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(f,2)-ROTATIONAL EXTENDED STEINER
TRIPLE SYSTEMS WITH f=2 AND f =3

CHunG JE CHO

ABSTRACT. An extended Steiner triple system of order v, denoted
by ESTS(v), is said to be (f, k)-rotational if it admits an automor-
phism consisting of exactly f fixed elements and k cycles of length
”;f . In this paper, we obtain a necessary and sufficient condition
for the existence of (f, 2)—rotational extended Steiner triple systems

with f =2 and f =3.

1. Introduction

An extended Steiner triple system of order v, denoted ESTS(v), is
an ordered pair (V,B) where V is a set of v elements and B is a set
of triples of (not necessarily distinct) elements of V, called blocks, such
that every unordered pair of (not necessarily distinct) elements of V
occurs in exactly one block of 8.

In an ESTS(v), there are three types of blocks of the forms

{a,a,a}, {a,a,b}, {a,b,c},

where a, b and c are distinct elements. If there is a block of the form
{a,a,a}, then such an element a is called an idempotent, but the element
b which forms a block {b,b,c} with b # ¢ is a nonidempotent. We will
denote by EST'S(v, p) an extended Steiner triple system of order v with p
idempotents. In 1972, Johnson and Mendelsohn [6] obtained a necessary
condition for the existence of an EST'S(v, p), and, in 1978, Bennett and
Mendelsohn [1] showed the necessary condition was also sufficient.
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THEOREM 1.1 [1,6]. Let0 < p <v. Then there exists an ESTS(v, p)
if and only if

(i) v=0 (mod 3) and p =0 (mod 3), or

(ii) v=1, 2 (mod 3) and p =1 (mod 3), but

(iii) when v is even, p < %, and

(iv) whenp=v—1,v=2.

An automorphism of an ESTS(v,p) (V,8B) is a permutation of V
which preserves the blocks of B. An ESTS(v,p) is said to be (f, k)-
rotational if it admits an automorphism consisting of exactly f fixed
elements and & cycles of length ”—;i Solutions to the existence problem
of an (f, k)-rotational ESTS(v, p) were first given when f =0, k =1,
as the existence of cyclic extended triple systems [2], when f =0, k > 2,
as that of k-regular extended triple systems [3] which were completely
determined for k£ = 2,3 and partially for ¥ = 4, when f =1, kK > 1, as
that of k-rotational extended triple systems [2] which were completely
determined for & = 1,2 and partially for k = 3.

If (V,B) is an ESTS(v, p) with an automorphism ¢, then the cyclic
group generated by a, < a >, acts on the set V. So the whole blocks
B are partitioned into disjoint orbits of blocks under the cyclic group
< a >. We say that a set of blocks which are taken from each of the
orbits exactly one is called a set of starter blocks for the system under
the automorphism o. :

An (A, k)-system is a set of ordered pairs {(a,,b,)|r = 1,2,...,k}
that partition the set {1,2,...,2k} with the property that b, — a, =
r for r = 1,2,...,k; and there exists an (A, k)-system if and only if
k=0or1 (mod 4) [8 9]. A (B,k)-system is a set of ordered pairs
{(ar,b;)|r = 1,2,...,k} that partition the set {1,2,...,2k — 1,2k + 1}
with the property that b, —a, =7 forr =1,2,...,k; and there exists a
(B, k)-system if and only if £ = 2 or 3 (mod 4) [7, 8]. A (C, k)-system
is a set of ordered pairs {(a,,b;)|r = 1,2,...,k} that partition the set
{1,2,...,k,k+2,...,2k+ 1} with the property that b, —a, = r for r =
1,2,...,k; and there exists a (C, k)-system if and only if £ = 0 or 3 (mod
4) [8]. A (D, k)-system is a set of ordered pairs {(a,,b,)|r =1,2,...,k}
that partition the set {1,2,...,k,k+2,...,2k, 2k+2} with the property
that b, —a, =7 for r = 1,2,...,k; and there exists a (D, k)-system if
and only if k=1 or 2 (mod 4) and k # 1 [8].

In this paper, we obtain a necessary and sufficient condition for the
existence of (f,2)-rotational extended Steiner triple systems with f = 2
and f = 3.
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2. (2,2)-rotational extended Steiner triple systems

Suppose that there exists a (2,1)-rotational ESTS(v,p) whose ele
ment-set is V = {001,002} U Z,_2 and with an automorphism

a = (001)(002)(01 -+ v—3).

Then either {c07,001,001} and {ooy, 002,002}, or {002,002,002} and
{002, 001,001 } must be blocks. So there must exist starter blocks of the

forms
{001,0,a} and {o0g,0,b}

for some a # b in Z,_ o and then at least one of the pairs {co01,0} and
{002, 0} occur twice. Thus there is no (2, 1)-rotational extended Steiner

triple systems.
In a (2, k)-rotational ESTS(v, p), if {a, a,a} is a block then the length

of its orbit is either 1 or ”k;Z so we have the following lemma.

LEMMA 2.1. If there exists a (2, k)-rotational ESTS(v, p), then

v—2

p=1orl+n:
forn=0,1,... k.
REMARK 2.2. If there exists a (2, 2)-rotational ESTS(v, p), then
p=1, g, or v—1.

But if p = v — 1, v must be 2 (by Theorem 1.1); so if p = v — 1 then
v=2and p=1.

LEMMA 2.3. A necessary condition for the existence of a (2,2)-
rotational ESTS (v, p) is
(i) p=1andv=2,4(mod6), or

(ii) p=% and v=0, 2 (mod 6).

Proof. (i) If p = 1, then, by Theorem 1.1, v = 1 or 2 (mod 3). But
=2 must be an integer. Thus v satisfies both v = 1,2 (mod 3) and
v = 0 (mod 2) and hence v = 2 or 4 (mod 6).

(ii) If p = % then, by Theorem 1.1, § = 0 or 1 (mod 3) and hence

v =0 or 2 (mod 6). O
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Now, we will construct (2,2)-rotational ESTS(v,p)s. We assume
that our (2, 2)-rotational ESTS(v, p)s have the element-set,

V = {001,000} U (Zasz x {1,2}),

and the corresponding automorphism is

emtwoea o (20 ) o (52

where we write for brevity z; instead of (z,1).

LEMMA 2.4. There exists a (2,2)-rotational ESTS(v,1) for v = 8
and 20.

