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Abstract A mathematical model has been developed for describing the oxygen concentration
during the exponential growth of microorganisms, in a static solid substrate bed supported on a
tray fermentor. The model equations comprise of one partial differential equation for mass trans-
fer and an ordinary differential equation of growth. After nondimensionlisation, analytical solu-
tion to the model has been obtained by the method of Laplace transforms. An expression for criti-
cal thickness of bed is deduced from the model equation. The significance of the model in the de-
sign of tray fermentors is discussed. The validity of the discussion is verified by taking an illustra-

tion from the literature.
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INTRODUCTION

Solid state fermentation (SSF) is becoming increas-
ingly important as a potential tool for the commercial
production of many chemicals and enzymes, due to its
numerous advantages [1,2]. In aerobic fermentations,
oxygen is required for the microbial growth. In SSE this
vital oxygen requirement is supplied by the oxygen pre-
sent in the gaseous air with which the organism is in
physical contact, and as well as by that present in dis-
solved form in the water associated with the solids. The
following is the sequence of events that occur in the
bed.

1. The oxygen concentration and temperature are uni-
form in the bed at the time of inoculation.

2. With the initiation and progress of the bioreaction,
oxygen is consumed and CO, and heat are evolved.

3. The depletion of oxygen at the growth regions by
microbial consumption produces a gradient causing
the oxygen from the air above the bed to diffuse
into the bed,

4. The CO, and heat evolved due to respiration travels
up into the gas phase from the interior of the bed.

The oxygen depletion rate depends upon the bioreac-
tion rate which is a function of the conditions prevail-
ing at the reaction sites. The oxygen diffusion rate de-
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pends upon the transport properties of the bed. Further,
the shrinkage of substrate bed due to mycelial growth
that changes the bed porosity and hence the effective
diffusivity as well as the CO, traveling in the opposite
direction hampers the oxygen transport into the bed.
Under these circumstances, the original uniform oxygen
concentration slowly gives way to the formation of a
gradient. At some locations deeper into the bed, the
oxygen concentrations become smaller, approaching a
value of zero concentration in the course of bioreaction.
The existence of concentration gradient in static SSE
beds have been reported by many workers [3-5]. Biore-
action can not proceed at the locations, where oxygen
concentration falls to zero. For the efficient design of
such reactors, it is necessary to predict the concentra-
tion profiles in the bed and identify these locations.
Mathematical models, dealing with the transport of
mass and heat, and their interaction with the bioreac-
tion are few in the literature. The model proposed by
Finger et al. [3] for aerobic microbial growth coupled
with mass transfer in compost piles and that of Raghav
Rao et al. [6] for concentration profiles and critical
depth under pseudo steady sate approximation are
noteworthy contributions in this regard. In view of the
significance of mass transfer in SSF and the paucity of
information regarding the interaction of mass transfer
with bioreaction, an attempt is made in this paper to
develop a model for describing the oxygen concentra-
tions in a fermenting solid substrate bed supported on a
tray type fermentor. The purpose is to shed more light
on the oxygen transport aspects involved in SSF
through the model as well as to develop a criteria for
the efficient design of tray reactors.
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‘ig. 1 shows the schematic diagram of a controlled
volume of substrate bed of uniform thickness, sup-
£ rted on a tray.

he following assumptions have been made in devel-
cing the model equation.

) The diffusional oxygen flow prevails only in the Z’
direction C=C(Z,1).

i) Only the exponential growth phase is considered
for the purpose of the derivation.

i) There is neither induced convective flow, nor natu-
ral convective flow of oxygen in the bed. There is
no mass flow at the bottom end of the bed; Resis-
tance to mass transfer in the stagnant gas film
above the bed, is negligible.

v) The transport properties of the bed remain con-
stant.

7) The kinetic parameters p, Y,/O, and X, are con-
stant.

Writing the oxygen mass balance in the differential
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The biomass production rate ‘R’ is taken to follow the
! lalthus equation,

R =dX/dt = pX @)

Where p is the specific growth rate and X is the bio-
1 1ass concentration.

