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APPROXIMATING THE FINITE HILBERT
TRANSFORM VIA OSTROWSKI TYPE INEQUALITIES
FOR ABSOLUTELY CONTINUOUS FUNCTIONS

S. S. DRAGOMIR

ABSTRACT. Some inequalities and approximations for the finite
Hilbert transform by the use of Ostrowski type inequalities for ab-
solutely continuous functions are given.

1. Introduction

Cauchy principal value integrals of the form

(1.1)
b t—e b
(Tf)(a,b;t) = PV I—(ZldT = lim [ f—(T—)dT + f—(—QdT]
o T—1 e—0+ | J, Tt tre T—t

play an important role in fields like aerodynamics, the theory of elasticity
and other areas of the engineering sciences. They are also helpful tools
in some methods for finding the solutions of differential equations (cf.,
e.g. [25]).

For different approaches in approximating the finite Hilbert trans-
form (1.1) including: interpolatory, noninterpolatory, Gaussian, Cheby-
chevian and spline methods, see for example the papers [1] — [12], [16] -
[24], [26] — [35] and the references therein.

In contrast with all these methods, we point out here a new method in
approximating the finite Hilbert transform by the use of the Ostrowski
inequalities for absolutely continuous functions established in [13], [14]
and [15].

For a comprehensive list of papers on Ostrowski’s inequality, visit the
site http://rgmia.vu.edu.au.
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Estimates for the error bounds and some numerical examples for the
obtained approximation are also presented.

2. The results

For the sake of completeness, we state and prove the following lemma
providing some Ostrowski type inequalities for absolutely continuous
functions (See [13], [14] and [15]).

LEMMA 1. Let u : [a,b] — R be an absolutely continuous function on
[a,b] . Then we have:

(2.1) u () (b—a)—/abu(t) dt‘

( [i(b_a)2+<m_a—2i—b)2

<{ 1 [(x-a)1+%+(b—x)1+ﬂ 1 |y i ' € Lpla,b],

1_ 1.
= h
lo-a)+lo- lu
[ L2 2 [
where ||-||,. (r € [1,00]) are the usual Lebesgue norms, i.e. for c <d

edl oo i= €588 sup |h(t)
e, te] |

]

T (/ Ih (1) |dt) >l

Proof. Using the integration by parts formula, we have

/x(t—a)u'(t)dtzu(w)(m—a)—/zu(t)dt

1wl 00 i ¥ € Loo[a,b];

1
p>1, ;‘}‘

b1 ifu' € L{a,b],

and

and
b b
/(t—b)u’(t)dtzu(x)(b-m)—/ u (t) dt.

If we add the above two equalities, we get
(2.2)

u(x)(b—a)—/bu(t)dt=/I(t—a)u'(t)dt+/b(t—b)u’(t)dt
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for any z € [a, b].
Taking the modulus, we have

u(x)(b—a)—/abu(t)dt’

IA

T b
/ @—a”u%ﬂMﬁ+/)@—bHM@ﬂﬁ
= M(z).

Now, it is obvious that

x b
M@) € Wy | @+ il [ -t

(z —a) (b—1z)°
= ||u,||[a,:1:],oo ) 2 + ”u,”[a:,b],oo ) 2
z—a)+ (b- 1)
< ol [( £ C-2) }

y

1 a+b\?
= ”uﬂhﬁkw[z(b—af-+<m—- 5 )

proving the first part of (2.1).
Using Holder’s integral inequality, we may write:

z 1 b é
4103 ([ €= 0%) "4 oy, ([ 0= 07at)

M(z) <
1
- (z—a)®*! (b—a) "
= Nlems || +1¥Nens |1
1 1 1
< |l gy, —— [e—a)F i + (b —2) e,

proving the second part of (2.1).
Finally, we observe that

M(z) < (z—a) ”ulll[a,x],l +(b—x) ”u,”[a:,b],l
< HMX&%-mb—w}“Wm@ﬂJ+”w”@%J
1 a+b
= [5 (b—a)+ lx - TH ||ul||[a,b],1

and the lemma is proved. O
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The best inequalities we can get from (2.1) are embodied in the fol-
lowing corollary.

