelian group). The aim of this paper is to give a necessary and
sufficient condition for topological conjugacy of disjoint flows i.e.,
the existence of a homeomorphism T : §! — §! satisfying
FCoF'=G"0oT, wvevV

Moreover, under some further restrictions, we determine all such
homeomorphisms.

1. Introduction

Let X be a topological space and (V, +) be a 2-divisible nontrivial
(i.e., cardV > 1) abelian group.
Recall that a family {F* : X — X, v € V} of homeomorphisms
such that
FvIOFDQZFU1+U2, v, 1 €V

is called an iteration group or a flow (on X). A flow {F¥ : X —
X, v € V} is said to be disjoint if every its element either is the identity
mapping or has no fixed point. Some results concerning disjoint flows
on the unit circle S! can be found in [3], [6], [7] and [9]. A flow {F" :
S! — S, v € R} is called continuous if for every z € S the mapping
R > v — F¥(z) € S! is continuous. A continuous flow {F¥ : S! —
S, v € R} is said to be positively equicontinuous if for every € > 0 there
exists § > 0 such that for any z, w € S! and v > 0, d(z, w) < é implies
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d(F¥(z), F¥(w)) < €, where d(2, w) := |z — y| for some z, y € R with
|z — y| < 1 such that €™ = z and €*™¥ = w. Continuous flows have
been studied in [14], and positively equicontinuous flows in [2].

Flows F={F': X — X, veV}and G={G": X — X, ve V}
are said to be topologically conjugate if there exists a homeomorphism
I': X — X for which

(1) FoF*=Gol', weV.

The problem of topological conjugacy of disjoint flows defined on open
real intervals in the case where V' = R has been examined by M. C. Zdun
in [15] (see also [4] for the case when V = Q). The aim of this paper
is to give a necessary and sufficient condition for topological conjugacy
of disjoint flows on S'. Moreover, under some further restrictions, we
determine all homeomorphisms I' : S! — S! satisfying (1). Our results
generalize those obtained by the author in [7] (another generalization
one can find in [10]), where a special case of disjoint flows under the
assumptions that V = R and T’ preserves orientation has been studied.

2. Preliminaries

We begin by recalling the basic definitions and introducing some no-
tation. _

Throughout the paper N denotes the set of all positive integers and
A9 stands for the set of all cluster points of A.

For any v, w, z € S! there exist unique t1, t2 € [0, 1) such that
we?™1 = 7 and we?™2 = y, so we can put

v<w =<z if and only if 0<it; <ty

and

v=w=2z if and only if ¢ <tz or t2=0
(see [3]). The properties of these relations can be found in [6] and [7].
It is easily seen that we also have

REMARK 1. For any v, w, z, ¢ € S, v < w < z implies c-v < c-w <
c-z.

A set A C S! is said to be an open arc if there are distinct v, z € S!
for which

—

A=, 2):={we S :v<w=<z2}={ tc(t, t.)}
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where t,,, t, € R are such that e?™ =y, 2™ = yand 0 < t, —t, < 1.
Given a subset A of S! with cardA > 3 and a function F' mapping A
into S! we say that F is increasing (respectively, strictly increasing) if
for any v, w, z € A such that v < w < z we have F'(v) <X F(w) X F(z)
(respectively, F(v) < F(w) < F(z)). For every homeomorphism F :
A — B, where A = {€2™, t € (a, b)} and B = {*™*, t € (c, d)} are
open arcs, there exists a unique homeomorphism f : (a, b) — (¢, d)
with F(e?™@) = ¢27f(2) for 2 € (a, b) (see [3] and [6]).

It is well-known (see for instance [1], [5] and [13]) that for every
continuous mapping F : S! — S! there is a continuous function f :
R — R, which is unique up to translation by an integer, and a unique
integer k such that

F(e2m'ac) — eQm'f(x) and f(il) + 1) = f(:r) + k, T € R.

