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AFA AAL A= Y5 E 318 3 Pearsonoll 3 A ZA= Yt FF& FASR kX
E2 = EX ~p)fetn 8t ERAEL mp = Y0, (Xi — X)¥/nBtD 2L AFE
o A%, A=ASLE VB = ue/uy” = 0012 BEASE By = wa/f = 3017] HE]
VB # 001 AU B, # 30lgte AL AFEXE 2R gevhe AL 9ndith. a2deg
FEENE %0 o, BE AEAF Vb = m3/SP BE S AL by = me/S*7
Ztzk 03} 3ol A @uivt BolA YE7HE st AL dd 2AR ALE 5 Ak
o] & EAS &33 EA 3] D’Agostino}l Pearson(1973), Cox$} Hinkley(1974) 18]
I Bowman} Shenton(1975) S-¢fl o) & A s 2ich.
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Kolmogrove} Smirnove A¥ A BRI &4 F, ()& 7122 3 AR EAZE 27084
B () BEIFEET T 3T Xy i3 &A1 S AFel g3 3-8 Kolmogrov-

Smirnov A4 FAZFL 53 Zo] AodArh

K= max [Fa(z) — @((z — 1)/6)| = max(D*, D7),
4714 D* = max {i/n - 2((X() ~)/3)}91 3 D~ = max {#(X9 - )/5) (i~ 1)/n} &
gebdth 28 Y = 8(X) — 4)/6)F o83 ¥ ¥ ARl 245 Hed
Cramer-von Mises A% A% W2 = 1/(12n)+ Y0, [Vi — (2¢ - 1)/(2n)]?, Anderson-Darling
ARAEAF 4% = —n - Y1 [(20 - 1)(log (Vi) + log(1 = Yn41-4))/n], 28T Kuiper FF ¥
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mations) & 083t A8/t AAEEE B2A ¢S u) ASE FFEZ A HEA

3 5AEAL st g Alstgich o m) ALSE W #o| Box-Cox M B o] Wk
% HE 2ol disll A& G2 A4S 77 d &) 7t5E 5§ ARS St B o
% FES T+ Avh FILE Box-Cox HEe] AL F53e] BF Folojof sttt A
ok 270l A7) W&ol o] =RoAA AAT PANA A WP R FF3=v FUt

obfel ¥ 2A¢ BE}E Yo HAY VR, 2)E FHOE U

2
rO
o,
rhu
flo
o -
e
&
vl

—
rE
(gl
dm =

o >
332‘-

I)E WEAR S Ao ) 23} v]Eo| H53ta
= Xooll &, h(Xo,z) = 27} H T}
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L(Oz) = —%log(%r)—glog(det(z))

n P n
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X (score test) & DY 5 Utk o] =M= ALGLE Ao T FRFE PR F
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AFHE Ho: X = Ao8toll A o) 7R = 23S by = (Ao, fig, 60) B 317 & Hoj
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2 A5 G049 Fisher A1 8] & (Fisher information matrix)& 283 Helje} &
< Yehdth 22y $(8) = 7hH A AAE R ¢ 7] wjEo #3574 B3 (observed in-
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2 318 4 ot 28 H o g Fo] R4 (nuisance parameter) Q| p} o7 SuHE Aol A 7}
AHo: A=XE AR AT FREAZFL 2AH R

T(Bo) = 51(80)£(80) ™1 S1(80)™ ~ x2 (2.2)

A A A4 GLHRY A ABAF 51(80)//E00)F A8 Mol S B&
ARE Ak B A4 At ARTo) FFLEE B2A Fvhn wusiol A7
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7l o ANz As AR 94y HERT BF ALAD 5 Yot Aot
AA SAF T(0) AT BXE TH A7)} 4T3 27 G & sto|AFE
z9} t}

€ B97F g ol¥ ZSE dinisiA A &M Es R2EH A (Bootstrap

A AFe RE SAF oiE LY $ Yo e o] Ug RAYHA RAEY F
HE o)l gt AR PYEL vz E Aot}

Roe] AR 712 FRL b2 2ok FAEAD T(0)2) BZHSE F(O,s) =
P(T(0) < s)etx &AL &5 F(f,s)= ©2 7180 dgAel A7) w2 §o45
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1. B339 BEgonte RESBYLS Adsct

