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ABSTRACT

Geometric shape morphing is an interesting geometric operation that interpolates two geometric 
shapes to generate in-betweens. It is well known that Minkowski operations can be used to test and build 
collision-free motion paths and to modify shapes in digital image processing. In this paper, we present 
a new geometric modeling technique to control the morphing on geometric shapes based on Minkowski 
sum. The basic idea develops from the linear interpolation on two geometric shapes where the traditional 
algebraic sum is replaced by Minkowski sum. We extend this scheme into a Bezier-like control structure 
with multiple control shapes, which enables the interactive control over the intermediate shapes during 
the morphing sequence as in the traditional CAGD curve/surface editing. Moreover, we apply the theory 
of blossoming to our control structure, whereby our control structure becomes even more flexible and 
general. In this paper, we present mathematical models of control structure, their properties, and com
putational issues with examples.
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1. Introduction

Shape morphing is a special geometric operation 
that interpolates two geometric shapes to generate 
in-between shapes. Morphing is also known as 
metamorphosis, shape blending, and shape inter- 
polation[3]. The result of morphing operation can 
be a single instance of intermediate shape or a 
sequence of in-between shapes. Morphing is a 
well-known technique in computer graphics. In 
many computer graphics applications, morphing 
interpolates not only geometric entities (such as 
vertices, lines, and surfaces) but also color infor
mation (such as vertex color and texture map). 
Our morphing method does not aim at an image 
morphing (or wrapping) for which better solutions 
exist[151.

Many previous researches have proposed efficient 

morphing methods[5,714] and some of them are 
implemented in commercial design systems such 
as Adobe Illustrator[1]. However, in most of the 
previous works, a control structure is not proposed 
for an interactive design system. Furthermore, it is 
rarely known to interpolate multiple shapes at 
once (We do not deal with detailed issues of other 
morphing techniques since they are out of the 
scope of this paper.).

The classic application of Minkowski sum is to 
test and build collision-free motion paths"이” and 
to modify shapes in digital image processing^1.

The possibility of morphing based on Minkowski 
sum can be found in some previous works[7,10,3L 
The basic idea develops from the linear interpolation 
on two geometric shapes; however, we replace the 
traditional algebraic sum into Minkowski sum. 
The idea is very straightforward, but its property is 
not well analyzed in previous works. In this paper, 
we clearly describe the underlying mathematical 
models of Minkowski sum morphing, some of 
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their properties, and computational issues. In addi
tion, we propose a new method to control the 
intermediate shapes of a morphing sequence. Our 
proposed method has a Bezier-like control structure 
with multiple control shapes, which enables the 
interactive control over the intermediate shapes as 
in the interactive drawing systems (The concept of 
control shape is generalized in Jiittler et al.[9]). 
Moreover, the proposed control structure is fur
ther generalized into a Blossom form.

The remainder of this paper is organized as fol
lows. In section 2, we briefly describe the defini
tion of Minkowski sum of geometric shapes and 
its properties. Section 3 introduces the concept of 
LIMS (Linear interpolation by Minkowski sum) 
and its application to geometric shape morphing. 
In section 4, we propose Bezier-like control struc
ture based on LIMS, and deal with some of its 
properties such as the blossom and computational 
issues. In section 5, we present some experimental 
results. In the final section, we conclude this paper.

2. Minkowski Sum

2.1 Preliminaries
Let E3 and R3 be three-dimensional affine (or 

point) and linear (or vector) space, respectively. 
We denote a vector or a point by a lowercase bold
face letter. A vector or a point is composed of 
three coordinate values: a = (ax, % az).

In this paper, a geometric shape in affine space 
is a set of points. We denote a geometric shape by 
an uppercase boldface letter: A = E3}.
In this paper, the center of a geometric shape does 
not mean the centroid or center of gravity. Rather 
it means a certain fixed point contained in a geo
metric shape.

Multiplication by a scalar number s is defined 
on a geometric shape as follows:

sA = {s “网= (s% 異知A}.