Proof. If v = 8, then the following triples

{001,00]_,001}, {001,002002}, {001,01,02}7
{002>01a12}’ {01701722}’ {01711?21}7 {02702712}

form a set of starter blocks for a (2, 2)-rotational ESTS(8,1).
If v = 20, the following triples

{001,001,001}, {001,002,002},

{01,11,31}, {01,01,4:}, {02,02,0, },
{02,12,2;}, {02,22,71}, {02,42,8:}
{001,02,64}, {002,02,31}, {02,32,62}

form a set of starter blocks of a (2,2)-rotational ESTS(20,1). O

LEMMA 2.5. If v = 8 (mod 12), then there exists a (2, 2)-rotational
ESTS(v,1).

Proof. Let v =12t +8 = 2(6t + 3) + 2 and let ¢t > 0 be an arbitrary
integer. The cases t = 0 and 1 have been treated in Lemma 2.4.
If t > 2, then the following triples

{0017001,001}7 {00170027002}7
{017T1’(b7' +t)1}7 7':1,2,...,t,
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where {(a,,b.)|r =1,2,...,t} is a (C,t)-system if t = 0, 3 (mod 4), or
a (D,t)-system if t =1, 2 (mod 4), and

{02, (2t + 1)2, (4t +2)2},  {02,02, (3t + 1)z},

{01, (2t + 1)1, (—cat+1)2},

{001, 02, (c3t+1)1}, {002,02, (dst+1)1},

{02, 72, (dr)1}, r=12,...,2t,2t + 2,...,3t,

where {(¢,,d.)|lr =1,2,...,3t + 1} is an (A,3t + 1)-system if t =0, 1
(mod 4), or a (B, 3t + 1)-system if ¢t = 2, 3 (mod 4), and 6¢ + 3 should
be read as 0, and

{0,,01,02} ift=0o0r 1 (mod 4), or
{(6t+2)1,(6t+2)1,02} ift=2or 3 (mod 4),

form a set of starter blocks for a (2,2)-rotational ESTS(v,1). O

LEMMA 2.6. If v =4 (mod 12), then there exists a (2, 2)-rotational
ESTS(v,1).

Proof. Let v =12t +4 = 2(6t + 1) + 2 and let ¢t > 0 be an arbitrary
integer. If t = 0, the following triples

{001,001, 001}7 {001,002, 002}7 {001>01a02}7 {002701’01}a {002,02,02}

form a set of starter blocks for a (2, 2)-rotational ESTS(4,1).
If t > 1, then the following triples

{0017001,001}7 {001,002,002},
{0177'1, (br +t)1}, r=1,2,...,¢

where {(ar,b,)|r =1,2,...,t} is an (A, t)-system if t = 0, 1 (mod 4), or
a (B,t)-system if t = 2, 3 (mod 4), and

{027027(3t)2},
{001,092, (c3t)1},  {002,02,(dat)r},
{027r27(d1‘)1}a 7':1727"'73t—17
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where {(c,,d,){r =1,2,...,3t} is an (A4, 3t)-system if t = 0, 3 (mod 4),
or a (B, 3t)-system if t =1, 2 (mod 4), and 6t + 1 should be read as 0,
and

{01,01,0-} ift=0, 3 (mod 4), or
{(6t)1, (6t)1,02} ift= 1, 2 (mod 4),

form a set of starter blocks for a (2, 2)-rotational ESTS(v,1). O

LEMMA 2.7. If v = 2 or 26 (mod 48), then there exists a (2,2)—
rotational ESTS(v,1).

Proof. Let v = 12t + 2 and let ¢t = 0 (mod 2). If t = 0, then the
triples
{001,001,001}, {OOI,OOQaOOZ}

are starter blocks for a (2,2)-rotational ESTS(2,1).
If t > 2 is an even integer, then the following triples

{001,001,001}, {001,002,002}, {oo2a01a02}a
{001, 017 (3t)1}, {001’ 02’ (3t)2}7 {01? (2t)1’ (4t)1}7

pou(®)}

and

t t
{01,(2r—1)1, <—+t—1+r) } r=1,2,...,=,
2 1 2
t
{01,(27‘)1,(3t—7‘)1}, r= 172a"')5 -1,
{02,7"2,(()7-)1}, r = 1,2,...,3t— 1,

where {(a,,b.)|r =1,2,...,3t—1} is an (A, 3t —1)-system if ¢ = 2 (mod
4), or a (B, 3t — 1)-system if t = 0 (mod 4), and

{04,0, (6t — 1)1} if t =2 (mod 4), or
{02,02, (6t - 2)1} ift=0 (mod 4),

form a set of starter blocks for a (2,2)-rotational ESTS(v,1). O
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LEMMA 2.8. If v = 14 or 38 (mod 48), then there exists a (2,2)-
rotational ESTS(v,1).

Proof. Let v = 12t + 2 and let ¢t = 1 (mod 2). Then the following
triples

{001,001,001}, {001,002,002}, {002’01702}a
{001,01,(3t)1}, {001,02,(3t)2}, {01, (2t)1, (4},

3t—1
{Olaoh (T) }7
1

t+1 t—1
{01,(27")1,(%+t—1+r> },r=1,2,...,—,
1

{01,(2T—1)1,(3t—7‘)1}, r=12,...,——,
{02’T2v(b7‘)1}7 r=12,...,3t -1,

and

where {(a,,b.)|r =1,2,...,3t—1} is an (A, 3t — 1)-system if t = 3 (mod
4), or a (B,3t — 1)-system if ¢ =1 (mod 4), and

{02,02, (6t — 1)1} if t =3 (mod 4), or
{02,04, (6t — 2)1} if t =1 (mod 4),

form a set of starter blocks for a (2,2)-rotational ESTS(v,1). O

LEMMA 2.9. There exists a (2,2)-rotational ESTS(10,1).
Proof. The following triples

{00170017001}7 {OOI;OOZ)OOZ}a {001701:21}7 {001,02,22},
{c02,01, 02}, {01,01,11}, {02,12,21},  {02,02,31}

form a set of starter blocks of a (2, 2)-rotational ESTS(10,1). O

LEMMA 2.10. Ifv = 10 (mod 12), then there exists a (2, 2)-rotational
ESTS(v,1).
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Proof. Let v = 12t 4+ 10 and let ¢ be any nonnegative integer. The

case t = 0 has been treated in Lemma 2.9. If ¢ > 1, then the following
triples

{001,001,001}, {001,002,002}, {002701702}’
{001,051, (38t +2)1}, {001,029, (3t + 2)2},

and

{01,01,(3t +1);} ift=0,1 (mod 4), or
{01,01, (3t)1} ift= 2, 3 (mod 4),

and
{Olarla(br'l"t)l}, 7'—_—].,2,...,t,

where {(ar,b;)|[r =1,2,...,t} is an (4,t)-system if ¢ = 0,1 (mod 4), or
a (B,t)-system if ¢t = 2,3 (mod 4), and

{027T27(br)1}, T:1,2,...,3t+1,

where {(a,,b.)|r = 1,2,...,3t + 1} is an (A,3t + 1)-system if t = 0,1
(mod 4), or a (B, 3t + 1)-system if ¢t = 2,3 (mod 4), and

{02,092, (6t +3)1} if t=0,1 (mod 4), or
{05,09, (6t +2)1} ift=2,3 (mod 4),

form a set of starter blocks for a (2,2)-rotational ESTS(v, 1). O

Lemmas 2.3, 2.5, 2.6, 2.7, 2.8 and 2.10 together yield the following
theorem.