The function f is said to be the [ift of F' and the integer & is called
the degree of F', and is denoted by deg F. If F : S — S! is a homeo-
morphism, then so is its lift. Furthermore, |deg F'| = 1. We say that a
homeomorphism F : S' — S! preserves orientation if deg F = 1, which
is clearly equivalent to the fact that the lift of F' is increasing (recall
that each element of a flow F = {F? :S! — S!, v € V'} preserves ori-
entation). For every such homeomorphism F' the number a(F') € [0, 1)
defined by
k13
a(F) = lim f——(i)( od 1), zeR

n—oo mn
is called the rotation number of F. This number always exists and
does not depend on z and f. Furthermore, a(F) is rational if and
only if F' has a periodic point. If a(F) ¢ Q, then the non-empty set
Lp := {F"(z), n € Z} (the limit set of F) does not depend on z € S!,
is invariant with respect to F' and either Lp = St or L is a perfect
nowhere dense subset of S! (see for instance [11] and [12]).

A flow F = {FV : S! — S, v € V} is said to be non-singular
if at least one its element has no periodic point, otherwise J is called
a singular flow. By the limit set of a non-singular flow F = {F" :
S! — S!, v € V} we mean the set Ly := Lpv, where F¥ € F is
an arbitrary homeomorphism with irrational rotation number. By the
limit set of a disjoint flow F = {F" : S! — §!, v € V} we mean the
set Ly := {F¥(z), v € V}9, where z is an arbitrary element of S*. A
non-singular or disjoint flow F = {F? : ' — S!, v € V} is called: -~
dense, if Ly = S'; — non-dense, if 0 #£ Ly # S'; — discrete, if Ly = ()
(see [9] and also [7]). It is worth pointing out that every discrete flow is
both disjoint and singular, and every dense flow is disjoint (see [9]).
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3. Main results
The proof of our next remark is obvious.

REMARK 2. (see also [3]) If F = {F¥ : §! — S!, v € V} and
G ={G":S' — S}, v € V} are topologically conjugate flows, then F
is disjoint if and only if so is G.

As an immediate consequence of Theorem 9 in [2] and Remark 2 we
obtain

COROLLARY 1. Every positively equicontinuous flow {F" : §' —
S, v € R} is disjoint.

REMARK 3. (see [12] and [10)) If F = {F¥ : §! — S!, v € V}
and G = {G” : S! — S}, v € V} are flows and a homeomorphism
I':S' — S! satisfies (1), then

a(G¥) = a(F¥)degl'(mod 1), wveV.

According to Remark 3 we get

COROLLARY 2. If F ={F":S! — S, v e V}and G = {G*:S! —
S!, v € V} are topologically conjugate flows, then F is non-singular
(respectively, singular) if and only if so is G.

LEMMA 1. If F={F*:S! — S, veV}and G = {G¥: S! —
S, v € V'} are non-singular flows, then there exists a vy € V for which

a(F™), a(G™) ¢ Q.

Proof. Let vr, vg € V be such that a(F'7), a(G¥9) ¢ Q. If a(F¥9) ¢
Q, then we put vp := vg. If a(G"") ¢ Q, then we set vy := vr. Finally,
assume that o(F*9), a(G"7) € Q and let vy := vg + vg. Then, by
Theorem 1 in [8], we have : _

a(Fvo) — a(FvQ+v.7-‘) — a(F'ug o Fv].-) — a(Fvg) + a(F”’"‘)(mod 1)’

and therefore a(F") ¢ Q. Similarly, a(G") ¢ Q. O
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LEMMA 2. IfF F={F*:S! — S!, veV}and G = {G" : St —
S, v € V'} are non-singular (respectively, singular and disjoint) flows
and a homeomorphism T : S! — S satisfies (1), then T'[Ls] = Lg.

Proof. Fix a z € S!. In the case where F and G are non-singular, take
also a vg € V for which a(F™), a(G™) ¢ Q (the existence of such a
vp is guaranteed by Lemma 1). If the flows are non-singular, then using
(1) together with the fact that I' is a homeomorphism we get

T[LF] = T{F™(2), n € Z}¥] = {G™(I'(2)), n € Z}¢ = Lg.
Applying the same arguments to the case when F and G are both sin-
gular and disjoint we see that

FlLA = THFY(2), v e VI = {G"(T(z)), ve VI = Lg. O
The following fact follows immediately from Lemma 2.

COROLLARY 3. If F = {F? : S! — S!, v € V} and G = {G" :
St — S1, v € V} are topologically conjugate non-singular (respectively,
singular and disjoint) flows, then they are simultaneously either dense
or non-dense or discrete.