2. A 1oM Aatg ABPE L FEAFLER 7R U F AFRT2HY SHFHA
n7lel p Y AF R2EHY BE X} = (XT,,...,X5p), b=1,...,B,F $8AAch

3. B7tel RAEY B2 X} OA B2 5 B25E REL o) galo AAs
= 20,9 T(0,,|X]) S AMs)

4, R2EW ARBAZ TOIXHE2RH C* = (1 - o)BAFTE ALY 7149
[C*,0)& 732 EEo2RE AL T(@ole)7t 1A Gl YEAE SAste] 2
B9 AL AAT

Az AFANAN AN7Me =2 F 002 YXAE W53 7] wlZ ol Beran(1986)°1 25t
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13 A van Zwet(1964)2] E-E-2 B (convex-concave) W9 /43S WA 7+
Van Zwetol] 23t AAACE EES A2 X EXS JF7|1
EAH7L A7) adj&ol] B2V F HEQ AF o] HEL AFRIA A

LEF UL I AT E E4FE A7 A0 ). =3 o &

H

o) Aol HE URES} FZOE 712014 Yt B9 WA IR DR Ro|
27 BolA gt Yl TS ol F WBEL s 2L AAH

([ {(z+1)* -1}/ A#0,2 >0,

_ ) log(z+1) A=0,z >0,
h(A2) = 4 ~{(—z+ 1) =1} /(2-)) A#£2,7<0, 3D

| —log(—z+1) A=2,z<0.

[ {(z+1)*-1}/x A#0,2 >0,

) log(z+1) A=0,z>0,
i T A£0.5<0, (3.2)

| —log(—z +1) A=0,z<0.

W3 (3.1)2 Yeo} Johnson(2000)°fl 28] 2718 MEAZo2 A <19 o] AXHoz &
2 A > 14 o) AR 28 PHE 74X WhEo] = H thPE Z(skewed
alternative distribution) ¢l %o AF2E 5= o} $2)71 £3] Fo= (2SS 39 g=
E7HE A¢dd, 9diE A< 19 E FAss & AA LS AR "ok
# (3.2)= John3} Draper(1980)°l] J 3] 4718 & ¥ #=(modulus transformation) 2.2 £
E7A AL o BFEE 7HgA HE7) A8 AHEE g en o)A Q) of F 2 ¥ (symmetric
alternative distribution) | A AM2E 4= ok W3 B4l A< 10 Wigle] o 2xmo BHE
St R LEHA ojdHol MW HAY £ gt FHS RYREL FERE &
Astedl AHEE 5 AUtk FASF T L F 1Y 2F g oA A3 24 I3 IS
BESed A=149 o F5Fx7HE AL E £ k.

oAz A A A Lol 7)E2] Wgel vlF dvht AR Yo FLAE A Y
3 ol A AT RAEY FHE o] 43 RYAP L B3 vlns] Bk ARY A%
A€ 12ste] RE Aol Ul 2 B2EY KBS o] g8t AHE At %o o)
=71 Qe A BEd ZolE 2o diA ol AW e REo] FEHL t BT S gatoz W
(B.1)E o8& AL TAY T1 4 (3.2)9) To9 Mardia(1970)2] ThiZ A=A S 5,9 A=
A byE: 242 N EA T Malkovich®} Afifi(1973)3} Giorgi®} Fattorini(1976)2] AA Y
AP Aol J8tH Mardia®] A4+ Malkovich 9} Afifi(1973) ©] Roy<] union-intersection &
B & ol83te] thd ol AwkElA) 7] Shapiro-Wilke] W A1 %3} 87 A2 o] o2 gy
T HO 2 A2 Uggon A A FAES oS i) vlzsor & Ao)
23 stth Mardia®] =9t A=+ =2 o] &0]3t] SAS MacroZ A=) o] ALR
= 3 9=l http://ftp.sas.com/techsup/download/stat/multnorm.saso| A T 2 & & 4
Stk o] 2ol E AL $HD Mardiad] $e] AAHL vl BT
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E 3.1: i d7Hd3stol A A o5 Y.
H, n T T, Vb by
ZoH5) 20 0709 0302 0418 0.203

40 0956 0466 0.797 0.363
80 1.000 0.656 1.000 0.582
Zvk3) 20 0.728 0.316 0.457 0.200
40 0.978 0.437 0.854 0.337
80 1.000 0.627 0.997 0.594
24 20 0.875 0473 0.683 0.382
40 0.997 0.669 0.971 0.646
80 1.000 0.877 1.000 0.854
t(10) 20 0193 0201 0065 0.050
40 0.232 0.296 0.114 0.084
80 0.350 0469 0.159 0.128
t(5) 20 0685 0810 0584 0616
40 0.857 0.984 0.834 0.905
80 0.951 1.000 0.946 0.996
24 20 0.931 0.982 0.896 0.950
40 0.985 1.000 0.983 0.999
80 0.996 1.000 0.996 1.000