THEOREM 2.11. There exists a (2,2)-rotational ESTS(v,1) if and
only if v =2 or 4 (mod 6).

LEMMA 2.12. There exists a (2, 2)-rotational ESTS(8,4)
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Proof. The following triples

{00170017001}, {001,002,002},

{01,041, 01}, {01,22,2,}, {01,11,24},
{001,01,02},  {002,01,12},  {02,12,22}
form a set of starter blocks of a (2,2)-rotational ESTS(8,4). O

LEMMA 2.13. There exists no (2, 2)-rotational ESTS(20,10)

Proof. If there exists a (2, 2)-rotational FSTS(20,10), by counting
of the number of orbits, there must exist two orbits of length 3. Con-
sequently, there exists a cyclic Steiner triple system of order 9, which is
non-existing system. |

LEMMA 2.14. If v = 8 (mod 12) and v # 20, then there exists a
(2,2)-rotational ESTS (v, %).

Proof. Let v = 12t + 8 = 2(6¢t + 3) + 2. The case t = 0 has been
treated in Lemma 2.12. By Lemma 2.13, ¢ # 1. Let t > 2 be an integer.
Then the following triples

{00170017001}7 {001,002,002}, {01)01,01}

{01, 71, (br + )1}, r=1,2,...,t,
where {(a,,b,)|r =1,2,...,t} is a (C,t)-system if t = 0, 3 (mod 4), or
a (D,t)-system if t = 1, 2 (mod 4), and

{01?(2t+1)1a(4t+2)1}) {0017027(02t+1)1}7

{O°2a027(d2t+1)1}a {027(2t+ 1)27(4t+2)2}7

{{OQ,TQ,(dT)l}, r=1,2,... ,2t,2t+2,...,3t—f‘1},
where {(¢.,d;)|r =1,2,...,3t+1} is an (A, 3t + 1)-system if t =0 or 1
(mod 4), or a (B, 3t + 1)-system if t = 2 or 3 (mod 4), and 6¢ + 3 should
be read as 0, and

{04,02,02} ift=0,1 (mod 4), or

{(6t + 2),,02,0-} ift =2, 3 (mod 4),

form a set of starter blocks for a (2,2)-rotational ESTS (v, ). a
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LEMMA 2.15. There exists no (2,2)-rotational ESTS(12,6).

Proof. Suppose that there exists a (2,2)-rotational ESTS(12,6).
Then we may say that it has starter blocks of the forms

{o01,001,001}, {001,002,002}, {a1,a1,a1},

{Oolaal,bZ}a {002,331,y2}, {ulavlan}’
{G’l’blaCZ}, {152,?}%21}’ {T2a327t1}7
{02,612,1‘1}-

We see that we need 11 orbits of the form {a;,b2}. But there are only
5 such orbits. . O

LEMMA 2.16. Ifv = 0 (mod 12) and v # 12, then there is a (2,2)—
rotational ESTS (v, %).

Proof. Let v =12t =2(6t — 1)+ 2. By Lemma 2.15, ¢t # 1. Let t > 2
be an integer. Then the following triples

{0017 01, 001}, {0017 02, OOQ}) {01701)01}

and

{02,12, (3t — 1)2} ift=1, 2 (mod 4), or
{02,22, (3t — 1)2} ift= 0, 3 (mod 4)

and
{01,71, (b +t = 1)1}, 7=1,2,...,t—1,
where {(a,,b;)lr = 1,2,...,t — 1} is an (A,t — 1)-system if t = 1, 2
(mod 4), or a (B,t — 1)-system if t =0, 3 (mod 4), and let {(c;,d,)|r =
1,2,...,3t — 1} be an (A,3t — 1)-system if t = 2, 3 (mod 4), or a
(B, 3t — 1)-system if t =0, 1 (mod 4) (if d, = 6t — 1 then d, should be
read as 0), then
{01, (3t — 1)1, (dae—1)2}

and

{01, (3t — 2)1, (dgt_z)z} ift= 1, 2 (mod 4), or
{01, (3t - 3)1, (dgt_g)g} ift= 0, 3 (mod 4)
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and
{02,79,(—¢r)1}, 7=2,3,...,3t -3 ift =2, 3 (mod 4), or
r=1,3,...,3t~4,3t—2 ift=0, 1 (mod 4)
and

{002,01,02, }, {01, (€1)2, (c1)2}, {001,01,(d1)2} ift =0, 1 (mod 4)
or
{002,017, (6t — 2)2, },{01, (c2)2, (c2)2}, {001,014, (d2)2} if t = 2, 3(mod 4),
form a set of starter blocks for a (2,2)-rotational ESTS (v, %). O

LEMMA 2.17. There exists a (2,2)-rotational ESTS(6,3).
Proof. The following triples

{001)001)001}7 {0017002,002}>
{Olaolaol}a {01712712}7
{001701a11}> {001702,12}, {002)01,02}

form a set of starter blocks of a (2,2)-rotational ESTS(6,3). O

LEMMA 2.18. If v = 6 or 18 (mod 48), then there exists a (2,2)-
rotational ESTS (v, %)

Proof. Let v =12t +6 = 2(6t +2) + 2 and let £ = 0 or 1 (mod 4).
The case t = 0 has been treated in Lemma 2.16. Let £ > 2. Then the
following triples

{001,001,001}, {Oola002a002}7 {01a01701}$
{001,01,(3t+1)]_}, {001,02,(3t+1)2}, {002)01a02}7

and

{Olarlv(br +t)1}7 T=1,2,...,t,
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where {(a,,b,)|[r =1,2,...,t} is an (A, t)-system, and

{02, 72, (br)1}, r=12,...,3t,

where {(a,,b,)|r = 1,2,...,3t} is an (4, 3t)-system if t = 0 (mod 4), or
a (B,3t)-system if t =1 (mod 4), and

{02,02,(6t+1)1} ift=0 (mod 4), or
{02,02,(6t)1} ift=1 (mod 4),

form a set of starter blocks for a (2,2)-rotational ESTS (v, 2). O
DEFINITION 2.19. A (Ry, 3k)-system is aset {(a,, b, )[r=1,2,...,3k}
such that

@) {ar,blr =1,2,...,3k} = Zog2 \ {0, 25}, and

(i) b, —ar =r+1forr=1,2,...,3k — 1 and b3y — azr, = 3k — 2.