According to Corollary 3, we will consider the above three classes of
flows separately.

3.1. Discrete flows

First, we shall deal with discrete flows. To do this, recall the following

PROPOSITION 1. (see [9]) If F = {F¥ : ! — S!, v € V} isa
discrete flow, then Hr := {a(FV), v e V} = {%, k=0, ..,n-1} fora
positive integer n and there exists a mapping m : V — {0, ..., n — 1}
such that F* = G™) for all v € V and a homeomorphism G € F with
a(G) = L(mod 1).

THEOREM 1. Assume that F = {F* : §' — S!, v € V} and
G={G":S! — S, v € V} are discrete flows and let n1, ny € N be
such that Hr = {%, k=0,..,n1—1}and Hg = n—kz, k=0,..ny—1}.
Suppose also that mappings m; : V. — {0, ..., n1 — 1}, mg : V —
{0, ..., ng — 1} and homeomorphisms Hy € F, Hy € G with a(H;) =
;%;(mod 1), a(Hy) = niz(mod 1) are such that FV = H'{m(v), G® =
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H} °®) forv € V. Then a homeomorphism I' : S! — S! of degree 1
satisfies (1) if and only if

(2) POH1=HQOF

and my = mgy, whereas a homeomorphism T' of degree —1 satisfies (1) if
and only if

(3) ToH™ ' =Hyol
and
@ omw={ g S e

Proof. Let T : S! — S! be a homeomorphism of degree 1. First,
assume that I' satisfies (1). Then, by Remark 3, we have

a(H{nl(U)) =a(F’) = a(G®) = a(H;nZ(v)), veV
and n; = ng =: n. Theorem 1 in [8] and the facts that a(H;) =
L(mod 1), a(H;) = 1(mod 1) and m;(v), ma(v) € {0, ..., n — 1} for
v € V now lead to

) _ o) = oy = ™20 ey,
and therefore m; = mgy. Since the only element of F (respectively, G)
with the rotation number X(mod 1) is H; (respectively, Ha), (2) also
holds true.

If m; = mg =: m and T fulfils (2), then
ToF'=ToH =H' oI =G"oT, wveV,

and (1) is proved.
Now, let I : S — S! be a homeomorphism of degree —1 and assume
that (1) holds true. Then from Remark 3 we conclude that

R r - L

hence that

k —k
{n—, kZO, veey nl—l}:H]_—:{n2
1

s k= 1, veey ’l’Lz},

and finally that ny = ng =:n. Fixav € V. If ma(v) =0, then a(G”) =
0, and (5) implies a(F¥) = 0. Therefore mi(v) = 0. If ma(v) # O,
then a(GY) # 0, and (5), Theorem 1 in [8] and the facts that a(H1) =
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1(mod 1), a(Hz) = 1(mod 1) and my(v), ma(v) € {0, ..., n — 1} for
v € V show that

MOl o) = o(F) = 1-0(C")

= 1-a(E®) =1 720

n
We thus get (4). From (5) it follows that Hy is topologically conjugate
with a homeomorphism with the rotation number ﬂ;—1 Since the only
such an element in F is H}'~*, (3) holds true.

Finally, if (4) is satisfied and I fulfils (3), then
G'oT = Hy*™oT =T oM
= FoH{nl(v)zI‘oF”, veV,
and the proof is complete. a

3.2. Dense flows

Mappings ¢# and cr guaranteed by our next proposition enable us
to give a necessary and sufficient condition for topological conjugacy of
dense (respectively, disjoint and non-dense) flows.

PROPOSITION 2. (see [9]) If F = {F? : S! — S!, v € V'} is a dense
or non-dense flow, then there exists a unique pair (¢r, cr) such that
or : St — S! is a continuous function of degree 1 with ¢+(1) = 1 and
cr: V. — S for which

er(F¥(2)) = cr(v)pr(z), z€S, veW
The mapping cr is given by cr(v) = e2™*F") for v € V and fulfils the
equation
(6) C}‘(Ul + 'U2) = C]—'('Ul)C]-‘(’UQ), vy, vg € V.