It can be interpreted as a special kind of scaling 
operation. Translation and scaling of a geometric 
shape are defined using Minkowski sum in the 
next section.

2.2 Definition
For two geometric shapes A and B, Minkowski 

sum (or Minkowski addition) is denoted by ® and 
defined as a binary operation as follows:

A®B = {a+b\a^A and B} . (1.1)

Addition of points is not a well-defined opera
tion. However, we can interpret the point addition 
in the above definition as a special vector sum 
which generates a point c:

a+^ = (<z-O) + (ZF-O) = c + 0.

where 0 denote a zero point or an origin of the 
world: 0 = (0, 0, 0). Hence, based on geometric 
interpretation, the definition of Minkowski sum of 
equation (1.1) is refined as follows:

C=A@B
= {이(。+ 0) = (@-0) + 0-0),口財,兴8}

(1.2)

2.3 Properties
The numbers of elements of Minkowski sum 

operands may not be equal: |4卜리이 . The number 
of elements of Minkowski sum result is bounded 
as follows:

①끼 §4|.|이

since, for example, at + bt= a； + bm where 务구w”, 

bm^bl and aeA,be B .
Note that the number of elements is meaningful 

only for a discrete set, but not for a continuous set 
as a geometric shape with volume or area.

In some cases, an operand set may be an empty 
set. We define that Minkowski sum with an empty 
set leaves the result empty:

A©(} =A + g 0.

An empty set is interpreted as a null or erased 
geometric object in Boolean operations" 니.

The identity of Minkowski sum is {0}:

A©{0} = {0}©A=A.

However, there is no proper inverse set which is 
not empty.

A point (or a vector) p in n-dimension is repre
sented by n scalar components p = (p}, pQ. 
The sum operation on two points (or a vector sum) 
is defined by scalar sums on each corresponding 
scalar component. Hence, Minkowski sum on two 
sets of points in any dimension is commutative'.
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A^>B=B®A

In addition, Minkowski sum is associative:

A©(B®C) = (A®^)®C

since an element in one set is added to every ele
ment in the other set.

It is an interesting property of Minkowski sum 
that the following simple equality does not hold 
for some geometric shapes such as non-convex 
ones:

A©A = 2A

which may restrict the evaluation and computa
tion of Minkowski sum morphing. (See section 4.) 
For example, this equality holds for a convex tri
angle A, but not for a simple star shape B (See 
Fig. 1.) If the shape is convex and has no internal 
hole, it is clear that the equality holds. Otherwise, 
it does not. (Generally, for two real numbers a and 
/?, This property mainly
inherits from the relationship between the convo
lution and Minkowski sum: The boundary curve 
of Minkowski sum of non-convex geometric shapes 
is computed as a trimmed convolution curve between 
them. Trimming is not required between two con
vex shapes1'21.

Note that, in Fig. 1, dashed lines represent con
vex hulls of 2B and , which are two identi
cal pentagons in this case. When HB denotes the 
convex hull of B, we can easily show that there 
exists a following containment relation:

The key idea of proof is to show that B®B 
includes addition between every pair of points B

Fig. 2, Convergence property of self-addition.

Fig. 1. A ©A = 24 , but 眼B#2B.

of whereas 2B includes addition between the same 
points.

Moreover, for the repeated self-addition of B, 
we can expect the following convergence property'.

/ n A

lim - ®c =HC (1.3)
n->oo n i=l c

\ 7

where we define 切 as a following substitute of

« , n
,®(Ai =' a,®a2®...®a„ '

Fig. 2 shows an example of this convergence 
property: the given shape is a 5-star (say C) and each 

if n
shape represents the result of - ① C where 1 < n 

n / = 1 丿
<10. As n increases, the results converge on a 

pentagon which is the convex hull 5-star.
A barycentric combination of geometric shape 

using Minkowski sum is similarly defined as in 
affine point space. Based on definition of equation 
(1.2), a barycentric combination of n geometric 
shapes is defined as follows:

n
A = & = OCjA J © ^2^2 ①• • ■ ®

1

勇 0=1 (1.4)

where A(- is a geometric shape and % is a real 
number.