LEMMA 2.20. Ifk =2 (mod 4), then there exists a (R, 3k)-system.
Proof. If k =2 (mod 4), form ordered pairs

(r,3k+2—r1), r=1,2,. 7’“,
(3k + 1+ 27,6k — 2r), r=1,2,...,385
3k +2+2r,6k+3—2r), r=1,2,..., 32
O

(3k:+2 Qk) (3k+2 6k)

DEFINITION 2.21. A (Ry, 3k)-system is aset {(a,,b,)|r=1,2,...,3k}

such that
() {ar,bolr =1,2,...,3k} = Zogs2 \ {0, 22}, and
(i) b, —ar =r+1forr=1,2,...,3k — 1 and b3y — azx = 3k — 3.

LEMMA 2.22. If k = 3 (mod 4) and k # 3, then there exists a

(R2, 3k)-system.

Proof. Case 1. k=7 (mod 8):
(r,3k+1—r), r=1,2,...,%
(3k +8+4r,6k —4r), r=0,1,..., %1,
(3’“+1 ALY (6k + 1,3k +4), (22 ,9——k;5).
r—1235679 10,11,13,..., 3&=T

(3k +r,6k — 1),
Case 2. k =3 (mod 8) and k # 3:
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(r,3k+1—r1), r=1,2,...,——3k2_1,
(3k +8+4r,6k —4r), r=0,1,...,3kAT,
+

(3k2+1, 9k2+1) ,(Gk + 1,3]{2 +4)7 (9k2~1—3’ 9k+9

2 ?
(3k + 1,6k — 1), r=1,2,3,5,6,7,9,10,11,13,..., 328 0O
LeMMA 2.23. There exists a (2,2)-rotational ESTS(42,21).
Proof. The following triples
{001, 001,001}, {oo1,002,002}, {0:1,01,0:},
{001,01,71}, {o01,02, 72}, {c02,01,02},
{01,11, 41}, {01,241, 71},
{01)61782}7 {01,81792}7 {01;91;142}7
{02712’92}7 {0171627162}7
{02122)51}) {027327171}7 {02)42;131}7
{02)52771}a {02)627161}, {02a72781})
form a set of starter blocks of a (2,2)-rotational FSTS5(42,21). O

LEMMA 2.24. If v = 30 or 42 (mod 48), then there exists a (2,2)-
rotational ESTS (v, %).

- Proof. Let v =12k + 6 = 2(6k + 2) + 2 and let k = 2 or 3 (mod 4).
The case k = 3 has been treated in Lemma 2.23. Let k # 3. Then the
following triples

{001,001,001}, {00130027002}) {01101701}7
{001,01,(3k + 1)1}, {001,09,(3k + 1)2}, {002,01,02},

and
{04, 71,(bp + k—1)1}, r=1,2,...,k—1,

where {(a,,b.)|r =1,2,...,k—1} is an (A, k — 1)-system if k = 2 (mod
4), or a (B,k — 1)-system if k = 3 (mod 4), and

{01, (8k — 2)1, (bsx)2} if k=2 (mod 4), or
{01, (3]6 - 3)1, (b3k)2} ifk=3 (mod 4)
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and

{02,12, (3k)2 },
{01, (3k — 1)1, (b3k—2)2}, {01, (3k)1, (bak—1)2},
{02)(T+1)2,(_GT)1}a r= 1’2>-">3k_3’

where {(a,,b.)|r = 1,2,...,3k} is an (R, 3k)-system if k = 2 (mod 4),
or a (Ry,3k)-system if kK = 3 (mod 4), and

{01,(9k+4) ,(9k—+—4>} if k =2 (mod 4), or
2 2 2 2

{01, (-95—2_—3)2 , (gk; 3)2} if k=3 (mod 4),

form a set of starter blocks for a (2,2)-rotational ESTS (v, %) O

DEFINITION 2.25. A (Sy,k—1)-system is a set {(a,,b.)|r =1,2,...,
k — 1} such that
G) {a.,b|r=1,2,....,k—1} ={1,2,...,k, k+2,...,2k—1}, and
(i) b, —a,=7rforr=1,2,..., k-1

LEMMA 2.26. Ifk = 2 or 3 (mod 4), then there exists a (S1,k — 1)-
system.

Proof. Case 1. k=4t + 2.

t=0: (1, 2).

=1: (10, 11), (2, 4), (6, 9), (1, 5), (3, 8).

t> 2

(r,4t +2—r), r=1,2,...,2t,
(4t+3+n8+4~-r), r=1,2,...,t—1,
Gt+247r,Tt+3—-1r), r=12,...,t—1,
(2t + 1,6¢ + 2), (4t + 2,6t + 3), (7t + 3, 7t + 4).

Case 2. k =4t + 3.
t=0: (1, 2), (3, 5).
t=1: (11, 12), (3, 5), (10, 13), (2, 6), (4, 9), (1, 7).
t>2:
(r,4t+4—r), r=1,2,...,2t+1,
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(4t+4+78t+5—7),7=1,2,...,t—1,
(5t+3+nrTt+4—r),r=12,...,t -1,
(2t + 2,6t + 3), (6t + 4,8t + 5), (7t + 4,7t + 5). 0

DEFINITION 2.27. A (S2,k—1)-system is a set {(a,,b,)|r = 1,2,...,
k — 1} such that
() {amblr=1,2,...,k—1} ={1,2,...,kk+2,...,2k — 2,2k},
and
(ii) by —ar =rforr=1,2,...,k— 1.

LEMMA 2.28. Ifk =0 or 1 (mod 4), then there exists a (S2,k — 1)-
system.