The function @F is increasing and pr|[Lr] = S'. Moreover, pF is a
homeomorphism if and only if the flow F is dense.

THEOREM 2. If F = {FV:S! — S!, ve V} and G = {G": st —
S!, v € V} are non-singular (respectively, singular) dense flows and
1 € {—1, 1}, then there is a homeomorphism T : S* — S! of degree |
satisfying (1) if and only if cy = clg.
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Proof. If a homeomorphism I' : §! — S! of degree I satisfies (1),
then the equality cr = clg follows immediately from Remark 3.

Now, assume that cr = clg and note that from Proposition 2 and
Remark 5 in [6] it follows that the functions ¢r, ¢g : S! — S! are
orientation-preserving homeomorphisms such that F¥(z) = ¢z (cx(v)
vr(2)), G¥(2) = <p§1(cQ(v)<pg(z)) for v € V, z € S'. Therefore, by
Lemma 5 in [6], I := cpgl o ¢! is a homeomorphism of degree [ which,
as is easy to check, satisfies (1). O

3.3. Non-dense flows

Finally, we turn to non-dense flows. If F = {FV:S! — §!, v e V}
is such a flow, then its limit set is a non-empty perfect and nowhere
dense subset of S!, and therefore

(7) S\ Lz = | I(F)q,
q€Q
where I(F)4 for g € Q are open pairwise disjoint arcs.

LEMMA 3. (see [9]) If F = {FY : S! — S!, v € V} is a non-dense
flow, then
(i) for every q € Q the mapping ¢ is constant on I(F),,
(ii) if A C S! is an open arc and @F is constant on A, then A C I(F),
for aq € Q,
(iii) for any distinct p, g € Q, #[I(F)p) N@r[I(F)q] =0,
(iv) for any ¢ € Q, v € V there exists ap € Q with FU[I(F)g] = I(F)p,
(v) the sets Imcr and Kr = @z[S' \ L] are countable,
(vi) Kr -Imcr = K7,
(vii) the sets Imcy and K are dense in S*.

According to Lemma 3 we can correctly define the bijection @£ :
Q — K7 and the mapping Tr : Q x V — Q putting

(8) {27(9)} = prI(F)q, a€Q
9) Tr(g, v) == 87 (2r(q)cr(v)), ¢€QueV.

LEMMA 4. (see [9)) If F = {FV : S§' — S, v € V} is a non-dense
flow, then

(1) T}-(Tf(q’ Ul)a U2) = Tf(Q) vy + U2)7 qge @a U1, V2 € V7
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(11) Tf(‘]a O) ={q, q€Q,
(iii) FU[I(]:)q] = I(]:)Tf(q, V) geQ,veV.

We are now in a position to show a necessary condition for topological
conjugacy of non-dense flows.

THEOREM 3. f F = {F":S! — S!, veV}andG={G":S' —
S!, v € V} are non-singular (respectively, singular) non-dense flows
and a homeomorphism I' : S — S! satisfies (1), then cr = cgegl"‘ and
Kg=d-(Kr)%s! for ad e St

Proof. Since the equality cr = cgegf is an immediate consequence of
Remark 3, it remains to prove that there is a d € S! for which Kg =
d- (K7)%8T. To do this let us first note that from Lemma 2 and (7) we

have

U TI#)] = U 19,

qeQ q€Q
and therefore there exists a bijection ® : Q — Q such that ['[I(F)4] =
I(G)a(q) for ¢ € Q. This together with Lemma 4(iii) and (1) gives

®(Tx(g, v)) =Tg(P(q), v), ¢eQ,veV
and, by (9),

2(27! (27 (9)er(v)) = 851 (8g(®(0))eg(v)), q€Q veV.

Now, putting ¢q := <I>_;_-1(z) for z€ Kr, 6 := Pgodo <I>;-1 we see from

CF = cdgegr that

(10) §(zcr(v)) = 8(2)(cr(v)8Y, z2e€ Kr, veV.