COROLLARY 1. With the assumptions of Lemma 1, we have

2.3) \u (“;b) (b—a)—/abu(t)dt‘
( é (b—a)? [/}, 00 if v € L |a,b];

+1 ; /
1 (b - a) a ”u ”[a,b],p if w'e LP [a’b] ’

IA

2(g+1)a ) )
) p>1, » + i 1;
[ 5 &= a) [[Wlljg,p1,0 ifu' € La,b].

The following theorem providing an estimate for the finite Hilbert
transform, holds.

THEOREM 1. Let f : [a,b] — R be a function so that its derivative
f' : [a,b] — R is absolutely continuous on [a,b]. Then we have the
inequalities
(2.4)
t b—t
@) (et - (

t—a

) _b;“ [F; A+ (1= A) b, X+ (1—\) ]

1 +b\?2 :
x[zw—a)%(t—“z, ) |1 Nappee I 77 € Lon

1 q 1+ 1+1
= A 1- A
<9 7r(q+11+§[ a4+ ( ) q}
1 1
x |(t—a)'ta +(b—t)1+a] 15" N a1 if f"€L,lab,
1 1 __ 1.
- . p>1, 5+E-—1,
p 5*’“5‘

a+b )
B IORORS T | [T Y AR
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for any t € (a,b) and X € [0,1), where [f;, (] is the divided difference,
ie.,

f (o) = f(B)
fia,8) = H=LD)

Proof. Since f’ is bounded on [a,b], it follows that f is Lipschitzian
on [a,b] and thus the finite Hilbert transform exists everywhere in (a, b).
As for the function fy: (a,b) — R, fo(t) =1, t € (a,b), we have

(Tfo) (a, b; ) = %m (f‘t> L te(ab),

then, obviously

b o)
= iPV/f f(td +f(t)PV/T_t

from where we get the identity

_ b firy
25)  (TF)(a,b;t) — f(t) (—t>:%PV FO=1,

t—a @ T—1

Now, if we choose in (2.1), u = f', 2 = Ae+ (1= A)d, X € [0,1],
¢,d € [a,b] then we get

[f(d) = f() = (d=c) f' (Ae+ (1= N d)|
2
( (d - 6)2 {% + <)‘ - %) :l ”fl/”[c,d],oo if f” € Loo [a)b];

1
|d . C|1+E

(g+1)3

2=l 5+ = ] 1)

IA

[NFe (1 - 2]

Flleay| i€ 1" € Lylab,

1 1 _ 1.
p>1,5+5—1,
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which is equivalent to:

(2.6) l%f—@ —f e+ (1-2) d)l

( 2
ld—d{i+(k—%>}ﬂfwm@m it 17 € Loola,b];
< 9 __-|d‘c|%1 AFa (1 — N [ if € Lyfa,b],
(q+1)5[ ( } | H[C’d]’pi ) p[a ]

1 1 _ 1.
p>1,5+5—1,

o+ P2

Using (2.6), we may write

b _ b
(2.7) lPV/ ————-f(T) f(t)dT— lPV/ O+ (1 =X)1)dr
T a T—1 s a
(1)1 P 2 pv [P 4
~ 13+ (>3 L1t =15 0| 27
1 1 1+1 1+1 b 1
< 4§ = AT e+ (=X | PV =7l (N Nenp] AT
™ (q_{_l); [ ] It, ]P‘
1 1 _i bl en
B A e
4 2
1]1 1 b
- {4_1 + ()\— 5) 1 1" Napg,00 PV Jo It = 7ldr
1 1 1 1 1
< 4 e [N = N 1y, PV S 1= 77
T (g+1)s
1[1 1
B R A T ey
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2 b2
g (A— g) } 15" o500 [ﬁ (b—a)® + (t— = ) }
1 1 141 1+4 1"
~. = [ATe - A a a
<{r (q+1);[ O 1 e
141 142

“a+1) (6= -]

1M1 1 1 a+b 1
\ ;[54_))\_5” {i(b—a)+‘t H I/ ”[ab]l'

Since (note that A # 1)

lpv/bf'(At+(1—A)r)dT

_ _61_%[/” /J (At + (1 - \) 1) dr)

t—e b
- %eli%i{l*__f(”ﬂL(l—A)T)a +1—1—A ()\t+(1—)\)7')t+J
_ L) —ft+A-Na)+ F M+ (- Na)— F(?)
™ 1—2)
_ b-a (I=XNbX+(1-XNa],

then by (2.5) and (2.7) we deduce the desired inequality (2.4). O

The best inequality one may obtain from (2.4) is embodied in the
following corollary.
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COROLLARY 2. With the assumptions of Theorem 1, one has the
inequality