Proof. Case 1. k = 4t.
t=1: (2, 3), (6 ), (1, 4).
t=2: (1, 2), (14, 16), (3, 6), (8, 12), (5, 10), (7, 13), (4, 11).
t>3:
(r,4t+1—r), r=1,2
(At+1+r8—-3—71), r=1,2,...,t -2,
Gt—1+nr7t-3-r), r=12,...,t =3,
(2t,6t—2), (2t+1,6t—3), (6t—1,8t—3), (8t —2, 8t), (7t —3,7t—2).
Case 2. k=4t+ 1.
t=1 (2’ 3)7 (8, 10)a (4’ 7)7 (1a 5)

t> 2
(rydt+2—1), r=12,.. 2,
dt+4+r8+1-r), r=12,...,2t-2
(2t + 1,4t +4), (4t + 3,8t + 2). O

DEFINITION 2.29. A (Ss,3k)-system is a set {(a,,b,)|r = 1,2,...,
2k — 1,2k +1,...,3k} such that

() {arbrr=1,2,...,2k — 1,2k +1,...,3k}
3k 3k+4
{12 o Ty .,6k—1}, and
(i) by —a, =7 for r=1,2,...,2k—1,2k+1,...,3k — 1, and
bgk—agk:3]€—l.
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LEMMA 2.30. If k =2 (mod 4), then there exists a (S3,3k)-system.
Proof. If k =2 (mod 4), form ordered pairs

3kt 1) r=12,..., %22,

@ +roior),  r=120 5 (k> D),

(%52 _ g, 2= 2+7«) r=12....k—1,

(3k ok—2) (1k=2 "11k) g

DEFINITION 2.31. A (Sy4,3k)-system is a set {(a,b,)lr = 1,2,...,
2k — 1,2k +1,...,3k} such that

1) {ar,b.jr=1,2,...,2k—1,2k+1,...,3k}
2{1’27” 3k—1 3k+3..

2 72
(i) bp —a,=r for r=1,2,...,2k—-1,2k+1,...,3k—1, and
b3k—a3k=3k—1.

.,6k—1}, and

LEMMA 2.32. Ifk = 3 (mod 4), then there exists a (Sy, 3k)-system.

Proof. If k =3 (mod 4), form ordered pairs
(r,3k — 1), r:1,2,...,3—k2"—3,
(Bk+r6k—1—7), r=12,..., 532 (k>3),
(8, 8 ), r—1,2,...,k-—1,

(3k: 1 9k— 3) (3]€ 6k — ’ 111;—3’11192—1). O

DEFINITION 2.33. A (Ss,3k)-system is a set {(a,,b.)|r = 1,2,...,
2k —1,2k+1,...,3k} such that

) {ar,br=1,2,...,2k—=1,2k+1,...,3k}
3k—2 3k+2
—{12,—7‘,—2",6]6—1}, and
(ii) bp —a.=7r for r=1,2,...,2k—1,2k+1,...,3k— 1, and
b3k—a3k=3k—2.

LEMMA 2.34. If k = 0 (mod 4), then there exists a (Ss, 3k)-system.
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Proof. If k=0 (mod 4), form ordered pairs

(r,3k +1—7), r=12.. *{—2’

Bk+r6k—1-7), r=12.. 52 k>4,
(9k2—2_r,&2—2+r), r=12,...,k—

(k52 9=2) (3% 41 6k — 1), (1L _2ka)' 0

DEFINITION 2.35. A (Sg,3k)-system is a set {(a,,b.)|r = 1,2,...,
2k — 1,2k +1,...,3k} such that

() {ar bolr=1,2,...,2k—1,2k+1,..., 3k}
= 1,2,...%—_3,%——*‘1,...,6]{?—1 , and

2 2
(ii) by —a, =7 for r=1,2,...,2k— 1,2k +1,...,3k~1, and

bgk — agkg — 3k — 2.

LEMMA 2.36. Ifk =1 (mod 4), then there exists a (Sg, 3k)-system.

Proof. If k =1 (mod 4), form ordered pairs
(r,3k — 1), r=1,2,...,3%3 (k> 1),
(3k—1+r 6k—1—r), r=1,2,..., 51 (k>1),

(9k3 9k 3+r) 7«=1,2,...,k—1(k>1)a
(%3

3k+1 Qk 3) (1113 371113-1)_ O

LEMMA 2.37. Ifv =2 (mod 12), then there exists a (2,2)-rotational
ESTS(v,3).

Proof. Let v =12k 4+ 2 and let k be a nonnegative integer. The case
k = 0is trivial. If k£ > 1, then the following triples

{001, 001,001}, {001, 002,002},
{01,01,01}, {002,01,02},
{o01,01, (3k)1}, {001,042, (3k)2},
{01, (2k)1, (4k)1}, {02, (2k)2, (4k)2},

{Ol,rl,(br+k—1)1}, 7‘:1,2,...,k—1,
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where {(a,,b.)|r =1,2,...,k — 1} is either a (S1,k — 1)-system if k = 2
or 3 (mod 4), or a (S2,k — 1)-system if k =0 or 1 (mod 4), and

3k> if k=0 (mod 4), or

fouon (
{02,02,(3’“_1)1} if k=1 (mod 4), or
G
fonon (

2
3k+2> } if £ =2 (mod 4), or
1

2
3k+1> } if K = 3 (mod 4)
1

and

{02a (a3k)17(b3k)1}7
{02,7‘2,(1)7-)1}, r=12,...,2k—1,2k+1,...,3k -1,

where {(a,,b.)|r =1,2,...,2k — 1,2k +1,...,3k} is a (S, 3k)-system
such that

t=3 if k=2 (mod 4), or
t=4 if k=3 (mod 4), or
t=5 if k=0 (mod 4), or
t=6 ifk=1 (mod 4),

form a set of starter blocks of a (2,2)-rotational ESTS (v, %). O

Lemmas 2.3, 2.12 through 2.37 together yield the following theorem.

THEOREM 2.38. There exists a (2,2)-rotational ESTS (v, %) if and
only if v =0 or 2 (mod 6) and v # 12, 20.

Now, we can conclude the following theorem.

THEOREM 2.39. There exists a (2,2)-rotational ESTS(v,p) if and
only if
(1)

p=1andv =2, 4 (mod 6), or
(i) p=

5 and v =0, 2 (mod 6) and v # 12, 20.
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3. (38, 2)-rotational extended Steiner triple systems

As before (2, 2)-rotational ESTS(v, p)s, we assume that our (3,2)-
rotational ESTS(v, p)s have the element-set

V = {001, 002,003} U (Zuza x {1,2})

and the corresponding automorphism is

=t (7521) Yo (521))

where we also write for brevity z; instead of (z,1).
By an elementary argument, we have the following necessary condi-
tion for the existence of a (3, k)-rotational ESTS(v, p).

LEMMA 3.1. If there exists a (3, k)-rotational ESTS(v, p), then

-3
p=0 or 3+n-UT

for eachn =0,1,--- | k.

REMARK 3.2. If there exists a (3,2)-rotational ESTS(v, p), then p
s v+3

0, 3, —

or v.

LEMMA 3.3. A necessary condition for the existence of a (3,2)—
rotational ESTS(v, p) is

(i) p=v andv=1, 3 (mod6), v# 13,21, or

(i) p= "2 andv =3, 5 (mod 6), v # 5, or

(iii) p= 0,3 and v = 3 (mod 6).

Proof. (i) This follows from the existence of a (3, 2)-rotational Steiner
triple systems [4, 5].

