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(T;, T;-FUZZY o-(r,s)-SEMIOPEN SETS AND FUZZY
PAIRWISE o-(r, s)-SEMICONTINUOUS MAPPINGS

EuN Pyo LEE

ABSTRACT. We introduce and investigate the concepts of (77, 7;)-
fuzzy a-(r, s)-semiopen (a-(r, s)-semiclosed) sets and fuzzy pairwise
a-(r, s)-semicontinuous mappings in smooth bitopological spaces.

1. Introduction

The concept of fuzzy sets was introduced by Zadeh [12] in his classi-
cal paper. Using the concept of fuzzy sets Chang [2] introduced fuzzy
topological spaces and several other authors continued the investiga-
tion of such spaces. Chattopadhyay et al. [4] and Ramadan [8] intro-
duced new definition of smooth topological spaces as a generalization of
fuzzy topological spaces. Kandil [6] introduced and studied the notion of
fuzzy bitopological spaces as a natural generalization of fuzzy topologi-
cal spaces. Lee et al. [7] introduced the concept of smooth bitopological
spaces as a generalization of smooth topological spaces and Kandil’s
fuzzy bitopological spaces.

In this paper, we introduce the concepts of (7;, 7;)-fuzzy a-(r,s)-
semiopen sets and fuzzy pairwise a-(r, s)-semicontinuous mappings in
smooth bitopological spaces and then we investigate some of their char-
acteristic properties.

2. Preliminaries

Let I be the closed unit interval [0, 1] of the real line R and let Iy be
the half open interval (0,1] of the real line R. For a set X, I*X denotes
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the collection of all mapping from X to I. A member p of I is called
a fuzzy set of X. By 0 and 1 we denote constant mappings on X with
value Oand 1, respectively. For any p € IX, u¢ denotes the complement
1— . All other notations are the standard notations of fuzzy set theory.

A Chang’s fuzzy topology on X [2] is a family T of fuzzy sets in X
which satisfies the following properties:

(1) 0,1€T.

(2) If g1, 0 € T then py Apg € T.

(3) If up € T for all k, then \/ pux € T.
The pair (X,T) is called a Chang’s fuzzy topological space. Members
of T are called T-fuzzy open sets of X and their complements T-fuzzy
closed sets of X.

A system (X,T1,T») consisting of a set X with two Chang’s fuzzy
topologies 77 and T5 on X is called a Kandil’s fuzzy bitopological space.

A smooth topology on X [4, 8] is a mapping 7 : IX — I which satisfies
the following properties:

(1) 7(0)=71) =1.

(2) T(u1 Ap2) =T (p1) AT (p2).

(3) T(V ) = AT (1)
The pair (X, 7) is called a smooth topological space. For r € I, we call
u a T-fuzzy r-open set of X if T(u) > r and p a 7-fuzzy r-closed set of
XifT(pu)>r.

A system (X, 71, 75) consisting of a set X with two smooth topologies
71 and 73 on X is called a smooth bitopological space. Throughout this
paper the indices ¢, j take values in {1,2} and i # j.

Let (X,7) be a smooth topological space. Then it is easy to see that
for each r € I, an r-cut

T, = {pel¥ | T(u) >r}

is a Chang’s fuzzy topology on X.
Let (X,T) be a Chang’s fuzzy topological space and r € I;. Then
the map T7 : IX — I is defined by

1 if p=0,1,
T(u)={ r if peT—{0,1},
0 otherwise
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becomes a smooth toplogy.

Hence, we obtain that if (X,7;,7;) is a smooth bitopological space
and r,s € Iy, then (X,(71),,(72)s) is a Kandil's fuzzy bitopological
space. Also, if (X,T;7,T3) is a Kandil’s fuzzy bitopological space and
r,s € Iy, then (X, (T1)", (T2)®) is a smooth bitopological space.