An affine map C>ona geometric shape has a fol
lowing form:

0A =M-A+v,

where Mis a 3x3 transformation matrix and v is a 
vector in R3. We assume that the matrix multipli
cation on a geometric shape is applied to every 
point included in that shape. Likewise, the vector
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JvC
(a)

(b) (c)

❖ ❖

(d) (e)

(0 (g)

Fig. 3. An example of Minkowski sum computation.

sum is applied to every point. Hence, it is clear 
that any affine map defined in E3 can be applied to 
geometric shapes composed of points in E3. More
over, a barycentric combination of geometric shapes 
is affine invariant.

When there is such relation as v = - 0 (a vec
tor v, a point p, and the origin 0), the vector sum 
on a geometric shape can be expressed using 
Minkowski sum as A+v=A©{p}. This is the 
translation of a geometric shape A by the vector v.

2.4 Computation
The computation of Minkowski sum on geomet- 

ric shapes is a r•이ativ이y complex CAGD prob
lem. Most of the computation methods are based 
on shape boundaries or convolution curves since it 
is redundant to compute on internal points[2J0'll].

Note that our morphing method is not depen
dent on a specific method for Minkowski sum 

computation. However, a certain method may 
increase the computation efficiency significantly[,2].

Fig. 3 shows an illustrative example of Minkowski 
sum computation on two geometric shapes based 
on the method of Lee et alP n: (a) a flower and a 
butterfly; (b) sweep of a butterfly along the outer 
boundary of the flower; (c) the sweep boundary of 
(b); (d) sweep of a butterfly along the hole bound
ary of the flower; (e) the sweep boundary of (d); 
(f) union of the flower and (c) and (e); and (g) the 
result of Minkowski mm.

3. Minkowski Sum Morphing

This section describes the concept of LIMS (Lin
ear interpolation by Minkowski sum) and its appli
cation to geometric shape morphing.

The basic idea develops from the linear interpo
lation (LI) on two geometric shapes, where the tra
ditional algebraic sum ㊉ is replaced by Minkowski 
sumsince algebraic sum is not defined on sets. For 
given two geometric shapes A and B, LIMS is 
defined as follows:

where t is the interpolation parameter. LIMS is a 
special case of barycentric combination of geo
metric shapes of equation (1.4). Let C(t) represent 
LIMS parameterized by t:

From the viewpoint of morphing, C(t) at a cer
tain value of t denotes one of the intermediate 
morphing instances. Specially, when r is 0 or 1,
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(a) (b) (c) (d) (e) (f)

Fig, 5. Some examples of LEMS morphing.

C(t) is identical to A or B:

C(0)= 1A©OB=A©{O}=A,
C(1) = OA©1 -B = {0}©B = B.

Fig. 4 shows an example of LIMS on a trian이e 
A and a square B, and linear interpolation between 
the centers of A and B. Let a and b be vectors 
from the origin to the center of A and B, respec
tively. A®B is Minkowski sum of A and B, and 
a+b is the vector sum of a and b. We assume that 
the center of A © B be located at a + &. The linear 
interp이ation between a and b is (1 - t)a + tb, 
where the center of every LIMS instance is 
located. For example, the center of 0.5(A ®B) is 
located at 0.5(a + b).

Fig. 5 shows some examples of LIMS morphing 
between two geometric shapes (the top white and 
the bottom dark grey): (a) a pair of convex shapes, 
(b) a convex and a concave shapes, (c) rotated 
stars, (d) a pair of flipped shapes, (e) rotated non- 
symmetric shape, and (f) complex shapes (a Phi 

and a flower.)
In Fig. 5(c)-(e), the first shape has been trans

formed to the second via rotation or flip. Hence, 
the intermediate morphing instance may be one 
from appropriate transformation. However, LIMS 
morphing does not generate such kind of transfor
mation. That kind of transformation is not the target 
of LIMS morphing operation. Some method may 
support similar feature in the specific situation but 
users have to specify the correspondences between 
geometric shapes manually1'1.