(ii) If p = %2, then

v+3

=0 or 1 (mod3)

since the existence of ESTS(v,p) implies p = 0 or 1 (mod 3). Thus
v=3or5 (mod 6). If v =5, then p = 32 =4 =v —1; s0 v must be 2.

(iii) If p = 0 or 3, then v = 0 (mod 3). But ¥52 is an integer; so v = 3
(mod 6). O

The following theorem is a consequence of the existence of a (3,2)-
rotational Steiner triple system of order v [4, 5].
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THEOREM 3.4. There exists a (3,2)-rotational ESTS(v,v) if and
only ifv =1 or 3 (mod 6), v # 13, 21.

LEMMA 3.5. There exists a (3, 2)-rotational ESTS(9, 3).

Proof. The following triples

{o01,009,003}, {01,04,1;}, {02,05.15},
{o01,001,001}, {002,002,002}, {o03,003,003},

{001,01,02},  {002,01,12},  {003,01,22}
form a set of starter blocks of a (3,2)-rotational ESTS(9,3). O

LEMMA 3.6. If v =9 (mod 12), then there exists a (3,2)-rotational
ESTS(v,3).

Proof. Let v = 12t +9 = 2(6t + 3) + 3 and let ¢ be a nonnegative
integer. The case t = 0 has been treated in Lemma 3.5. Let ¢ > 1. Then
the following triples

{001, 002,003}, {004,004, 00:}, 1 =1,2,3,
and if t =0, 1 (mod 4), then
{001,01,02}, {0;,0;, (3t + 1);}, e = 1,2,
or if t =2, 3 (mod 4), then
{001, (6t + 2)1,02}, {01, 04, (3t)1}, {02, 02, (3t + 1)},

and

{01,1‘1, (bT + t)l}, r=1,2,...,¢,
where {(a,,b;)|r =1,2,...,t} is an (A, t)-system if t =0, 1 (mod 4) or
a (B, t)-system if ¢t = 2, 3 (mod 4), and

{OQ’TQ’(d'I‘)l}’ T=1,2,...,3t
{002,02, (d3s+1)1},  {003,02, (c3t41)1},

where {(c,,d,)lr = 1,2,...,3t + 1} is an (A,3¢ + 1)-system if ¢t = 0,
1 (mod 4) or a (B, 3t + 1)-system if ¢t = 2, 3 (mod 4), and here 6t + 3
should be regarded as 0, form a set of starter blocks for a (3, 2)-rotational
ESTS(v,3). O
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DEFINITION 3.7. Let t be a positive integer. A (Zg;\{0,3t, 2L, 6t—
1},3t — 2) -system is a set of ordered pairs of integers {(ar, ) | r =
1,2,...,3t — 2} such that

i) {ar,b,|7=1,2,...,3t — 2} = Zg \ {0,3t, 2L 6t — 1}, and
(ii) b, —a, =7, forr = 1,2,...,3t—

LEMMA 3.8. If t = 1 or 3 (mod 4), then there exists a (Zg; \
{0,3¢t, 2L, 6t — 1}, 3t — 2)-system.

Proof. Let t = 3 (mod 4). Then the following ordered pairs form a
(Ze: \ {0,3t, 2L, 6t — 1}, 3t — 2)-system:

(r,3t —r), r=1,2,...,3%2%,
(3t+r6t—1—r), 7‘:1,2,...,%. O
DEFINITION 3.9. Let ¢ be a positive integer. (Zes \ {0 3t,6t —
2,6t—1},3t—2)-system is a set of ordered pairs of 1ntegers {(ar,b,) |7 =

1,2,...,3t — 2} such that
(i) {a,,b. |r=1,2,...,3t — 2} = Zg; \ {0, 3,6t — 2,6t — 1}, and
(ii)) by —ar,=r,forr=1,2,...,3t - 2.

LEMMA 3.10. Ift =0 (mod 4) and t > 4, then there exists a (Zg; \
{0, 3t,6t — 2,6t — 1}, 3t — 2)-system.

Proof. Let t = 0 (mod 4) and if ¢ = 4, then the following ordered
pairs form a (Z24 \ {0,12,22,23}, 3t — 2)-system:

(16,17), (5,7), (18,21), (4,8), (14,19),
(3,9,  (13,20), (2,10), (6,15), (1,11).

If > 8, then the following ordered pairs form a (Zg; \ {0, 3¢, 6t — 2, 6t —
1}, 3t — 2)-system:
(r, 3t — 1), 7":1,2,...,%,
(3t +r,6t—3—1), r=1,2,...,t—2,
(t—1+r5t—2—r), r=1,2,..., 524,
(%8 —p 2 4 ), r=1,2,..., 58
(% 9=6) (4t —1,%=4) (5t — 2,6t — 3), (19t 12,19)21 8). O
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DEFINITION 3.11. Let ¢ be a positive integer. A (Zg \ {0, 3¢, 3t,6t —
1},3t — 2)-system is a set of ordered pairs of integers {(a,,b.) | r =
1,2,...,3t — 2} such that

i) {arbr|7r=1,2,...,3t —2} = Zg \ {0, &£, 3t,6t — 1}, and
(ii) b —a, =r,forr=1,2,...,3t — 2.

LEMMA 3.12. If t =2 (mod 4), then there exists a (Ze: \ {0, 3L, 3t,
6t — 1}, 3t — 2)-system.

Proof. Let t = 2 (mod 4). Then the following ordered pairs form a

(Zﬁt \ {Oa %i’ 3t, 6t — 1}, 3t — 2)—system:
(r,3t =), r=12,...,%2

(Bt+7,6t—1—7), r=12,...,3%2 O

LEMMA 3.13. There exists a (3, 2)-rotational ESTS(15,3).

Proof. The following triples

{001,002,003}, {02712721}7 {02702722}’
{001,001,001}, {0027002,002}a {00370037003}7
{02701741}7 {01701711}7 {001701731}>

{001702732}7 {002,02131}7 {003702751}

form a set of starter blocks of a (3,2)-rotational ESTS(15,3). O

LeEMMA 3.14. Ifv = 3 (mod 12), then there exists a (3,2)-rotational
ESTS(v,3).