DEFINITION 2.1 ([7]). Let (X, 7) be a smooth topological space. For
each r € Iy and for each u € IX, the fuzzy r-closure is defined by

T-Cl{p,m) = NMp e I* | p < p, T(p%) 21}

and the fuzzy r-interior
T-Int(p,r) =\V{p e I* [ u>p,T(p) 2 1}

THEOREM 2.2 ([7]). Let p be a fuzzy set of a smooth topological
space (X,T) and let r € Iy. Then we have:

(1) T-Int(p,r) = T-Cl(u,r).

(2) T-Cl(u,r)e = T-Int(u,r).

DEFINITION 2.3 ([7]). Let u be a fuzzy set of a smooth bitopological
space (X,71,73) and 7, s € Iy. Then p is said to be

(1) a (75, T;)-fuzzy (r,s)-semiopen set if there is a T;-fuzzy r-open
set p in X such that p < u < 7;-Cl(p, s),

(2) a(7;,7;)-fuzzy (r, s)-semiclosed set if there is a T;-fuzzy r-closed
set p in X such that 7;-Int(p, s) < p < p,

(3) a (7;, T;)-fuzzy (r, s)-preopen set if p < Tr-Int(7;-Cl(p, s),7),

(4) a (73, T;)-fuzzy (r, s)-preclosed set if T;-Cl(T;-Int(p, s),7) < p.

DEFINITION 2.4 ([7]). Let f: (X,71,72) — (Y,U;,Us) be a mapping
from a smooth bitopological space X to another smooth bitopological
space Y and r,s € Iy. Then f is said to be

(1) a fuzzy pairwise (r, s)-continuous mapping if the induced map-
ping f : (X,71) — (Y,U;) is a fuzzy r-continuous mapping
and the induced mapping f : (X,72) — (Y,Us) is a fuzzy s-
continuous mapping,

(2) a fuzzy pairwise (r,s)-semicontinuous mapping if f~!(u) is a
(71, 72)-fuzzy (r,s)-semiopen set of X for each U;-fuzzy r-open
set p of Y and f~1(v) is a (7, 71)-fuzzy (s,r)-semiopen set of
X for each Us-fuzzy s-open set v of YV,
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(3) a fuzzy pairwise (r,s)-precontinuous mapping if f~1(u) is a
(71, T2)-fuzzy (r,s)-preopen set of X for each U;-fuzzy r-open
set pof Y and f~1(v) is a (7, 7y )-fuzzy (s,r)-preopen set of X
for each U,-fuzzy s-open set v of Y.

3. (7;,7;)-fuzzy o-(r,s)-semiopen sets

DEFINITION 3.1. Let p be a fuzzy set of a smooth bitopological space
(X,71,73) and 7, s € Iy. Then y is said to be
(1) a(7;,T;)-fuzzy a-(r, s)-semiopen set if there is a 7;-fuzzy r-open
set p in X such that p < p < T-Int(7;-Cl(p, s), ),
(2) a (7;,7;)-fuzzy a-(r,s)-semiclosed set if there is a 7;-fuzzy r-
closed set p in X such that 7;-Cl(7;-Int(p, s),7) < pu < p.

REMARK 3.2. It is clear that every 7;-fuzzy r-open set is a (7, 7;)-
fuzzy a-(r, s)-semiopen set and every (7;, 7;)-fuzzy a-(r, s)-semiopen set
is not only a (7;,7;)-fuzzy (r,s)-semiopen set but also a (7;,7;)-fuzzy
(r, s)-preopen set. However, the following examples show that all of the
converses need not be true.

ExAMPLE 3.3. Let X = {z,y} and p;, po, psz and u4 be fuzzy sets
of X defined as

pi(z) =03, pi(y) =04
,U,Q(CL') = 0.8, /,Lg(y) = 02,
p3(z) = 0.6, ps(y) =0.9;

and
pa(z) = 0.9, pa(y) =04.

Define 7; : IX — I and T : I* — I by

1 if p= 0,1,

Ti(p) = %‘ it p=p,

0 otherwise;

and .
1 if p=0,1,

0 otherwise.
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Then clearly (77,72) is a smooth bitopology on X. The fuzzy set us is

(71, Tz)-fuzzy o-(%, 1)-semiopen set which is not a 7;-fuzzy 3-open set.

