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STATE EXTENSIONS OF STATES ON
UHF,, ALGEBRA TO CUNTZ ALGEBRA

DoONG-YUN SHIN

ABSTRACT. Let 7 = {fm}m be an eventually constant sequence of
unit vectors 7., in C™ and let p, be the pure state on UHF,, algebra
which is defined by py(v;, - VU i) = nit ek -t
We find infinitely many state extensions of p; to Cuntz algebra O,
using representations and unitary operators. Also, we present their

concrete expressions.

1. Introduction

For each integer n > 2, J. Cuntz [4] introduced the universal C*-
algebra O,, generated by n isometries s1, s2, - , Sy, satisfying the Cuntz
relations

n
8:83' = 6ij1 and E sisf =1.

i=1

It is called the Cuntz algebra and the isomorphic type of this simple C*-
algebra does not depend on the choice of isometries but on the number

of isometries. A UHF,, algebra is a uniformly hyperfinite algebra g M,
i=1

which is the completion of finite linear combinations of operators of the
form A; ® A2®- - -, where each A; is an n X n matrix and all but finitely
many of the A;’s are the identity and we understand UHF,, algebra as
a subalgebra of (J,,. We note that the linear span of operators of the
form s;, 84, -+ 84,8585, -+ 85, for k,l =1,2,--- is dense in the Cuntz
algebra O,, and a subalgebra UHF,, of O, is the closure of the linear
span of operators of the form s;, s, -+ - s, 85 Siey s;fl.
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One of the topics of the study of the Cuntz algebra O, is about it’s
representations. In detail, there is a correspondence between represen-
tations of the Cuntz algebra O,, and endomorphisms of B(H) of Powers
index n up to unitary action, where B(H) is the set of all bounded linear
operators on a Hilbert space H.

So, it is one of main concerns to study the representations of the Cuntz
algebra O,. Since states on the Cuntz algebra O,, give representations
of O,, by GNS constructions, it is natural that our attention is to study
states on O,,.

For a sequence n = {7 }m of unit vectors 7., = (nk,,--- ,n) € C*,
the associated linear functional w, on O, which is defined by

wnlsi 56,85, 53,) =0y <o me e
is a state if and only if it is a constant sequence {7, } of a unit vector
Nm = m for all m. While, for any sequence 7 = {7, }m of unit vectors
N = (0L, ,n7%) € C", the associated linear functional p, = wylunr,
on UHF,, algebra is a pure state(see [5], [8]).

In this paper, we find infinitely many state extensions of p, on UHF,,
algebra to Cuntz algebra O,, using representations and unitary opera-
tors. Also, we present their concrete expressions.

2. State extensions by representations

Throughout this section, let the sequence 7 = {7, }m of unit vectors
N = (ML, -+ ,n%) € C" be fixed and eventually constant, that is, there
is a positive integer k such that {,m > k implies that n; = 9.

The pure state py on M, is defined by px(a) = (ang,nx), where (,) is
the usual inner product on C™. Then for an eventually constant sequence
n = {Nm}m of unit vectors n,, € C", the pure state p, on UHF,, algebra
is the product state ®p; on ®M,,, so that the corresponding GNS rep-
resentation (7, M, ) for py, is irreducible and py, () = (my)(z)2y, y).

We review some important facts about H,, and B(H,)(see [3], [6]).

Consider the set of all formal tensor products of vectors 1, 8z ®- -,
where zj, = 1 for all but finitely many of the vectors xx. Then there is
a natural inner product which is defined on finite linear combinations of
those vectors, satisfying

) oo
(©20, @pe) = [[ (@00
k=1
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Then H,, is the Hilbert space completion of the inner product space.
Also note that the cyclic unit vector §2, in the GNS representation for
Pn is ®n-

Let {¢,, : m € N} be a sequence of unit vectors in C" which satisfies
Yoo Hlém — || < 00 and for each positive integer m, let £™ be the
vector in H, given by ™ =6 @& Q@ -+ Q& @ Nint1 @ Nmg2 @ -+ - -
Then {¢™} is a Cauchy sequence(see,[3], [6]). Hence it makes sense to
represent the limit of such a Cauchy sequence by the symbol ®&,, =
Bm=18m-

For each m € N, let {fm1, - ,Mmn} be an orthonormal basis for
C™ selected so that 7,1 = 7m. Let I be the set of all ordered sequence
P = {p1,ps,- -} wherep,, € {1,2,--- ,n} for each m, and p,,, = 1 for all
m but finitely many of p,,. We define ép o, P,Q €1, to be 1 if p,, = g,
for all k, and otherwise 0. We use the notation n(P) to represent the
unit vector ®”myp,,, in Hy. From discussion above, linear combinations
of the vectors n(P) are dense in H, and furthermore, (n(P),n(Q)) =
5p.g, P,Q €1 and the set {n(P) : P €I} forms an orthonormal basis
for H,, (see {3, [6]).