Proof. Let v =2-6t+ 3 and let ¢ be a nonnegative integer. The case
t = 0 is trivial and the case v = 15 has been treated in Lemma 3.13.
Let t > 2. Then the following triples

{oo1,002,003}, {02, (3¢t)1, (6t — 1)1},
{o0;,00;,00;}, 1=1,2,3,

{o01,04, (3t);}, i=1,2,
{002,02,01},  {02,00,(3t —1)2}
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and
{003,02, (%—2——1-) } ift=1, 3 (mod 4), or
1
3t .
{003,02, (5) } if t =2 (mod 4), or
1
{003,02,(6t—2)1} ift=0 (mod 4),
and
{01,01,(3t —2);} ift=1,2 (mod 4), or
{01,014, (3t — 3)1} ift=0,3 (mod 4)
and

{01,T1,(br+t—1)1}, r= 1,2,...,t—-1,

where {(ar,by)|r =1,2,...,t =1} is a (A,t — 1)-system if t = 1, 2 (mod
4) or a (B,t — 1)-system if t = 0, 3 (mod 4) and

{02,72,(dr)1}, r=1,2,...,3t -2,

where {(c,,d,)|r =1,2,...,3t—2} is a (Zg: \ {0, 3¢, %, 6t —1},3t—2)-
system if t = 1, 3 (mod 4), or a (Zs; \ {0, 3¢, 3t, 6t — 1}, 3t — 2)-system if
t =2 (mod 4), or a (Ze: \ {0, 3t, 6t —2,6t— 1}, 3t—2)-system if ¢ = 0 (mod
4), form a set of starter blocks for a (3, 2)-rotational ESTS(v,3). 0O

Now we can conclude the following theorem.

THEOREM 3.15. There exists a (3,2)-rotational ESTS (v,3) if and
only if v =3 (mod 6).

In a (3,2)-rotational ESTS(v,3), if the blocks {o0;,00;,00:},7 =
1,2,3, and {o01,002,003} are replaced by the blocks {001,001,002},
{002, 002,03} and {003, 003, 001 }, we get a (3, 2)-rotational EST'S(v,0).
Thus we have the following theorem.

THEOREM 3.16. There exists a (3,2)-rotational ESTS (v,0) if and
only if v = 3 (mod 6).
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DEFINITION 3.17. A hooked (Zgi+3 \ {2(t — 1) + 6},3t + 1)-system
is a set of ordered pairs of integers {(a,,b.) | r = 1,2,...,3t + 1} such
that

() {ar,brlr =1,2,...,3t +1} = Zge43 \ {3(t — 1) + 6}, and
(ii) b, —a, =rforr=1,2,...,3t + 1.

LEMMA 3.18. If t is an odd positive integer, then there exists a
hooked (Zge43 \ {$(t — 1) + 6}, 3t + 1)-system.
Proof. For each odd positive integer t, the following ordered pairs
form a hooked (Zg:13 \ {3(t — 1) + 6}, 3t + 1)-system:
(r,3t —r), r=0,1,..., 382 -1,
(3t +7,6t+3—r), r=1,2,...,§—2+—1. |

DEFINITION 3.19. A hooked (Zguy3 \ {% + 2}, 3t + 1)-system is a set
of ordered pairs of integers {(a,,b,) | r=1,2,---,3t + 1} such that
() {ar,belr =1,2,...,3t + 1} = Zgy3 \ {£ + 2}, and
(ii) b, —a, =7 forr=1,2,...,3k + L.

LEMMA 3.20. If t is an even positive integer, then there exists a
hooked (Zﬁt+3 \ {% +2},3t+ 1)-system.

Proof. For each even positive integer t, the following ordered pairs
form a hooked (Zg13 \ {% + 2}, 3t + 1)-system:
(r,3t+1-—r1), r=0,1,...,%,

Bt+1+r6t+3—r), r=12... 3% a

LEMMA 3.21. There exists a (3,2)-rotational ESTS(9,6).
Proof. The following triples

{001,002,003}, {OOZ',OOZ',OOZ'}, 1= 172a3a
{01,04,01}, {04,14,2:}, {02,12,25},
{o01,01,02}, {002,01,12},  {o003,01,22}

form a set of starter blocks of a (3,2)-rotational ESTS(9,6). (|

LEMMA 3.22. Ifv =9 (mod 12), then there exists a (3, 2)-rotational
ESTS (v, v$3),
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Proof. Let v = 2(6t + 3) + 3. The case ¢ = 0 has been treated in
Lemma 3.21. If ¢ > 1 is an integer, then the following triples:

{001, 02, 003}7

{OOi,OOi,OOZ'}, 1= 1a2737
{05, 02,05}, {02, (2t + 1)a, (4 + 2)2},
{01, 71, (br + )1}, r=1,2,...,¢,

where {(a,,b;)|r =1,2,...,t} is an (A,¢)-system if £ = 0 or 1 (mod 4),
or a (B, t)-system if t = 2 or 3 (mod 4), and

001,02,( t—1)+6>} if t is odd, or
1

{001,02,< t+2> } if t is even,
1

and

{02,7‘2,(br)1}, r=1,2,...,2t,2t+2,...,3t + 1,
{002, 02, (agt+1)1}, {003, 02, (b2t+1)1},

where {(a,,b,)r = 1,2,...,3t+1} is a hooked (Ze¢3\{3(t—1)+6},3t+
1)-system if ¢ is odd, or a hooked (Zst43 \ {% + 2},3t + 1)-system if ¢ is
even, and finally,

{01,01, (3t + 1)1 } ift=0o0r1 (mod 4), or
{01,041, (3t)1} if t =2 or 3 (mod 4),

form a set of starter blocks for a (3,2)-rotational ESTS (v, %£2). O

DEFINITION 3.23. Let ¢ be a positive integer. A (Zs:\ {0, %},3t—1)-
system is a set of ordered pairs of integers {(a,,b.) |r=1,2,...,3t—1}
such that

i) {arbr|r=1,2,...,3t — 1} = Zs: \ {0, %}, and
(ii) bp—ar =7, forr=1,2,...,3t — 1.
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LEMMA 3.24. Ift =0 (mod 2), then there exists a (Zg; \ {0, 2}, 3t —
1)-system.

Proof. Let t > 2 be an even integer. Then the following ordered pairs
form a (Zg; \ {0, 2}, 3t — 1)-system:
(r,3t+1—r), r=1,2,...,3%
(3t +r,6t—1r), r=1,2,...,¥. ]

DEFINITION 3.25. Lett > 2 be a positive integer. A (K,t—1)-system
is a set of ordered pairs of integers {(a,,b.) | r = 1,2,...,t — 1} such
that

@) {arbr |7 =1,2,...,t =1} = {1,2,...,¢,t +2,...,3 3 4
2,...,2t}, and
(ii) b, —a,=r,forr=1,2,...,t—1.

LEMMA 3.26. Ift =0 (mod 2) and ¢t > 4, then there exists a (K,t —
1)-system.