Rewriting Eq. (1), and rearranging,
s
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The initial and boundary conditions are,
At timet =0, C(Z",0) = C,

X(0) =

AtZ =0,C(0,) =

AT Zo=1, 2|, =0
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v/here C is the concentration of O, in the bulk of air
: bove the bed. As it is desirable to rewrite Egs. (2) and
13) in dimensionless form, the following dimensionless
+ ariable are defined;
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where L is the total bed height. It may be noted that
the dimensionless time 0 is the well known Fourier
number for mass transfer. Substitution of these dimen-
sionless variables in Eqgs. (2) and (3) results, respectively
in,
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The dimensionless number q is the ratio of the resis-
tance to oxygen transfer in the bed to the resistance for
the growth of the organism. It reflects the relative
magmtude of the two rates, and may be termed as

“growth number”. B!, is the ratio of the initial quantity
of biomass available, to that of biomass producible from
the available oxygen, and thus may be termed as “Oxy-
gen number”. The boundary conditions in dimen-
sionless form become,

Cly*0)=

At 8=0 (14)
X(0)=1

At w*=0 C(0,0)=1 (15)
dc

At\|/ —1 d\y W'=1:0 (16)

In setting the above boundary condition (Eq. (16)) it is
presumed that oxygen is available at all bed depths dur-
ing growth. The model equations are solved simultane-
ously using Laplace transforms, to result in the final
analytical solution as,
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As the contributior. of the sigma term in the equation
is relatively negligible, approximation of the equation
yields,

E(W,Q):l—ﬁ’eqe[l— (18)

cosh ﬁ W J

cosh\/;

which facilitates the prediction of oxygen concentra-
tions in a solid substrate bed, when the bed depth is
equal or less than the critical bed depth.

Inspection of Eq. (18) shows that the term Bl and q
are critical in the determination of the oxygen concen-
tration profiles. As Bl increases, the profiles become
steeper, eventually resulting in zero oxygen concentra-
tion at the bottom of the bed at a certain fermentation
time. Beyond a certain value of Bl the zero oxygen
concentration occurs, not at the bottom of the bed, but
at some higher locations in the bed, leaving part of the
bed devoid of oxygen. Increase in this value will result
in larger zones of zero concentrations in the bed. Simi-
lar will be the effect if the total bed height ‘L’ is in-
creased since q is a function of bed height L. The bed
height at which the oxygen concentration at the bot-
tom of the bed just drops to zero can be defined as the
critical bed depth. Correspondingly, introducing C = 0
aty = 0in Eq. (18) at which L = L_and simplifying the
resulting equation, the critical bed depth is obtained by
the equation,

Lc=‘/56 In [h+,/(l¢2 —l)] (19)

n
where

b=1/(1p) (20)
in which ,,:Yi;}i“i (21)

Knowing the kinetic variables Xo, Y and p, transport
properties of the bed p,, € and D. and atmospheric
oxygen concentration C, the critical bed depth can be
determined from Eq. (19).

In the design of tray type reactors, the determination
of the critical depth is the crucial aspect and Eqgs. (18)
and (19) are adequate for this purpose.

RESULTS AND DISUCSSION

The parameter ‘g’ in the Eq. (18) represents the rela-
tive significance of biomass growth rate and oxygen
diffusion rate. The term B’ represents the effect of bed
porosity, atmospheric oxygen concentration, bulk den-
sity and the kinetic parameters. Together, these two
decide the magnitude of oxygen concentrations in the
bed and the nature of the concentration profile, indicat-
ing whether the concentration drops to zero in the bed,
and if it does, the time and depth at which it does so.
However, it is easier to examine the effect of the vari-
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Fig. 1. Schematic sketch of a controlled volume of substrate
bed.

ables involved in these two terms, using the expression
for critical depth.

The concept of critical depth implies that when the
bed depth is greater than the critical value, the excessive
bed undergoes oxygen depravation. Therefore an equa-
tion to predict the critical bed thickness will be of de-
sign significance. Eq. (19), expresses the critical design
thickness L_ in terms of the structural, kinetic and
transport variables.