Also py is a (72,71 )-fuzzy a—(%, %)-semiopen set which is not a 75-fuzzy

1
z-open set.

EXAMPLE 3.4. Let X = {z,y} and pi1, ps, p3, e, us and pg be
fuzzy sets of X defined as

pm(z) =01, pi(y) =0.7;

p2(z) = 0.8, pua(y) = 0.2;
pa(z) =0,  ps(y) = 0.6;
pa(z) =0.1, pa(y) = 0.8;

ps(x) = 0.5,  ps(y) = 0.6;

and
ue(z) =0.9, ug(y) =0.2.

Deﬁne’Tl:IX—>IandT2:IX—>Iby

1 if p=0,1,

Ti(p) =1 5 if p=p,

0 otherwise;

and s
1 if p=0,1,

0 otherwise.

Then clearly (77, 7;) is a smooth bitopology on X. The fuzzy set us is a
(71, To)-fuzzy (3, 3)-preopen set which is not a (73, To)-fuzzy o-(3, 1)-
semiopen set and p4 is a (71, Tz)-fuzzy (3, 3)-semiopen set which is not
a (71, Tz)-fuzzy o-(3, 3)-semiopen set. Also s is a (T2, T1)-fuzzy (3, 1)-
preopen set which is not a (73, 7;)-fuzzy a—(%, %)-semiopen set and ug
is a (73,71y)-fuzzy (%, %)—semiopen set which is not a (73, 77)-fuzzy o-

(3, 2)-semiopen set.
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THEOREM 3.5. Let u be a fuzzy set of a smooth bitopological space
(X,71,73) and r,s € Iy. Then the following statements are equivalent:
(1) wis a (7;,T;)-fuzzy o-(r, s)-semiopen set.

2) we is a (T;,7;)-fuzzy a-(r, s)-semiclosed set.

) < Ti-Int(7;-CYT;-Int (u, 1), 5), 7).

) w2 Ti-CUT;-Int(T-CL(pe, ), 8), 7)-

) wis a (T;, T;)-fuzzy (r, s)-semiopen and (7;,T;)-fuzzy (r,s)- pre-
open set.
(6) u¢ is a (7;,T;)-fuzzy (r,s)-semiclosed and (T;,T;)-fuzzy (r,s)-

preclosed set.

(

(3
(4
(5

Proof. (1) & (2), (3) & (4) and (5) & (6) follow from Theorem 2.2.
(1) = (3) Let u be a (7;, T;)-fuzzy a-(r, s)-semiopen set of X. Then
there is a 7;-fuzzy r-open p in X such that p < p < 7;-Int(7;-Cl(p, s),7).
Since T;(p) > r and p < p, we have p = T;-Int(p, ) < T;-Int(p, 7). Thus

H < Z"Int(,]}'CI(pv 3)’ r) < Z_Int(’]}_Cl(T—i'Int(luv T'), S)? T‘).

(3) = (1) Let 7;-Int(7;-Cl(Z;-Int(p, 1), s),7) > p and take p = 7;-Int
(i,7). Then p is a 7T;-fuzzy r-open set. Also

p= Z'Int(#,r) < © < Z'Int(,]}'CI(,]'—i'Int(ﬂa T)v 3)7 7’)
= T-Int(T;-Cl(p, 5), 7).

Hence 4 is a (7;, 7;)-fuzzy a-(r, s)-semiopen set.

(1) = (5) It is obvious.

(5) = (3) Let u be a (7;, T;)-fuzzy (r, s)-semiopen and (7;, 7;)-fuzzy
(r, s)-preopen set of X. Then p < 7;-Cl(T;-Int(y,7), s) and p < T;-Int
(7;-Cl(u, s),r). Therefore,

4 < ToInt(T3-Cl(p, 5),7) < T Int(T5-CU(T3-ClTi-nt (s ), ), 8), )
= T;-Int(T;-CYT-Int(p, r), s), 7).