In Fig. 5, the intermediate shapes seem some
what "fatter” than two control shapes. This can be 
explained by the set-theoretic definition of the 
Minkowski sum and relationship to sweep operation. 
Minkowski sum can be defined as translational 
sweep operation between two control shapes. When 
one control shape sweep along the boundary of the 
other control shape, the resulting sweep boundary 
participate in the Minkowski sum boundary. More
over, this boundary is a generalized offset of the 
other shape[,1]. Hence, a non-convex boundary (i.e., 
a pocket) of the other control shape is rounded to 
form a fatter shape. This is one of the unique fea
tures of Minkowski sum morphing.

4. Control Structure

In this section, we propose a new control method 
which has a Bezier-like control structure with 
multiple control shapes. The proposed method 
enables interactive design and control over the 
intermediate shapes during the morphing as in the 
traditional CAGD techniques. In the following 
sections, we will describe the proposed method in 
detail. First, the simplest case of quadratic control 
is explained in the next section.

4.1 Quadratic Control
4.1.1 Mathematical Model
Let Ao and A2 be start and end control shapes, 

and we will generate their in-betweens using qua
dratic interpolation by Minkowski sum (Q1MS). 
First, when using LIMS morphing of section 3 for Ao 
and A2, the generated sequence is simply 
parameterized as follows:

C^(O = (1-z)Ao®zA2.
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In QIMS, an additional control shape is required, 
which will affect the LIMS morphing between Ao 
and A2. Let A, be the new control shape. The 
LIMS morphing sequence from Ao to Ai and from 
Ai to A2 are C%(t) and C[(r), respectively:

C：(r) =

Now, QIMS morphing is recursively defined as 
LIMS between and cj(f), which has a de 
Casteljau-style parametric form as follows:

C^) = (l-r)ci®?C；(f). (4.1)

4.1.2 Computation
Since equation (4.1) is in a recursive form, we 

need to derive an explicit formulation for actual 
computation of QIMS. Before deriving this, we 
need to compare QIMS and a quadratic Bezier 
curve. Let a, be the center position of A(. Note that 
the center of each intermediate shape of C^(t) is 
on the quadratic Bezier curve «q(Z) , which can be 
expressed either recursively or explicitly as follows:

2
a*)  = ( It)蘭(t)+ "*(f)  = 及(/)

1 = 0
2

where (z) denotes the Bernstein polynomial of 
degree 2[7].

Using the Bernstein polynomial, we can rewrite 
the above equation more explicitly as follows:

ao(r) = (1 - r)2a0+2r( 1 - t)a x + r2a2-

Explicit representation helps to evaluate and 
compute the value of at a certain value of 
parameter t. This expression is derived directly 
from the recursive form above:

2 I 1

«o(0 = (i-0«oW+^iW

=(l-z)((l-t)aQ + 如 1) + £(( 1 — ] + 如 2)

=(1 — f) £(q+2/( 1 — f、)a ] + £ a》
7 7 7

=+a(r)+a2B2(r).

Note that, during the above derivation, the sim
ple equality has been used:

However, as described in section 2,

=24] may not hold in general. Hence, we have to 
modify Bernstein polynomial to evaluate interme
diate shape at an arbitrary value of the parameter t. 
(In fact, the binomial coefficient part of Bernstein 
polynomial is not used any more). C粉)of equa
tion (4.1) is expanded as f이lows:

C§(z) = (1 - r)2A0 ® r( 1 - z)(A! © A!) ® z2A2
2

= AoBo(O ® (A! 94]) 으票

(4-2)

We can reduce the equation (4.2) into Bernstein 
form only if equality Al®A1 = h 이 ds:

Co(0 = (1-Z)2Ao®2/(1- t)A !®r2A2
2 2=©A;B?(r). (4.3)

i = 0

lb recursively evaluate one geometric shape at a 
certain value of t using equation (4.1), three 
Minkowski sum computations are required: each 
one for C海)and C\{t), and then last one for 
(1 -Z)Co(z) © . Hence, when we evaluate N
in-between shapes we have to compute 3N 
Minkowski sums based on recursive equation 
(4.1). (We do not consider multiplication by real 
numbers since it takes relatively less computa
tional load in overall computation.)