The validity of the above discussion is verified by tak-
ing an illustration. For this purpose the growth data of
Sugama and Okazaki [9] is taken. The initial biomass
concentration Xo the yield coefficient Y and the lag
time are observed to be 0.28 mg cells/mL. 1.07 mg
cells/g O, and 10 h respectively. The data is found to fit
the Malthus model of growth used in the derivation
and the specific growth rate is determined from a plot
of In X vs. t as 0.2031 h™'. The effective diffusivity value
De is also taken as 0.03 cm?/sec from the literature [10],
assuming the value to be valid at any bed porosity. The
oxygen concentration in the atmospheric air is calcu-
lated as 2.7 x 10 g/mlL. As the model is applicable only
in the exponential phase, the fermentation time, used
in the calculations is obtained by subtracting the lag
time from the total time. For example fermentation
time of 24 h corresponds to (24-10) = 14 h of exponen-
tial growth, which is the value used.

The oxygen concentration profiles for beds of porosity
0.4 and total heights 2 cm and 5 cm calculated using Eq.
(18) are shown in Figure 2-3. The profiles become
steeper as time increases and obtain lower concentra-
tion values at the bottom of the bed. For example, the
concentration C at the bottom of the bed (w*=1) is
0.69 in 32 h and 0.30in 36 h (Fig. 2).

Comparison of the concentration profiles for different
total bed heights L, (Fig. 2 and 3) reveals that with in-
crease in L, the profiles become steeper and concentra-
tion C at a specific location y* and time 6 decreases.
This means that the zero oxygen concentration is ar-
rived at the bottom of the bed more quickly as the total
bed height is increased. For example, the zero concen-
tration occurs at the bottom of the 2 and 5 cm bed in
>36 and >28 h respectively.

Critical bed height values calculated using Eq. (19),
agreed with those observed from Figures, when the total
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F:g. 2. Variation of oxygen concentration with bed depth at
d: ferent fermentation times. Total bed depth =2 cm; Bed
p rosity = 0.4.
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Fig. 3. Variation of oxygen concentration with bed depth at
d: ferent fermentation times; total bed depth = 5 cm; bed
p rosity = 0.4.

b.d height is less than or equal to the critical height.
Aother inference regarding L_ is that it decreases with
d creasing bed porosity. For example, the value of criti-
ci| bed depths were 3.38, 2.926 and 2.386 cms respec-
tirely for beds of 0.4, 0.3 and 0.2 voidage (Eq. (19)) for a
fe ‘mentation time of 24 h.

“he foregoing discussion illustrated that the oxygen
cencentration falls to zero at some interior location in
tl e bed, depending on the time of fermentation, total
b.d height and bed porosity under unchanging kinetic,
st ructural and transport conditions. The depth of the
b d in which oxygen is available, during exponential
p .ase can be either calculated by Eq. (19) or by obser-
v. tion from the profiles, which are determined by Eq.

(13).
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CONCLUSION

The model relates the mass transport effect with bio-
reaction quantitatively, under the actual unsteady state
conditions prevailing in the bed during fermentation.
The model scientifically explains, and provides answers
to many of the facts observed in practice in static tray
fermentors.

NOMENCLATURE
C Oxygen concentration in the bed, g/mL
G, Oxygen concentration in atmospheric air,

g/mL

Dimensionless oxygen concentration, C/C,
Diffusivity of oxygen through bed, cm?h
Effective diffusivity, D /g, cm%/h

Bed height, cm

Dimensionless parameter

Bioreaction rate, g cells/g substrate

Time of fermentation, hr

Microbial concentration, g/g

Initial microbial concentration, g/g
Dimensionless microbial concentration, X/X
Yield coefficient g cells/g O,

Bed height along the axis measured from
Bottom, cm

Bed height along the axis measured from top,
cm

o

@

DN g )™ S g o)

N

Greek Letters

y Dimensionless bed height, Z*/L
0 Dimensionless bed height, Z/L, 1-Z
g Bed void fraction _
0 Dimensionless time t, D /L?
u Specific growth rate, h

m Bed bulk density, g/mL
B, B’ Dimensionless parameters
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