Proof. Let t > 4 be an even integer. Then the following ordered pairs
form a (K, ¢ — 1)-system:

(rt+1-—r), r=1,2,...,

(t+1+72t—7), r=1,2,...,

3

O

N e+ N0 e+

DEFINITION 3.27. Let t be a positive integer. A (Zg; \ {0, %}, 3t—
1)-system is a set of ordered pairs of integers {(a,,b,) | r =1,2,...,3t—
1} such that

(i) {arbr[r=1,2,...,3t — 1} = Zg \ {0, %1}, and
(ii)) b —ar =r,forr=1,2,...,3t — 1.

LEMMA 3.28. Ift =1 (mod 2), then there exists a (Ze; \ {0, 21},
3t — 1)-system.

Proof. Let t be an odd integer. Then the following ordered pairs form
a (Ze: \ {0, %}, 3t — 1)-system:
(T,3t—T), T‘=1,2,...,§t;—1,
(3t —1+4r,6t—7), r=1,2,..., %L 0
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DEFINITION 3.29. Let t > 2 be a positive integer. A (L,t—1)-system
is a set of ordered pairs of integers {(a,,b.) | r = 1,2,...,t — 1} such
that -
() {arbr|r=1,2,...,t—1}={1,2,..., 5 B3, .. 2}, and
(i) by —ar =7, forr=1,2,...,t -1

LEMMA 3.30. Ift =1 (mod 2) and t > 3, then there exists a (L,t—1)-
system.

Proof. Let t > 3 be an odd integer. Then the following ordered pairs
form a (L,t — 1)-system:
(rt+1-—r1), r=1,2,..., 5%,
E+1+nr2t—7), r=12...,%

[any

O

> 2

LEMMA 3.31. There exists a (3,2)-rotational ESTS(15,9).

Proof. The following triples form a set of starter blocks for a (3, 2)-
rotational ESTS(15,9):

{oc01,009,003}, {00;,004,00;}, ©=1,2,3,
{001,01,31},  {001,02,32}, {002,02,0:1},
{003,02,41}, {04,01,1,}, {02,02,0,},
{02,12,21}, {02,22,51}, {01,21,4:}.

LEMMA 3.32. Ifv =3 (mod 12), then there exists a (3,2)-rotational
ESTS (v, 2£2).

Proof. Let v =2-6t+ 3 and let ¢t be a nonnegative integer. The case
t = 0 is trivial and the case t = 1 has been treated in Lemma 3.31. Let
t > 2. Then the following triples:

{001,002,003}, {017(2t)17(4t)1}7 {0017017(3t)1}a
{001,02,(3t)2}, {OOi,OOi,OOi}, 1= 1a2a3a
{02702702}7 {002702501})
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and

t
{01,01,(%—) } if t =0 (mod 2), or
1

t_
01,01,(§——1)} ift=1 (mod 2)
2 1
and
{0¢,71,(br +t =101}, r=1,2,...,t—1,

where {(a,,b.)|r =1,2,...,t — 1} is an (K,t — 1)-system if ¢ = 0 (mod
2) or a (L,t — 1)-system if t = 1 (mod 2), and

{027T27(br)1}a r=12,...,3t—1,

where {(a,,b;)[r = 1,2,...,3t — 1} is a (Zg: \ {0, 2}, 3t — 1)-system if
t =0 (mod 2) or a (Zg; \ {0, 251}, 3t — 1)-system if t = 1 (mod 2), and

finally,
{
{003,02, (?2—) } A if t =0 (mod 2), or
1

{oog,og, (g—t;—l) } if t=1 (mod 2),
1

form a set of starter blocks for a (3,2)-rotational ESTS (v, %3). O

LEMMA 3.33. If v = 5 (mod 12) and v # 5, then there exists a
(3,2)-rotational EST'S (v, ¥£2).

Proof. Let v =2(6t+ 1)+ 3. If t > 1, the following triples:

{001,002,003}, {01,01,01},
{04, 004,00, }, 1=1,2,3,
{02,02, (3t)2},

{01,71, (b, +t)1}, 7=1,2,...,¢,
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where {(a,,b,)|r =1,2,...,t} is an (A, t)-system if ¢t =0 or 1 (mod 4),
or a (B,t)-system if t = 2 or 3 (mod 4), and

{02,7‘2,(1)7«)1}, T‘:1,2,...,3t—1

{002,02, (a3t)1},  {o03,02, (b3t)1},
where {(a,,b.)|r = 1,2,...,3t} is an (A4, 3t)-system if t = 1 or 2 (mod

4), or a (B, 3t)-system if t = 0 or 3 (mod 4), here, 6t + 1 is treated as 0,
and finally,

{001,002, (6t)1} ift=1or 2 (mod 4), or
{001,04,01} if t =0 or 3 (mod 4),

form a set of starter blocks for a (3,2)-rotational ESTS (v, 2£2). O

LEMMA 3.34. There exists a (3,2)-rotational ESTS(11,7).

Proof. The following triples form a set of starter blocks for a (3,2)-
rotational ESTS(11,7):

{001, 002,003}, {00;,004,00:}, i=1,2,3,
{001,01,21}, {002,02,01}, {003,02,31},
{04,01,11}, {02,09,02}, {o01,02,22},
{02,12,2,}.

O

LEMMA 3.35. Ifv = 11 (mod 12), then there exists a (3, 2)-rotational
ESTS (v, 252).

Proof. Let v = 2(6t + 4) + 3. The case v = 11 has been treated in
Lemma 3.34. If £ > 1, the following triples:

{0017 002, 003},

{OOi,OOi,OOi}, 1= 1a273a
{001a017(3t+2)1}7 {001>027(3t+2)2}7
{002702701}7 {02302a02},

{01,71,(br + )1}, T=1,2,...,¢,
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where {(a,,b,)|r = 1,2,...,t} is an (A, t)-system if £ =0 or 1 (mod 4),
or a (B,t)-system if t = 2 or 3 (mod 4), and

{02,T2,(br)1}, r=1,2,...,3t+1,

where {(a,,b.)|r =1,2,...,3t+1} isan (A,3t + 1)-system if t =0 or 1
(mod 4), or a (B, 3t + 1)-system if ¢ = 2 or 3 (mod 4), and finally,

{003,02, (6t +3)1} ift=0or1 (mod 4), or
{003,02, (Gt + 2)1} ift=2or3 (mod 4),

form a set of starter blocks for a (3, 2)-rotational ESTS (v, %2). O

Now, we can have the following theorems.

THEOREM 3.36. There exists a (3,2)-rotational ESTS (v, *2) if
and only if v =3 or 5 (mod 6) and v # 5.

THEOREM 3.37. A necessary and sufficient condition for the exis-
tence of a (3,2)~-rotational ESTS(v, p) is

(i) p=v andv=1, 3 (mod6),v# 13,21, or

(ii) p= 23 and v=3, 5 (mod 6), v # 5, or

(iii) p = 0,3 and v =3 (mod 6).
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