When using equation (4.2), 3 Minkowski sum 
computations are required for evaluating a single 
in-between shape. Note that, however, Av is 
not affected by a certain value of t. Hence, we can 
store the result of ®AX and reuse it regar이ess 
of the value of t. When we evaluate N geometric 
shapes, 3 computations are required for the first 
evaluation, and 2(7V — 1) computations for addi
tional (N- 1) geometric shapes. As a result, total 
(2N+ 1) Minkowski sum computations are required 
in QIMS evaluation.

When the control shape A, is convex, the equal
ity ㊉4] = 24] holds. Hence, using equation 
(4.3), total 2N Minkowski sum computations are 
required.

4.1.3 Example
In Fig. 6, there are three control shapes: a trian

gle, a circle, and a square. Three LIMS morphing 
sequences are illustrated in white shapes: C*(f) ,
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Fig. 6. Examples of QIMS morphing.

Co(r), and C](r). The final QIMS morphing 
sequences is Cq(?) . Note that each shape in 
is a polygon with angular comers. However, shapes 
in the control sequences, C；(£) and C；(z), have 
rounded comers. As a result, final shapes in C0(z) 
have round comers while they gradually change 
their shapes from a triangle to a square along the 
parameter t changes. Therefore, in this case, the 
effect of a control shape is rounding each shape in 
Co(f).

4.2 Bezier Control of Degree n
수2 丄 Mathematical Model
For (n + 1) control shapes, Minkowski sum 

morphing has a following recursive form:

(加) = (1* 「以)釦(4.4)

When n = 3 in equation (4.4), there are 4 con
trol shapes: Ao,A3. The recursive form of cubic 
interpolation is expressed as follows:

C^) = (l-f)^(r)®/Ci(z) (4.5)

脆 call this a cubic interpolation by Minkowski 
sum (CIMS). We can expand the equation (4.5) to 
get explicit form of CIMS as follows:

C如)=(1 T){ (1-t)2位初(1T)(&曲4 |淄為2} 

®f{(l-r)2Ai©r(l-r)(A2©A2)®?A3} 

= (1-z)3A0©?(1-/)2((A1©41)®A1) 

ffi z2( 1 -z)((A2 © A2) ® A2) © r3A3 (4.6)

It is clear that, when (AZ-©A,-) ©
4主 34j. Therefore, CIMS can be expressed with 
modified Bernstein polynomial L： = as
follows:

Co(r) = 4。厲(f) $ ((41 $41) 94 J 球 t)

©((A2©A2) ©A2)L1(/) . (4.7)

Although the explicit parameterization becomes 
more complex when n>3 (since we cannot sim
plify the expanded expression using the equality 
Al®Ai = 2AX), it is still possible to give an 
explicit algorithm for computation1131. When the 
equality holds, the expression is simplified using 
Bernstein polynomial:

Co(O= ©AX(0- (4.8)
(=0

4.2.2. Computation
To recursively evaluate one geometric shape at a 

certain value of t using CIMS morphing equation 
(4.5), seven Minkowski sum computations are 
required: each three for C^(t) and C\(t), and then 
last one to compute . Hence,
when we evaluate N in-between shapes, we have 
to compute 77V Minkowski sums based on the 
recursive form of equation (4.5).

