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AVERAGING PROPERTY IN BANACH SPACES

KyugeEun CHO

ABSTRACT. In this paper, we study averaging properties in Banach
space. We prove that the convex block Banach-Saks property is
equivalent to the reflexivity in a Banach space. And we show that
a weakly compact operator is a convex block Banach-Saks operator.

A Banach space X is said to have the Banach-Saks property if every
bounded sequence in X admits a subsequence whose arithmetic means
converge in norm. In 1938, S. Kakutani [3] showed that if X is uniformly
convex then X has the Banach-Saks property. In 1963, T. Nishiura and
D. Waterman [4] proved that if a Banach space X has the Banach-Saks
property then X is reflexive.

The natural questions are the followings : For a Banach space X
with the Banach-Saks property, is it uniformly convex? And does every
reflexive Banach space have the Banach-Saks property? In 1972, A.
Baernstein [1] gave an example of a reflexive Banach space which does
not have the Banach-Saks property. In 1978, C. J. Seifert [5] showed
that the dual of Baernstein space which is not uniformly convex has the
Banach-Saks property.

We introduce the following averaging property.

DEFINITION 1. A Banach space X is said to have the convex block
Banach-Saks property if every bounded sequence in X admits a convex
block sequence whose arithmetic means converge in norm.

It is clear that the Banach-Saks property implies the convex block
Banach-Saks property. Since the Banach-Saks property implies the re-
flexivity in a Banach space, it is an apparent question whether a Banach
space with the convex block Banach-Saks property is reflexive.
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THEOREM 2. A Banach space X has the convex block Banach-Saks
property if and only if X is reflexive.

To prove Theorem 2, we consider the followings.

LEMMA 3. Let (z,) be a weakly convergent sequence. Then there
exists a convex block sequence (y,) of (z,,) such that (y,) is norm con-
vergent.

Proof. Suppose (z,) is weakly convergent to . Then we have

w -0
z € to{Zp}n>s = CO{Tn}n>s, for all s € N.

P1
Then for s = 1, there exists a convex combination y; = »_ a;z; in
j=1

co{Tn }n>1 such that |jy1 — z| < 3. Since

w -1l
TE Ea{xn}an-H = E{xn}n2p1+1?

P2
there exists a convex combination yo = Y, a;z; in co{Zn}tn>p +1
J=p1+1
such that [|y2 — || < 7. Continue this process, we get a convex block
sequence (yn) of (x,) with |y, — z|| < 5. This means that y, — z in
norm. U

DEFINITION 4. A real infinite matrix A = (a;;) is called an R-matrix
if and only if

(1) 3 oy#40 if 1 — o0
j=1
(2) lim a;; =0 forall jeN.

An R-matrix A = (a;;) is called positive if none of its entries is negative.
The next theorem can be found in [2].

THEOREM 5. Let K be a weakly closed bounded convex subset of a
Banach space X. Then the following are equivalent :

(1) K is weakly compact ;
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(2) given (z,) C K there is a positive R-matrix A = («a;;) such that

o=
o0 .
{E =1 aijflfj} | converges in norm ;

1=

(3) given (z,) C K there is a positive R-matrix A = (ay;) such that

00 oo
{Z o1 O j:rj} converges weakly.
1

i=

Proof of Theorem 2. Suppose that a Banach space X has the convex
block Banach-Saks property. Let {z,} be a sequence in the unit ball Bx
of X. Then there exists a convex block sequence {y, } of {z,} such that

n
1 : _
<—,; 21 yi> converges in norm where y,, =
1=

DPn

pn
>, ajz;,0<a; <1and
pn—1+1

a; = 1, for increasing sequence {p,} of nonnegative integers.
J

J=pn-1+1
Define a real infinite matrix A = («;;) with

1
~aj, 1<7<p:
Qij = 1
0, otherwise.
Then
00 Di 1 1 J 5!
Seu=3t=i e
i=1 7=1 j=1
and

1
0 S hm Qij S hm -

11— 00 1—00

since 0 < a; < 1. Then A = (ay;) is a positive R-matrix. Since

o 1 Pi
E Q5 = ; E ajxj
j=1 7=1

1 4] Di
= E ajl'j+"'+ E a;x;
Jj=1

J=pi—1+1

o0
o0
(E aija:j> converges in norm. By Theorem 5, Bx is weakly com-
j=1

1=

1
pact and X is reflexive.



668 Kyugeun Cho

Suppose X is reflexive. Let (z,) be a bounded sequence. Then (z,,)
has a weakly convergent subsequence (z,, ). By Lemma 3, there exists a
convex block sequence (y,) of {x,, ) such that (y,) is norm convergent.
Then the arithmetic means of (y,) converge in norm. This completes
our proof. 0

DEFINITION 6. A bounded operator T : X — Y is a convex Banach-
Saks operator if whenever {(x,,) is a bounded sequence in X, (T'z,) has
a convex block sequence whose arithmetic means are norm convergent
inY.

Certainly if either X or Y has the convex block Banach-Saks property
then a bounded operator 7' : X — Y is a convex block Banach-Saks
operator. An operator 7' : X — Y is weakly compact if T’ takes bounded
sets to relatively weakly compact sets. It is clear that if either X or
Y is reflexive, a bounded operator T : X — Y is weakly compact.
Considering Theorem 2, we may conjecture that if a bounded operator
T is weakly compact, then T is a convex block Banach-Saks operator.

THEOREM 7. T : X — Y is weakly compact ifand only if T : X — Y
is a convex block Banach-Saks operator.

Proof. Suppose T : X — Y is weakly compact. Let (z,) be a sequence
in Bx. Then there exists subsequence (T'z,,, ) of (T'z,) which is weakly
convergent. By Lemma 3, there exist a convex block sequence (y,) of
(T, ) which is norm-convergent in ¥ and the arithmetic means of (y,)
are norm convergent in Y.

Suppose T : X — Y is a convex block Banach-Saks operator. Let
(z,) be a bounded sequence in X. Then there exists a convex block

n
sequence {y,} of {T'z,} such that <% S yi) converges in norm, where
i=1

pn pn
Yo = o, a;Tz;, 0 < a; <1 and > a; = 1, for increasing
Pn-1+1 J=pPn-1+t+1
sequence {p,} of nonnegative integers. Define a real infinite matrix

A= (aij) with

~aj, 1§]§p1
1

0, otherwise.
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Then

pi

S 1 1 p1
Jj=1 j=1

Jj=1

and )

i—00 1—00 1

since 0 < a; < 1. Then A = (a;;) is a positive R-matrix. Since

00 1 Pi

E aiijj = - E ajTa:j
1

j=1 j=1

1 P1 Di 1 i
=3 Zaijj+"‘+ 2 a;T'z; =;Zij
j=1

Jj=1 j=pi-1+1

o0

o
3 Tz, converges in norm. By Theorem 5, TBx is weakly
i=1 i

1
compact and 7' : X — Y is weakly compact. This completes our proof.[]
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