It is obvious that the mapping § : Kx — Kg is a bijection. Analysis
similar to that in the proof of Theorem 2 in [7] shows that if deg"' = 1
(respectively, degI’ = —1), it is also strictly increasing (respectively,
decreasing). Since from Lemma 3(vii) it follows that the sets Kr and
Kg are dense in S?, Corollary 1 in [7] shows that § can be extended to a
continuous function § : S* — S!. Using (10), the density of the sets K»
and Imcr in S! (see Lemma 3(vii)) and the continuity of the mapping
6 we get §(zw) = §(z)wIET for z, w € S!, and consequently

Kg = §[K5] = §[K 7] = 6(1) - (K5)*8T. 0
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Before we state our next result let us observe that since 6(w) =
6(1)wisT for w € K, the definition of the mapping § gives

B(q) = D5 ((25(q))*ET8(1)), qeQ.

THEOREM 4. Assume that F = {F¥ : 8! — S!, v € V} and
G = {G? : S! — S!, v € V} are non-singular (respectively, singular),
non-dense and disjoint flows and let | € {—1, 1}. Suppose also that
cF = cf; and Kg = d-(Kz)! forad € S'. Then the following construction
determines all homeomorphisms T : S' — S! of degree [ satisfying (1).

1°. Take a d € S! for which Kg = d - (Kr)' and define the mapping
¥:Q—Qby

U(q) =85 (2£(9))'d), ¢€Q
2°. Introduce the following equivalence relation on Q
pRq ifand only if there is a v € V such that p = Tr(q, v).

3°. Take an E C Q having exactly one point in common with each
equivalence class with respect to the relation R and define

{Al9} =ldrNE, q€Q
4°. Choose an arbitrary function W : Q — V' with

(11) Tr(Alg), W(g))=¢ qcQ

5°. Ifl = 1 (respectively, [ = —1), then take strictly increasing
(respectively, decreasing) homeomorphisms
(12) Te: I(f)e — I(g)\p(e), ec E.

6°. Define the strictly increasing (respectively, decreasing) mapping
Lo qu@ I(]:)q - quQ I(g)q putting

(13)  To(z) == (GV D oTy o FW)(2), z€I(F)g, q€Q.

7°. Extend the function Ty to a strictly increasing (respectively,
decreasing) and continuous mapping I : St — SL

Proof. We first show that constructed in the above way I' is a home-
omorphism of the circle with deg' = [ satisfying (1).

It is easily seen that ¥ : Q — @ is a bijection such that (®go ¥ o
?}1)(2) = 2!d for z € Kr. This together with Lemma 3(vi) and (9)
gives

Og(U(Tx(g, v)) = Dg(¥(g))(cr(v)), a€Q veV.
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On the other hand, from (9) it also follows that
Bg(Tg(¥(g), v)) = Bg(¥(g))eg(v), q€Q, ve,

S0, in consequence,
(14) U(Tr(g, v)) =T5(¥(g), v), q€Q veV.

An easy computation shows that R is an equivalence relation. The
existence of the mapping W : Q — V for which (11) holds true follows
immediately from the definition of R. Moreover, according to (11) and
(9), we have Tr(g, —W(q)) = A(q) for ¢ € Q. From this, (13), Lemma
4(iii), (12), (14) and (11) it may be concluded that

(15) Doll(Flgl = 1(G)wg), q€Q

Our next goal is to prove that if [ = 1 (respectively, [ = —1), then
the mapping I'o : Uyeq 1(F)g — Uyeq(G)q is strictly increasing (re-
spectively, decreasing). To do this, fix z, w, 2z € {J,cq [(F)q for which
x < w < z. We shall show that T'g(z) (j) To(w) (j) I'o(2). In order to

get this relation, it is convenient to consider three cases.

(i) {z, w, 2} CI(F)q forage Q.
Since G” and F"V for v € V are orientation-preserving homeomorphisms
of the circle, our assertion follows from (13) and Lemmas 11 and 10 in
[7].

(it) card({z, w, 2z} NI(F)y) =2 fora qge Q.
By Lemma 2 in [6] we may assume that z, w € I(F),. Fixing a u €

I(F)q such that w €(z, u)C I(F), we conclude from (i) and (15) that

Fo(w) E(Fo(x)—,—iﬁo(u))C 1(G)w(q) (respectively, I'o(w) E(TO(U) Lo(z)
I(G)w(g)) As z & I(F), and ¥ is a bijection we also have Fo(z) gZ

I(G 0% and therefore To{w) €(T'g(z), T'o(2)) (respectively, I'o(w) €

)
(To(2), To())).