PROPOSITION 2.1. Let {ey,--- ,e,} be the standard orthonormal ba-
sis for C". Define linear operators vy, vg, -+ , vy, in B(Hy) by v;(n(P)) =
e; ® n(P). Then the following hold:

(1) v (h®@n(P)) = (h,e;)n(P) for each h € C".
(2) 'I);;’Ul = 5k,lI and Z?:l ’UZ'U: =1.
(3) Viy Uiy * - Uikv;l .. "U;l(hl Qhy® - )
() - (B, )i ® -+ @ e, ® sy @ hisa @+

Proof. (1) Since for any Q € I,

(v (h ®n(P)),n(Q)) = (h & n(P),vi(n(Q)))
= (h®n(P),e; @ 1(Q))
= (h,ei)(n(P),n(Q))
= {(h,e)n(P),n(Q))

and the set {n(Q) : Q € I} forms an orthonormal basis for H,,, we have
v} (h @ n(P)) = (h,e;)n(P) for each h € C™.

(2) Since v} (h @ n(P)) = (h, ex)n(P) for each h € C* and any P €1,
we have viv (n(P)) = vi(er ® n(P)) = (e, ex)n(P). Therefore for any
i € {1,2,--- ,n} we have vjv; = &, I. Since for any k € {1,2,--- ,n}



474 Dong-Yun Shin

and any P € I, we have
(3 vl ex @ n(P)) = Y vilwf (e ®n(P)
i=1 i=1

= Zvi«ek, ei)”(P))

— w(n(P))
=€, & TI(P)

Therefore we have ;. v;vf = I.
(3) We have the following.

Vi, Uy, "'Uikv;, "'U;l(hl Qha®---)
= Uilviz"'vikv;,"'U;Z(U;l(hl ® ho ®))
= Ui, Uy U0 U, ((Re, €5 )he ® Ry @ -+ -)
=(h1, ), )03, Viy - V3, V) U, (e @Ry ® -+ +)
<h‘1’ej1>"'<hla6j1>vi1vi2"'Ui,c(hl+1 Qhira®---)
(h,ej,) - (huye)en @ Qe Qhip1 ®@hya®--- .

g

By (2) of the previous Proposition 2.1, we see that the operators
v1,--- , U, are isometries and generate the Cuntz algebra O,,.
In this section, let 7 = {7 }m be an eventually constant sequence of

unit vectors 7, € C”.

THEOREM 2.2. Let p, be the pure state on UHF), algebra which is
defined by py(v;, -+ vi, 05, -+ v])) = nit .- pikqglk ...t Then there is
a vector state v, on B(H,) which is an extension of p,,.

Proof. Let Q be the ordered sequence given by Q = {p;,p2,--- } with
pr = 1 for all £ and let v, be the vector state on B(H,,) given by
Pn(s) = (sn(Q),n(€)). Then n(Q) =71 N1 @+ =M @72 ®--- and

wn(vhvw T 'vikv;z o 'v;l)

:<Ui1 Uig e 'U:L‘k'U;-{l e 'U;l n(Q)) 77(Q)>
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(v, -~ v, m(Q), vy, -+ vy m(€D))
=((m,€5) (M €)Mr1 @ M2 ® -+,
(€)M € )Met1 @ M2 ® -+ )
=(n1, €5, ) (s e5,) (M €a) -+ {M» €4,
M1 M2 ® M1 O N2 @ -+ +)

ik J1

:77? oM T "'77{1 <77l+1>77k+1><771+2777k+2>"' .

In particular, ¥, (v;, vi, - U US U}1)=pn(vil TV US v;’-‘l). Hence
the vector state v, on B(H,) given by 9,(s) = (sn(Q2),n(Q)) is an

extension of p,,. a

EXAMPLE 2.3. In case of 5, = (2) and 7, = (é) for m > 2, let

1y, be the state extension of p, in Theorem 2.2. Then

wn(vilvi2 . ./Uik/v;l ...U;l) frd 77’;1 ‘..T,]Zs:kn‘]z:k . 77-]7-1 </,7l+1’77k+1> e

Hence

,dj( * *) 171fZ1=.71=2722::]2::1
Vi, Vg« * "V, Vs - UL ) = )
T R 7 0, otherwise.

REMARK 2.4. Let A be a complex number with |[A| =1 and let \p =
{&mn }m be the sequence with &,, = Anp,. Then p, = pa, for each complex
number A with |A| = 1, but ¥, = ¥, if and only if A; = Ap. Hence
pn has infinitely many vector state extensions to B(H,). Since vector
states are pure on B(H,), we see that p, has infinitely many pure state
extensions.

3. State extensions by unitary operators

Throughout this section, we fix a unit vector h in C™. Let he = {Am }m
be the constant sequence with h,,, = h for all m , let [ be a fixed positive
integer and let 7 = {7 }m be a fixed sequence of unit vectors 7, =
(nkt,-- ,nn) € C" with n = h for k > L.

We identify a vector y in C™ with an n x 1 matrix. For 1 <17 </, let u;
be an nxn unitary matrix satisfying u;(n;) = h and let v = ©; QU2 ®- - -®
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wy®I,®I,®- -, where I, is the n x n identity matrix. Then v € g M,
i=1

and u is unitary. Let {e;;};; be the standard matrix units for M,,.