IHE AT ol¥lF G FAAAZ 057 HEE SR T FEE A7+ n = 20,
40, 80€ AH83HE R2E FE-& 2000 TAAAA 5% %-‘4#-’#—03 7149E 7L
04 °l F4L 10009 BHE sl FAPL AASG) thi S U4 E BAsy] 93 S
-2 Johnson} Kotz(1972)& @La}ﬁu} R 194 ZF oty g}_ Zuopi ol 7S By
= *4 &e veint £2o 39 ARFEES Jehdch
312 R2EFP AP AHE RAZT o] RF S AYdA g4 22 28
of E&3ith

L 7184 P EEA B+ 13 vhiol ¥2 A3 YL ATt Jorn BE E7

2 nERol Fele YUREL A2, T b0l £ AFLE AT g0 Tt
Aoz ¥ A& B 5 Aok
T UG ARE B o A2 442 e TIRLE AV PA N IRY



230 oA

<, € Adgsta AAFoz FFAHE FASE GAE AR A} o
2 5oz AYsle AAHNFE Z2IYL AR EH oA the2

o =R T3 8 2FA 7 Fele] SAZFL o] AU hy(A, ha(De, z))F
ha(A2, ha(A1, z))2F Zo] 7 WMol AFA AFolA A\ = X =18 AASIE Wi 4L
3 E 4 Ak

o

r9

(=)
J=

(1] Beran, R. (1986). Simulated Power Functions. Annals of Statistics 14, 151-173.

(2] Bowman, K. O. and Shenton, B. R. (1975). Omnibus test contours for departures from
normality based on v/b; and by. Biometrika 62, 243-250.

(3] Box, G. E. P. and Cox, D. R. (1964). An Analysis of Transformations. Journal of the
Royal Statistical Society, B 26, 211-252.

(4} Cox, D. R. and Hinkley, D. V. (1974). Theoretical Statistics. Chapman and Hall. London.

[5] D’Agostino, R. B. (1971). An Omnibus Test of Normality for Moderate and Large Sample
Sizes. Biometrika 58, 341-348.

[6] D’Agostino, R. B. and Pearson, E. S. (1973). Tests for departures from normality. Em-
pirical results for the distributions of b, and /b;. Biometrika 60, 613-622.

[7] Giorgi, G. M. and Fattorini, L. (1976). An Empirical study of some tests for multivariate
normality. Quaderni dell’Instituto di Statistica 20, 1-8.

(8] John, J.A. and Draper, N.R. (1980). An Alternative Family of Transformations. Applied
Statistics 29, 190-197.

[9] Johnson, N. L. and Kotz, S. (1972). Distributions in Statistics: Continuous Multivariate
Distributions, John Wiley & Sons, Inc. New York.

[10} Malkovich, J. F. and Afifi, A. A. (1973). On Tests for Multivariate Normality. Journal
of the American Statistical Association 68, 176-179.

[11] Mardia, K. V. (1970). Measures of Multivariate Skewness and Kurtosis with Applications.
Biometrika 57, 519-530.

[12] Patefield, W. M. (1977). On the Maximized Likelihood Function. Sankhya B 39, 92-96.

(13] Puri, M. L. and Rao, C. R. (1976). Augmenting Shapiro-Wilk Test for Normality Con-
tributions to Applied Statistics. Birkhauser (Grossohans), Berlin, 129-139.



&

wd
il

NNz O EF A3 AA 231

A~

v

{14] Shapiro, S. S. and Francia, R. S. (1972). An Approximate Analysis of Variance Test for
Normality. Journal of the American Statistical Association 67, 215-216.

[15] Shapiro, S. S. and Wilk, M.B. (1965). An Analysis of Variance Test for Normality
(Complete Samples). Biometrika 52, 591-611.

[16] van Zwet, W. R. (1964). Conver Transformations of Random Variables. Amsterdam:
Mathematisch Centrum.

[17] Weisberg, S. and Bingham, C. (1975). An Approximate Analysis of Variance Test for
Non-normality Suitable for Machine Calculation. Technometrics 17, 133-134.

[18] Yeo, LK. and Johnson, R.A. (2000). A New Family of Power Transformations to Improve
Normality or Symmetry. Biometrika, 87, 954-959.

[2001'd 2€ 34, 2002'd 39 A9 |



)

232 o<l

A Test of the Multivariate Normality Based on
Likelihood Functions*

In-Kwon Yeo V

ABSTRACT

The present paper develops a test of the multivariate normality based on non-
linear transformations and the likelihood function. For checking the normality, we test
the shape parameter which indexes the family of transformations. A score test and
a parametric bootstrap test are used to evaluate the discrepancy between the data
and a multivariate normal distribution. In order to compare the performance of our
test with the existing tests, a simulation study was carried out for several situations
where nuisance parameters have to be estimated. The results showed that the proposed

method is superior to the existing methods.

Keywords: Power transformation, Bootstrap test, Score test
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