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ON ik-HYPONORMAL WEIGHTED
TRANSLATION SEMIGROUPS

JUNG WoI PARK AND SANG SO0 PARK

ABSTRACT. The weighted shifts have been made a central role in
the study of k-hyponormality for hyponormal and subnormal opera-
tors in discrete notion. In this note we discuss the k-hyponormality
of weighted translation semigroups with a symbol function in con-
tinuous notion.

Let H be a separable, infinite dimensional, complex Hilbert space
and let B(H) denote the algebra of all bounded linear operators on H.
For A, B € B(H), let [A, B] := AB — BA. We say that an n-tuple T =
(T1,--- ,Ty) of operators in B(H) is hyponormal if the operator matrix
([T}, T:])7 ;=1 is positive on the direct sum H & - -- & H (n-copies). For
a natural number k and T € B(H), T is k-hyponormal if (I,T,--- ,TF)
is hyponormal. It is well-known that subnormal = k-hyponormal =
hyponormal, for every & > 1; the study for the gaps among the above
classes was discussed in [8], [9], [10] and [11]. In particular, unilateral
weighted shifts were considered to study such gab theory (cf. [8], [9],
[10], [11] and [12]). The weighted shifts were good roles in the study of
bridges between hyponormal and subnormal operators. So it is valuable
to study other models in this topic. In this note, we discuss a weighted
translation semigroup which is much wider notion than weighted shifts.

Let Ry be the set of nonnegative real numbers and L? := L%(R.)
the Hilbert space of square integrable Lebesgue measurable complex
valued functions on Ry. Let B(L?) be the algebra of all bounded lin-
ear operators on L?. A family {S; : t € Ry} in B(L?) is a semi-
group if 5o = I and S:Ss; = Siys for all ¢t and s in Ry. In particular,
we consider a weighted translation semigroup {S;} on L? defined by
(Sef)(z) = (¢(z)/p(x — t)) f(z — t) if x > t and 0 otherwise, where ¢
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is a continuous nonzero complex-valued function on Ry and is called a
symbol. A semigroup {S;} is strongly continuous if, for each f in L2, the
mapping t — Sif is continuous from R into L2. It is well-known that
{S;} is strongly continuous on R if and only if {S;} is strongly continu-
ous at t = 0. Since the weighted translation semigroups with symbols ¢
and |¢| are unitarily equivalent, we shall assume throughout this paper
that all symbols of weighted translation semigroups are positive valued
strongly continuous semigroups.

Let {S;} be a weighted translation semigroup with symbol ¢. For
each t > 0 and each nonnegative integer n, let X,(Lt) be the characteristic
function of the interval [nt, (n + 1)t]. Set M; equal to the closed linear

span of {¢ - x®.n> 0}. Let

(n+1)t %
A® = / b(o)2dz| .
nt

Then for each t, M; is invariant subspace for Sy, and the restriction
(0 (@

Si|M; to M, is a weighted shift with weight sequence {/\(()t) , %, %2—5, .}
0 1

It follows from [1, Theorem 3.2] that {S;} is hyponormal if and only if

{S¢|M;} is hyponormal, which is generalized to the following lemma.

LEMMA 1. Let {S;} be a weighted translation semigroup with symbol
¢. Then {S;} is k-hyponormal if and only if {S¢|M;} is k-hyponormal,
1<k <o

Proof. Mimic the proof of [1, Theorem 3.2]. O

The following is the main theorem of this paper.

THEOREM 2. Let {S;} be a weighted translation semigroup with
symbol ¢. Then the following statements are equivalent:

(i) {St¢} is k-hyponormal,

(ii) the following holds

Dok (@,1) = ?i’(x—i—t) fb(“?t) ff)(a:+(k+1)t)
Pz +kt) oz + (k+1)t) - ¢z + 2kt)

>0, forallt > 0.

To prove Theorem 2, we need several lemmas. We begin with the
following lemma, which means that the Embry type and Bram-Halmos
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type for subnormality are equivalent in the case of weighted translation
semigroups (cf. [13]).

LEMMA 3. Let {S;} be a weighted translation semigroup with symbol
¢. Then the following statements are equivalent:

(i) {S¢} is k-hyponormal,

i1) {S;|M;} is k-hyponormal,

(
mnZm<$“n$“h>zomaunﬁeAhogajghtzm
(v) So; (St 17 £) > 0 forall fi, f; € L2, 0< i G < k.
Proof. (i) & (ii): It is Lemma 1.

(ii) < (iii): It follows from the fact in [13] that if T is a weighted
shift on a Hilbert space H, then T is k-hyponormal if and only if

<Ti+jfj,Ti+jfi> >0 forall f,fjeH, 1<4,5j<k.

(iii) < (iv): Since {gbx,(f) : nt > 0} is dense in L?(R.y), it is obvious.
O

LEMMA 4. Let {S:} be a weighted translation semigroup with symbol

¢. Then
ne any _ [ |z +nt)

2
f(z)g(z)dz.