(iii) card({z, w, 2} NI(F)q) <1lforageQ.
Let p, g, r € Q be pairwise distinct numbers for which z € I(F)y, w €
I(F)p, z € I(F),. Then I(F)y < I(F), < I(F),, and the fact that
the function ¢ is increasing together with Lemma 3, (8) and Remark
1 gives

Dr(q)d < Pr(p)d < Pxr(r)d and ! d > ! d > 1 d.

@r(q)  @r(p) ~ Pr(r)

Consequently, using the deiinition of ¥, (8), Lemma 3 and the facts that
the mapping g is increasing and I(G), for ¢ € Q are pairwise disjoint
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open arcs, we get 1(G)y(q) (4) I(G)w(p) (-<) I(G)y(r), and (15) now leads
- -
to I'o(z) (4) To(w) (%) To(z2).
- -

Next, observe that (7), (15) and the fact that ¥ is a bijection give
TofS'\ Lx] =St \ Lg. Since the sets S' \ Lz and S' \ Lg are dense in
S!, from Lemmas 12 and 13 in [7] it follows that Iy can be extended to
a strictly increasing (respectively, decreasing) and continuous function
I :S! — S Clearly, T'[S'] = S! and, by Remark 3 in [7], T is an
injection. Thus T is a homeomorphism and, in view of Lemma 11 in [7],
degT = 1.

We now show that

if Tr(p, u) = Tx(p, v) for some p€ Q, u, vEV,

(P) then F“ = FY and G* = G".

Fix p € Q, u, v € V with Tx(p, u) = Tr(p, v). By (9) we obtain
cr(u) = cx(v), which together with (6) yields cr(u—v) =1 = cg(u—v),
and (9) now shows that

(16) Tr(p, u—v)=p and Tg(p, u—v)=p.
Let I(F), =(ap, bp), I(G)p =(ay, b,). Since from Lemma 4(iii) and
(16) we have F*"Y[I(F)p| = I(F)p and G*V[I(G)p] = I(G)p, the fact
that F*~" and G~V are strictly increasing gives F"*~%(ap) = a, and
G*™¥(ay,) = a,. But the flows F and G are disjoint, and so F* = F"
and G* = G".

Fix ¢ € Q, v € V. By (11), Lemma 4 and the fact that A(q) =
A(Tr(g, v)) we gt

Tr(q, v) = Tr(A(TF(q, v)), W(g) +v).

Putting p := Tx(q, v) we see that p = Tr(A(p), W(q) + v), which
together with (11) implies Tr(A(p), W(p)) = Tx(A(p), W(g) +v). (P)
and the definition of p now give
(17) FW@+v — pW(p) — pW(Tx(0,v)) 454

GW@+v — W) = W (TF(g, )

Take v € V, 20 € S!\ Lr and let ¢ € Q be such that zy € I(F),.
By Lemma 4(iii) we have F¥(29) € I(F)r,(q, v), and from the equality
[ | St\ Ly = Tg, (13), (18) and the fact that A(q) = A(Tx(q, v)) it
may be concluded that G¥(T(z)) = ['(F?(29)). The density of S'\ Ls
in S! and the continuity of G¥, FV and T finally give (1).
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Now, let T' : S' — S! be a homeomorphism of degree [ satisfying
(1). Putting

Io:=T||JI(F); and Te:=T|[I(F)e, e€E
q€Q
we see that if [ = 1 (respectively, [ = —1), then T'o : U,cq {(F)g —
Ugeg 1(G)g and T : I(F)e — I(G)a(e) are strictly increasing (respec-
tively, decreasing) homeomorphisms for which (13) holds true.
Thus, the above construction determines all homeomorphisms I" :
S — S of degree [ satisfying (1). O

As an immediate consequence of Theorems 3 and 4 we obtain

THEOREM 5. If F = {F" : 8! — S}, v € V} and G = {G" :
S' — S!, v € V} are non-singular (respectively, singular), non-dense
and disjoint flows and | € {—1, 1}, then there is a homeomorphism
I : S' — S* of degree | satisfying (1) if and only if cr = ¢} and
Kg=d-(Kr) foradesS!.
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