28 ’(Tf) PR AN (H) b-a [f;t+b7a+t”

T t—a T 2 2
(11 +5\?2
47r[4(b a)+<t 2)}
X WF" N a,6,00 if f" € L a,b];
1 q

25 (g + 1)

< 9§ % [(t —a) s + (b —t)”é]
X N it f1€ Lyla.tl,
1 at+b
to-oep2]
LT if f" € L{a,b];

for any t € (a,b) .

3. A quadrature formula

The following lemma is of interest in itself.

LEMMA 2. Let u : [a,b] — R be an absolutely continuous function on
[a,b]. Then for alln > 1, \; € [0,1) (i=0,...,n—1) and ¢, T € [a,b]
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with t # T, we have the inequality

n—1

1 ! -
' o i+ 1 — )
(3.1) 7_—t/t u(s)ds ngu[t-F(z-i- ) n J
(Jt—r| |1, 1~ N
S [Z = (Ai ) 5> e
1 1 1 q @
SR [ i 3 AR LR W N TN
(g+Dan L7 =0 141
11 1 Pl
L - {5 + max |A; — EH ”“’“[tﬁ],l;
|t — 7] :
( om ”U’I”[t,T],OO’
t— |9
< T gy, pe 1 bado
(g+1)en
1
| > 1l
where
1
T P
“u,“[t,r],p = I/t Iu/ (g)lp ds| , p>1
and
= 08 sup 5]
s€ft,T]
(s€[rt])

Proof. Consider the equidistant division of [t,7] (if t < 7) or [r,#] (if
T < t) given by

(3.2) En:zj=t+i- , i=0,n.

Then the points & := N [t+i-TE] + (1= ) [t+ (i +1) =]
(A €[0,1), i =0,n — 1) are between z; and z;,1. We observe that we
may write for simplicity §& = ¢+ (¢ + 1 — X;) T—;—t (z =0,n— 1) . We also



552 S. 8. Dragomir

have
Tit+xip1  T—t (1 AW
omtma (1),
T—1
éi—l‘i = (1")\1')
and

T—1

Tipy — &= Ai

for any i =0,n — 1.

If we apply the inequality (2.1) on the interval [z;,z;+1] and the
intermediate points & (¢ =0,n — 1), then we may write that

(3.3) ‘T—;iu [t+ (4+1-N) lg—t] - /:“u(s) ds

( l@—Tf%_U—Tf
4 n? 4n?
x |||

(1- 2Ai)2]
if W € Ly [a,b],

Z‘i,xi+1],00

1 ]t—r|1+%A;+;
l 1+l T
<{ (g+Da| ne ]
jt = ™ ] IO
+ n1'+‘_‘% (=) "9 | H[Ii’xiﬂ]’p if v e Lyfa,bl,

o

1,1 9.
p>1, s +5=1

lr—t| |r—t||1 , )
e e
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Summing (2.3), we get:

T T —f — T—1
3.4 ds — t 4+ 1=\
sy |[uea nZ;U[HH i
( 2 2
(t—m)*n=l|1 1
n2 EO Z e 5 “u,”[mi,l‘iﬂ]’oo ;
I+ na1 1
< |t — | 145 oyt
=) (g+ 1)% n1+% i=0 [/\i TH(A-N) ”u,“[li,ziﬂ]m
1 1 _ 1.
lt Inl ) . p>1,5—|—5—1,
—_— T -
. n zzjo [5 +A - 5‘] ”u,“[“”i,zwll)l'
However,
n—1 1 1 2
'
n—1

||u/||[t,7'],oo

ln+z )\-—12
4 = o) |

(3.6) Til [ Ai)“i] |

553

[@i,zit1],p
1=0
n—1 q ; %
< (Ehrteaa ) (S )
1=0
n—1 141 14l q é
= ”“'H[t,f],p [Z% (Ai T (1)) +a) J
and
n—1 1
(3.7 [§ T | A — H H“II [zi,2i41],1
i=0
1 1 n—1 1 1
< [2 + max |A ] z;| ”[x Tirl, [5 +max |A; — EH Hu,”[t»T],l'

Now, using (3.4) — (3.7), we deduce the first part of (3.1).
The second part is obvious.