This completes the proof. O

THEOREM 3.6. (1) Any union of (T;,7;)-fuzzy o-(r, s)-semiopen sets
is a (T;, T;)-fuzzy a-(r, s)-semiopen set.

(2) Any intersection of (T;,7;)-fuzzy o-(r,s)-semiclosed sets is a
(7;,T;)-fuzzy a-(r,s)-semiclosed set.
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Proof. (1) Let {u;} be a collection of (7;, 7;)-fuzzy a-(r, s)-semiopen
sets. Then for each 4, there is a Z;-fuzzy r-open set p; such that pi <
pi < T-Int(7;-Cl(p,s),7). Since T;(V pi) > NTi(ps) > r, \/ ps is a
T:-fuzzy r-open set. Also

\/ pi < \/ pi < \/ 7;-Int(7;-Cl(p;, 5),7)
< T-Tnt(T3-CI(\/ pi, 5), 7).

Thus \/ p; is a (7;, 7;)-fuzzy a-(r, s)-semiopen set.
(2) It follows from (1) using Theorem 3.5. O

4. Fuzzy pairwise a-(r, s)-semicontinuous mappings

DErFINITION 4.1. Let f: (X, 71, T3) — (Y,U1,Us) be a mapping from
a smooth bitopological space X to another smooth bitopological space ¥
and r,s € Iy. Then f is called a fuzzy pairwise a-(r, s)-semicontinuous
mapping if f~'(u) is a (77, 72)-fuzzy o-(r,s)-semiopen set of X for
each U,-fuzzy r-open set p of Y and f~1(v) is a (T3, 71)-fuzzy o~(s,r)-
semiopen set of X for each Us-fuzzy s-open set v of Y.

REMARK 4.2. It is clear that every fuzzy pairwise (r,s)-continuous
mapping is also a fuzzy pairwise a-(r, s)-semicontinuous mapping and
every fuzzy pairwise a-(r, s)-semicontinuous mapping is not only a fuzzy
pairwise (r, s)-semicontinuous mapping but also a fuzzy pairwise (r, s8)-
precontinuous mapping. However, the following examples show that all
of the converses need not be true.

ExAMPLE 4.3. Let (X,7;,7;) be a smooth bitopological space as
described in Example 3.3. Define U; : I¥ — I and Uy : IX — I by
1 if p=0,1,
Ul(,u,) = % if = us,
0 otherwise;
and . -
1 if p=0,1,
0 otherwise.

U (p) = {

Then clearly (1,Us) is a smooth bitopology on X. Consider the identity
mapping 1x : (X,71,73) — (X,U1,Us). Then it is a fuzzy pairwise
a-( %, %)—semicontinuous mapping which is not a fuzzy pairwise (%, %)—
continuous mapping.
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EXAMPLE 4.4. Let (X,77,7>) be a smooth bitopological space as
described in Example 3.4. Define U; : IX — I and Us : IX — I by

1 if =01,
U(p) = 5 if p=ps,
0 otherwise;
and 1 =01
if u=0,1,
U =
2(w) {0 otherwise.

Then clearly (U;,Us) is a smooth bitopology on X. Consider the identity
mapping lx : (X,71,72) — (X,Uy,Us). Then it is a fuzzy pairwise
(%, %)—precontinuous mapping which is not a fuzzy pairwise a-(%,:}; -
continuous mapping.

Define V; : IX — I and V, : IX — I by

1 if u= 0,1,
Vi) =19 5 if p=p,
0 otherwise;
and 1 if 0,1
i p=ul,
\ =
2(k) { 0 otherwise.

Then clearly (V1, V) is a smooth bitopology on X. Consider the identity
mapping 1x : (X,71,72) — (X,V1,V2). Then it is a fuzzy pairwise
(1, %)-semicontinuous mapping which is not a fuzzy pairwise a-(3,3)-
continuous mapping.

THEOREM 4.5. Let f : (X,T,T2) — (Y,Uy,U2) be a mapping and
r,8 € Iy. Then the following statements are equivalent:

(1) f is a fuzzy pairwise a-(r, s)-semicontinuous mapping.