Proof. Since

$(z) _ >
Sy _ ) Faonp /(& —nt) if z>nt,
(SPF) () { : pezm

we have
(SPf,STg) = /: g(—f(—fl—ﬂ ’ He — mt)a(e —iide
0
Recall (cf. [8]) that if
(1) = ( e ) e LH®H),

thenT > 0<«= C — BB* > 0.
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LEMMA 5. Assume that a;;(z) = aj(z), for any 0 < i,j < k. Then
the following statements are equivalent:
(i) for any f; € L*(R..), we have

koo -
(2) Z./o aji(z) fi(x) fj(z) dz > 0;

i,j=0

(ii) it holds that

ago(z) am(x) --- agk(z)
(3) ?10(56) fl”(m) fl”“(x) >0, forzae. inRy.
ako(z) api(z) - ;lkk(w)

Proof. Without loss of generality, we may assume that ago(z) = 1.
We will use the mathematical induction to prove the lemma. For k =1,
first observe that

1 o -
S [ et

1,j=0

- /0 " 1o(@)2 + a0 f1(@)Fo@) + ar0(2) fol@) Fo (@)
+an ()| f1(z)[?) dz
/0 fol) + aoy fa(e) Pdz + /0 (a0 (®) — laon (@) P)| 1 @) Pl

fl

If a13(x) — |ag1(x)|? > 0, then

1 00 L
Z/O aji(z) fi(z) fi(x) dz > 0.

1,j=0

Conversely, suppose a1;(z) — |ag:(z)|?> < —¢ on nonzero measure set E
and some £ > 0. Let fi(z) = xg and fo(x) = —ap1(z)xE. Then

1 0o L
Z /0 aji(z) fi(z) fi(x) dx

i,7=0

-/ " (@) - laos (@) 2 () Pdz < ~ep(E)? <.
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Hence, we have that
a1 (z) — |ap1(z)* > 0 <= Z / a;i(z) fi(z) fi(x) dz > 0,
1,j=0

which proves the case k = 1. Assume that (2) and (3) are equivalent for
the case k =n — 1. And we will consider the case k = n. Then

Z/ a5i(2) (@) F5 @) d

4,7=0

= /0 |fol@) + ao1 f1(z) + - + aon(z) fr(z)|2d2

Py [awn@hEa-y, | aotelan ) @@ s

i,g=1 3,j=1

- /O Fo(@) + aonfi(@) + -+ aon (@) fu(z) Pde

n 00

+ 3 [T (ae) - ap@an(o) @5 de
= A+ B.
We will claim that B > 0 is equivalent to
Z / aji m)f,(sc)fj(:c) de >0 for any f; € L?,0<i < mn.
i,5=0
Suppose there exist functions f; € L?, 1 < 4 < n, such that

Z / (aji(z) — ajo(x)ao:(z)) fi(z )f]( z)dz < —¢ for some € > 0.

ij=1
Take
fol@) = —ao1(z) f1(z) — - - — aon(@) fu ().
Since A = 0, we have

3 / aji(@) i (@) ;@) da < e,

i,j=0
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which proves the claim. Also by mathematical induction, B > 0 is
equivalent to the n x n matrix

aj] — a1pdo1 Q12 —aipeape2 - Aip — 41000n
az1 — a0Q01 Q22 — G20G02 -+ Q2p — A20Q0n

(4) . . . > 0.
Qpl — Aned0l anr2 — Appae2 - Gpp — Gnolon

Moreover, by (1), the positivity of (4) is equivalent to the following
(n+ 1) x (n+ 1) matrix

1 an - aon
app @11 -+ Qin
>0
Apo QAn1 *°°  Qnn
So the proof is complete. O

Proof of Theorem 2. According to Lemmas 3, 4, and §, we have that
{S5:} is k-hyponormal if and only if

1 ¢*(z+) ... Patkt)
¢*(2) ¢ {z)
Pa+t)  ¢A(z+2t) L PatE+1))
#(z) #*(x) ) >0
.¢2(z+kt) ;pz(z+(k+1)t) . ;bQ(m+2kt)
%%(z) ¢* () ¢2(z)
which proves Theorem 2. O

COROLLARY 6 ([2]). Let {S5:} be a weighted translation semigroup
with symbol ¢. Then {S;} is hyponormal if and only if ¢(z)¢(x +2t) >
¢*(x +t) for any z,t € R, which is equivalent to In ¢ is convex.

COROLLARY 7. Let {S;} be a weighted translation semigroup with
symbol ¢. Then ¢(x)g(x + 2t) = ¢*(x +t) for any z,t € R4 if and only
ifIn ¢ is a line.

Proof. Since ¢(x)¢(z + 2t) = ¢*(z + t) is equivalent to 1(Ing(x) +
In¢(z + 2t)) = Inp(x + t), the proof follows easily. O

COROLLARY 8. Let {S;} be a weighted translation semigroup with
symbol ¢. If det Dy 1(z,t) = 0, i.e., In @ is a line, then det Dy »(x,t) = 0,
for all n > 2.
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Proof. Let In ¢(z) = ax + b. Then ¢(z) = e*®e’. Hence

(20 2b c2a(z+t) ,2b .. p2a(atkt) ,2b
e2a(z+1) 52b e2a(z+2t) ,2b s e2a(zt(k+1)t) 26
D¢’k (.’13, t) = . ]
e?a(z-}—kt)eZb g2a(z+(k+1)t) 26 e2a(x+2kt) e2b
1 e2at . eZkat
2at elat . e2(.’c+1)at
(1) — 62b+2ax ' ,
e2kat eZ(k-{-l)at ... glakt

and so each columns in the above matrix are linearly dependent. Thus
det Dd,’k(.’L‘,t) =0 for k> 2. O

REMARK 9. Let ¢(z) = 25 and let Dy be the matrix in Theorem

2 (ii). Since the corresponding semigroup {S;} is subnormal (cf. [2]),
obviously Dy r(z,t) > 0 for any z,t € R*. In fact, by direct computa-
tions we have det Dy 2(z,t) > 0, det Dy 3(z,t) > 0, det Dy 4(z,t) > 0,
etc. Let ¢(x) = ze™®. Then by a direct computation det Dy (z,t) =
0,det Dy 3(z,t) = 0, etc., even In ¢(z) is not a line.
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