*

Identifying e;, j, ®- - -®e;, 5, [, ®- - - in ® M, with s, si, - 84,87, - S5,
i=1
in O,, we understand UHF,, algebra as a subalgebra of O,,.

Recall that for a sequence 1 = {ny, }m of unit vectors n, = (n,, -,
ne) € C™, the pure state p, on UHF,, algebra is defined by
pn(sil .. S'Lks;k DR s;l) = 77;1 e n]ikn]{:k e "7]‘7:1
= (m1€ijim) - (M€ Me)-
PROPOSITION 3.1. In the above notations, p,(-) = pn,(u - u*).
Proof. Let u; = I, for i > I. Then for any z = €;,;, ® - -®e;,, [, ®
© =84y 8iy 84, Sy, -+ 85, in UHF, algebra and h*u; = (u;n;)*u; = 0y,
we have
Pr.(uzu”) = pp (U1 @ - QU L ®@ - )(€iyjy @+ @ €, @ @ +)
W QuelLe- )
= pho(U1€i,5, U] @ - @ uge;;,up @ L, [, ® -+ )

* .
Tk

= (h*uleilhu){h) o (h*ukeikjkulth)

= (N1 €i5:m) - (MkCixjn M)

= (') - ()

= n’il .o .nz’“fr]-{l .o .frl-lz:k

= pn(silsiz .. Siks;k A 8;1)
and the subalgebra UHF,, of O, is the closure of the linear span of
operators of the form s;, s, - - - 84, 85,87, _, -+~ 87,. Hence we have p,(-) =

phc (u : u* ) ° D

THEOREM 3.2. Let p, be the pure state on UHF,, algebra which is
G vn) = nit - -n,i"ni’“ ---1*. Then there is
a unitary operator u in UHF,, algebra such that ¥(-) = wp_(u-u*) is an
extension of p, to the Cuntz algebra O,

defined by p,(vi, -+ v, v

Proof. Let u=11Qua® - - QuRI,®1,®--- be unitary in &?Mn
i=1

as above. Since wy, is a state on the Cuntz algebra O,, and u is unitary
in UHF,, algebra, 9(-) = wp (u-u*) is a state on the Cuntz algebra O,.
By Proposition 3.1, 1 is an extension of p, to the Cuntz algebra O, .0
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REMARK 3.3. Let A be a complex number with |A| = 1 and let Ah, =
{&€m}m be the sequence with &, = Ah. Then pp, = pan, and Py(-) =
Wi, (u-u*) is a state on the Cuntz algebra O,,. Furthermore ¥y, = 1,
if and only if A; = Ap. Hence p,, has infinitely many state extensions to
the Cuntz algebra O,,.

m > 3, let Uy = ugy = (? é) . Then U1(771) = u2(772) = h’7
UZU1®U2®IQ®I2®“‘
=(e2+en)®(e12+€1)LOL®---
=(e12®ez+e12®ez te ez +eRen)RLRALR: -
= s%(sZ)z + 51828785 + s2s1858] + 8%(3’{)2

and wp, (u - u*) is a state extension of p,to the Cuntz algebra Os.

3
S 0
5
ExaMPLE 3.5. In case of 5, = % y N2 = % and h =19, =
0 5
] SR
0)form>3letuwy=(5 -2 0], u2={0 5 -2
0 0 0 1 1 0 0
Then w;(n) = uz(n2) = h and
Uy Q ug
_ (3 + 4 + 4 3 + e33)
= 5611 5612 5621 5622 €33
3 4 4 3
® (3612 + 3613 + 3622 — 5623 +e31)
9 12 12 9 3
= %611 ® ez + %611 ®e1s + %811 ® egn — %611 ® eqs + 5611 ® e31
12 16 16 12 4
+ %612 ez + %612 ®e1s+ %612 ® eag — %812 ® ea3 + 3612 ® es
12 16 16 12 4
+ %621 ® ez + %621 ® ez + 55621 & ez — 2—5621 @ e23 + 5621 ® es31
9
- %622 ® e — %622 ® ez — 2—5622 ® €29 + %622 ® eaz — 5622 ® e31

3 4 4 3
+ 5633 RKez + 5633 ®eis+ 3633 & ezp — 3633 ® e23 + €33 ® e31.
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Hence

U= Qu Q@33 ®---

2 12 2 % % 12 * % 9 k¥ *\2
= 55518 281 + o5 515351 + o7 51525281 — 551528551 + 53153(31)
+ 5 s3(s3)” + = 25 s3s385 + 55‘8132(52)2 — 5p $1528353 + £ 5153515
+ %32513231 2532513331 + = 5% s385s7 — 253%3351 + 55233(31)2
12 * %k 12 * 9 * %k 3 *k %k
— 5{—)3231(33)2 — %32313352 - 5353(32)2 + %335352 - 532333132
+ 553515283 + 53331(33)2 + 5 53528253 — 58332(33) + 53575

and wp, (u - u*) is a state extension of p, to the Cuntz algebra Os3.
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