(2) f~Nw) is a (Ty,T3)-fuzzy o-(r,s)-semiclosed set of X for each
U,-fuzzy r-closed set p of Y and f~Y(v) is a (T3, 7T1)-fuzzy o-
(s,r)-semiclosed set of X for each Us-fuzzy s-closed set v of Y.

(3) For each fuzzy set p of Y,

T1-CUTo-Int(T3-CU(f (), 7), 8),7) < f~H(Uh-Cl(p, 7))
and

To-CTi-Int(To-CU(f ™} (p), 8),7), 8) < f 7 (Ue-Cl(, 5)).
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(4) For each fuzzy set p of X,
F(T-CUT-Int(T1-Cl(p, ), 5), 7)) < Ur-CI(£(p),7)
and

f(lzé'CK’Tl'Int(?é'Cl(pv S)a 7‘), S)) S UQ‘Cl(f(p)’ '5)'

Proof. (1) & (2) It follwos from Theorem 3.5.

(2) = (3) Let u be any fuzzy set of Y. Then U;-Cl(u,r) is a Ui-
fuzzy r-closed set and Us-Cl(p, s) is a Up-fuzzy s-closed set of Y. By (2),
f=HU-Cl(p, 7)) is a (77, T2)-fuzzy a-(r, s)-semiclosed set and f ' (U,-Cl
(i, s)) is a (T2, Ty )-fuzzy a-(s,r)-semiclosed set of X. Thus

F7Hh-Cl(p, 1)) > T-CUTo-Int(T1-CL £~ (Uh-Cl(ps, 7)), 7), 8),7)
> Ti-CUTo-Int(T1-CL(f~ (1), 7), 5),7)

and

FHU-Cl(, 5)) > To-CUTi-Int(Tp-Cl(f ~ Uo-Cl(p, ), 8),7), 5)
> To-CUTy-Int(To-C1(f ™ (), 5),7), 5).

(3) = (4) Let p be any fuzzy set of X. Then f(p) is a fuzzy set of Y.
By (3),

FHU-CU S (p), 7)) 2 Ti-CUTo-Int(Ti-CL(f " £ (p),7), 8),7)
> T1-Cl(T3-Int(71-Cl(p, r), 8),7)

and

f_l(u2'01(f(p)7 3)) 2 7'2~CI(7—1—IHt(TQ—CI(f_1f(p), 3)7 T)’ 8)
2 Té_Cl(,Tl"Int(,Ié'Cl(pa S)a T)a 8)'

Hence

U-Cl(f(p), ) > £ 17 U-CL(f (p),T))
> f(T-CTy-Int(Ti-Cl(p, ), 5), 7))
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and

Us-CI(f(p),5) = f [ U-CUf (p), )
> f(']é-Cl(’Tl‘Int(’TZ‘Cl(pv S)v T)a 3))

(4) = (2) Let p be any U;-fuzzy r-closed set and v any Us-fuzzy
s-closed set of Y. Then f~'(u) and f~'(v) are fuzzy sets of X. By (4).

f(T-CU(Tp-Int(T1-Cl(f (1), 7), 8), 7)) < Ur-CL(ff~ (1), 7)
< ul-Cl([L, 7“) = U

and
F(T-CUT-Int(To-CI( £~ (v),8),7), 5)) < Up-CU(ff (v}, 5)
< Uy-Cl(v, 8) = .
So
T-CUTo-Int(Ti-CU(f ™ (), 1), 8),7)
< fTHAT-CUTo-Tnt (T3-CL(f ™ (), 7), 5), 7))
< fHw)
and
To-Cl(T1-Int(T2-C1(f 1 (v), 5),7), 8)
< fTH (T CUT-Int(To-CU(f T (v), ), 7), 8))
<)
Thus f~(u) is a (71, 72)-fuzzy a-(r, s)-semiclosed set and f~1(v) is a
(T2, T1)-fuzzy a-(s,r)-semiclosed set of X. 0
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