0
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We may now state the following theorem in approximating the fi-
nite Hilbert transform of a differentiable function whose derivative is
absolutely continuous.

THEOREM 2. Let f : [a,b] — R be a differentiable function so that
its derivative f' is absolutely continuous on [a,b]. If A = (N),_g7=1.
Xi€1[0,1) (i=0,n—1) and

3.8

o b—a b—t t—a

Sain 8= 0 X [ 1= 20 S 1 -2 0
i=0

then we have

39  THabn=LDn (—”—“E) +Su (£ A0 + Ra (£ M 1)

T t—a
and the remainder R, (f; A, t) satisfies the estimate:
(3.10) |Rn (£32,1)]

(1)1 172l 1\?
4= A — =
n 4+nz§)( 2)
1 5 a+b\?2
x{z(b—a) +<t— 5 >]
X L a,8),00 if f"€ Looa,b];
1 q
no il
1 (g+1)e
<= X3
T X q 1
n-— 1+1 1 q
X [1 D </\,~+" +(1—,\i)1+a) }
L=
x [(t—a)1+5 +(b—t)1+5] 1 ey I "€ Lplab,
p>1, %+%= :
— l—*—max /\‘—1
2 b2
1 a+b
L X ['2‘ (b—a)—l—}t— 2 H 1" la,00,1 0
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1 .
i 1 ape0 b= a)*  if f" € Leo[a,b];

q
1
<Ll @+t
4 x (b—a)5 || if frelyfab], p>1, L+1=1;
[a,b],p p 3,0, P ' p q X
1 "
[ (0 —a) 1f"llfa5,1
Proof. Applying Lemma 2 for the function f’, we may write that
-1
fO—f(r) 1%, : ATt
(3.11) — ﬁzf b (41— h) —

[ jt—7] |1 1n=2 1\?| .,
R+ (= 3) (1o

_ q n—1 1
q anoRT=
1 1
E [2+max A ——H A

for any ¢,7 € [a,b], t # T.
Taking the PV, we may write
(3.12)

Loy [PEO-T@, 1 o, Tt
;PV/G —T:-t—'—dT-—;l;;PV\/a‘f |:t+(l+1—)\1,) ” :|d7'

4
1 1 n—1 1
L [z 55 (A B _) PV 21t =711 )00 &7
n—1 1 7 s
<1 J —17 [l > <)‘i1+q +(1_)‘i)1+%> ]q
xPV [2[t = 7|0 ([ £l pdr
171 1 b
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However,

b
PV [ 1t =115y

IA

b
17"y PV [ 1= 71
(t—a)’+(b— t)z]

"

b b
g A T T g L

(t —a)a*! 4 (b— 1)
s +1

I

1" 1.0

q 1 1
m [(t - a)q+1 + (b — t)q+1j\
o LA [

b t b
PV “f”H[t,T],ldT = PV Hf””[r,t],ldT_}_ Hf”“[t,f]ng
a a t

max {t — a,b — t} Hf”“ la,8],1
1 b "
= [30-ali= 2518 s

and using the inequality (3.12) we obtain the desired estimate (3.10). [

IA

The following particular case which may be easily numerically imple-
mented holds.

COROLLARY 3. Let f be as in Theorem 2. Define

1

_b- a4 — 1\b—t . I\t—-a
suntf:= 3 e (103) St () 5

1=

0
and the remanider Rprp, (f;t) satisfies the estimate

@ @bi) = L (F20) 4 Sut (750) + Basn (£10).
Then we have the representation:

|RM.n (f7 t)|



IA

for

1
[2]

[3]
[4

[5]
[6]
(71
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1
anm ,
1 2 a+b
XN a0 if f€ Ly (a,b];
1 1 1
;X< n ol 141
" 2imn(g+1)a

x[(t—a)*e 4+ b - 1))

XN a0y, if f"€Lyla,b],

1 1 @ + b 17
[ 2mn [5 (b—a)+ ,t_ 5 ” 1" Na,6,1
any t € (a,b).
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