When using the explicit form of equation (4.7), 
seven Minkowski sum computations are required 
for evaluating a single in-between shape also. 
Considering the reusability of and
(A2©A2)®A2, the subsequent evaluation requires 
three more computations saving 4 each evalua
tion. Hence, 7 + 3(7V — 1)= 31V + 4 computations 
are required. When both control shapes, Ax and 
A2, are convex, 3N Minkowski sum computations 
are required.

Generally, to compute N intermediate shapes with 
3+1) control shapes in pure recursive way, (2n - 1) 
N Minkowski sum computations are required, which 
is easy to verify using basic series computations.

However, when we evaluate the recursion in 
bottom-up with storing computed results for reuse, 
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we can expect some speed-up. For example, 
C[(r) = (l-z)A]©rA2 can be reused in both 
Co(Z) and C：(f). In this way, for N intermediate 
shapes with (n+ 1) control shapes, n(n + l)N/2 
Minkowski sum computations required.

When we use explicit form such as equation 
(4.7), we have to compute terms like (((& ® 4,) ©

© Aj) which requires ((；)一1) of Minkowski 

sums. Moreover, these terms can be reused regard
less of the value of t. Ib compute single instance at 
a certain value of z, n+ £ 1) 二 〃 + (2" -〃 一 1)

of Minkowski sums are required. Considering 
reusability, n7V + (2n-n- 1) Minkowski sums are 
required for N intermediate shapes.

When all the control shapes are convex, just nN

Fig. 7. An example of CIMS morphing.

Minkowski sum computations are required. Note 
that the difference from non-convex case is (2n 一 

n - 1), which will affect overall performance when 
some of control shapes are complex or the num
ber of control shapes is large.

Table 1 summarizes the number of Minkowski 
sum computations required for some computa
tional methods. Considering the generality of non- 
convex control shapes, explicit evaluation is most 
efficient since the number of in-betweens N does 
not multiply the last exponential part (2n-n - 1).

As a computational approximation of non-con
vex control shapes, we can use the convergence 
property of equation (1.3). For example, we can 
replace the actual computation with the convex 
hull of a control shape when large number of self
addition is required.

4.2.3. Example
Fig. 7 shows an example of CIMS morphing. 

Let us assume that the initial control shapes are a 
triangle and a star (dark grey shapes in Fig. 7).

In an interactive drawing system, a designer first 
generates an LIMS morphing sequence between a 
triangle and a star. If she/he thinks the generated 
sequence is too angular, she/he can add an addi
tional control shape to round the boundaries of 
intermediate shapes from the first LIMS mor
phing. In this case, a circle has been chosen as the 
third control shape. After generating the second 
sequence using QIMS morphing, she/he wants for 
the triangle to transform into a pentagon in an 
early stage. Hence, she/he can add the other control 
shape near a triangle. Finally, four control shapes 
has been used to generate the CIMS morphing 
sequence that satisfies the designer's intention.

4.3 The Blossom
In this section, the Bezier style control structure 

Table 1. Number of computations of Minkowski sum on various situations

Method
Number of Control Shapes

2(LIMS) 3(QIMS) 4(CIMS) n+1
Pure Recursion N 3N IN (2n-\)N
Bottom-up Recursion N 3N 6N n(n+\)N/2
Explicit(Non-convex) N 2N+1 37V+4 况V+(2J-1)
Explicit(Convex) N 2N 3N nN
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in the previous section is generalized into a multi- 
affine form based on the principle of blossoming"'.

For the cubic case with 4 control shapes, we 
have the following blossom expression:

由扇叩

I 2

4負1 冨 Ui’M 4如"以3〕 (4.10)

In the above equation, ^3] represents
the resulting shape at certain values of three inde
pendent parameters t}, t2, and t3. The example of 
evaluation steps is as follows:

4 如1] — (1 F)&)釦 Si，

4如"2〕드 (1 T2)&Ui] ㊉
3 2 2

■爲匕”力乌]=(1 -以&凶,妇切3，4

Note that, when t = t} -t2 = t3, equation (4.10) 
is identical to equation (4.5) of CIMS morphing.

Referring to Fig. 8, let

Bs = (1 -s)4(应&牝，

Cs = (1 ~s)A{®sA2,

Bt = (1 t)4(冷力釦，

Ct = (1 t)A] $ 力4》

The local origins (or the center) of each shape of 
equation (4.11) are as follows:

瓦=(1 ig + mi,
Cs = (l 一 $)“1 + 皿2,
九=(1 - t)a0 + tax,
Ct~(\ -议ii + ta2. (4.11)

where % is the center of each control shape A(-
According to the Menelao's theorem the follow

ing holds:

(l~s)bt+sct = (l-t)bs + tcs=d

where d means the intersection point between two 
lines connecting BSCS and BtCt, respectively (See 
[7] for details). With equation (4.11), it is easy to 
verify below:

(1 - s)B,新C = (1 - t)Bs ®tCs = D (4.12)

since Minkowski sum is associative and commuta
tive. If we expand the Moreover, it is clear that the 
center of D is located at d.

Equation (4.12) helps to prove the symmetric 
function property of the blossom. The symmetric 
property simplifies the order of blossom evalua- 
tion[7]. For example, the following equation holds 
based on equation (4.12):

0 1 1
Ao 卩"2] = (1 — 1 ] ® ^2^ 1 1

= (l-r1)A*[z 2]©rIA；[f2]

=&旧2,

With the blossom control structure proposed 
above, we have the more general and flexible con
trollability over Minkowski sum morphing. Con
sequently, the generated morphing sequences 
more varying and interesting.

5. Experiments

The control methods in section 4 have been 
implemented and tested in a Microsoft Windows 
XP Professional platform with a single Intel Pen
tium III-2GHz CPU and 1G RAM. The computa
tional algorithm has been implemented using 
ANSI C++ and all the output has been generated 
in both Adobe PostScript and Macromedia Flash. 
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(Actually, output is not restricted to special format.) 
Our proposed algorithm and its implementation 
have generated all the figures presented in this 
paper.

The execution speed is quite fast. For example, 
CIMS morphing sequence in Fig. 6 is generated in 
near real-time with our test implementation. With 
some refinement, it will be possible to embed in a 
GUI-based design system that requires less response 
time in a drag-and-drop modification.

Since the performance of our morphing method 
is highly dependent on Minkowski sum execution, 
we have to reE효。the current method for Minkowski 
sum computation or adapt other algorithms for 
better performance15,11]. (Actually, there has been a 
significant improvement in the algorithm of com
puting Minkowski sum morphing, which is not 
explained in this paper[l21.)

Because of the available implementation of 
Minkowski sum computation, we have presented 
only 2D examples. However, our method is not 
restricted to 2D. It can be easily extended to 3D when 
coupled with 3D Minkowski sum computation.

6. Conclusion

In this paper, we have introduced a new and 
convenient geometric modeling technique to inter
actively control and generate the morphing sequence 
of geometric shapes based on Minkowski sum 
operations. The basic idea has developed from the 
linear interpolation on two geometric shapes where 
the algebraic sum has been replaced by Minkowski 
sum.

Moreover, we have extended this scheme into a 
Bezier-like control structure with arbitrary num
ber of control shapes, which enables the interac
tive control over the intermediate shapes during 
the morphing sequence as in the traditional CAGD 
curve/surface editing. As an important contribu
tion, the proposed control structure is further gen
eralized into a Blossom form.

As a further research, we are interested in fol
lowing topics: (1) coupling with Minkowski dif
ference, general sweep and Boolean operations; 
(2) further analysis of mathematical properties of 
our control structure such as influence of control 
shapes and continuity of generated shape; (3) 

piecewise control structure; (4) algorithmic opti
mization and approximation for a high degree 
interpolation; (5) considering constraints on shape 
morphing such as area or volume preservation; (6) 
special control shapes which influence a certain 
part of the area for subtle control; (7) 3D exten
sion based on 3D Minkowski sum; and (8) com
parison and benchmark with other morphing 
methods.
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