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EQUIMULTIPLE GOOD IDEALS WITH HEIGHT 1

MEeE-KYOUNG KiMm

ABSTRACT. Let I be an ideal in a Gorenstein local ring A with the
maximal ideal m. Then we say that I is an equimultiple good ideal
in A, if I contains a reduction @ = (a1, a2, - ,as) generated by s
elements in A and G(I) = ©,>0I"/I"*! of I is a Gorenstein ring
with a(G(I)) = 1 — s, where s = ht4I and a(G(J)) denotes the
a-invariant of G(I). Let X'} denote the set of equimultiple good
ideals I in A with htaI = s, R(I) = A[It] be the Rees algebra
of I, and Kg(sy denote the canonical module of R(I). Let a € I
such that 1?11 = aI" for some n > 0 and pa(I) > 2, where p4 (1)
denotes the number of elements in a minimal system of generators
of I. Assume that A/I is a Cohen-Macaulay ring. We show that
the following conditions are equivalent.

(1) Kg(r) = R(I)+ as graded R(I)-modules.

(2) I2=al andad: 1€ X}.

1. Introduction

Let A be a Gorenstein local ring with the maximal ideal m and d =
dim A. Let t be an indeterminate over A. For an ideal I in A we put

R(I) = Allt] € Alt],
R/(I) = A[It,t7'], and
G(I) — @7120In/1n+1,

which we call the Rees algebra, the extended Rees algebra, and the
associated graded ring of I, respectively. We denote by K4, Kg(s), and
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Kg(r) the canonical module of A, R(I), and G(I), respectively. Let
a(G(I)) denote the a-invariant of G(I) ([5, (3.1.4)]).

Let I (# A) be an ideal in A with ht4] = s and assume that
contains a reduction @ = (ai,as, - ,a,) generated by s elements. Let
ro(I) = min{n > 0 | I"*! = QI"} be the reduction number of I with
respect to (). Suppose the ring G(I) is Cohen-Macaulay. Then the
elements a;t,--- ,ast of R(J) form a regular sequence in G(I) and

G(D)/(art,- -, ast)G(I) = G(I/Q)

as graded A-algebras ([9]). We have a(G(I)) = ro(I)—hta[ ([5, (3.1.6)]),
since G(I/QQ) is a Cohen-Macaulay ring with a(G(I/Q)) = rg(I). From
this point of view S. Goto and M. Kim generalized the concept of good
ideals in [4], which was first introduced by the first author, S. Iai, and
K. Watanabe ([3]).

Let I (# A) be an ideal in A with ht4] = s. Then we say that
I is an equimultiple good ideal in A if I contains a reduction @ =
(a1, -+ ,as) generated by s elements in A and G(I) is a Gorenstein
ring with a(G(I)) =1 —s. For each 0 < s € Z let X3 be the set of
equimultiple good ideals [ in A with ht4/ = s. In [3] S. Goto, S. Iai,
and K. Watanabe intensively studied m-primary good ideals I, that is,
the case where ht 41 = d, and gave many inspiring results. In [4] S. Goto
and M. Kim successfully generalized some of results in [3] to those of
equimultiple case with improvements. This research is in succession to
[4]. The purpose of this paper is to prove the following.

THEOREM 1.1. Let a € I such that It = aI™ for some n > 0 and
pa(l) > 2. Suppose that A/I is a Cohen-Macaulay ring. Let R = R(J).
Then the following conditions are equivalent.

(1) Kgr 2 R, as graded R-modules.
(2) I?=al andaA: I € X}.

THEOREM 1.2. Suppose that I € X} and R = R(I). Then Kgr = R
as graded R-modules.

Section 2 is devoted to some preliminaries. In Section 3, we will give
the proofs of Theorem 1.1 and Theorem 1.2.

Before entering into details, let us fix again the standard notation in
this paper. Throughout let (A, m) denote a Gorenstein local ring with
d = dimA. We denote by pa(*) the number of elements in a minimal
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system of generators and by f4(*) the length. Let S = ®,czS, be
a Noetherian graded ring and assume that S contains a unique graded
maximal ideal M. We denote by Hiy,(x) (i € Z) the it local cohomology
functor of S with respect to 9. For each graded S-module E and
n € Z, let [Hi,(E)], denote the homogeneous component of the graded
S-module Hi; of degree n. If S,, = (0) for all n < 0 and E is a finitely
generated graded S-module, we have [Hi, (E)], = (0) for all n >> 0 and
i € Z. We put a(E) = sup{n € Z | [H}(E)], # (0)} with s = dimg F
and call it the a-invariant of E ([5, (3.1.4)]). For each n € Z let E(n)
stand for the graded S-module, whose underlying S-module coincide
with that of ' and whose graduation is given by [E(n)]; = E,4; for all
¢ € Z. We denote by Kg the graded canonical module of S, if it exists.
We refer the reader to [1], [6], [7], or [8] for any unexplained notation or
terminology.

2. Preliminaries

Let s € Z and I (# A) be an ideal in A with ht 4] = s. The purpose
of this section is to summarize some basic results on equimultiple good
ideals.

Let us state the definition of equimultiple good ideals.

DEFINITION 2.1. We say that [ is an equimultiple good ideal in A,
if I contains a reduction Q = (a;,as, -+ ,as) generated by s elements
a;'s in A and G(I) is a Gorenstein ring with a(G(I)) =1 —s.

Let X3 denote the set of equimultiple good ideals I in A with ht4I = s.
In particular, if s < 0 or s > d, then X = 0. When I is an m-primary
ideal, we denote X4 simply by X4 and we call it the set of good ideals
in A ([3]).

Let us note here the next criterion, which gives us a basic charac-
terization of equimultiple good ideals. For each Cohen-Macaulay local
ring (R,n) with dim R = n, let r(R) = ¢r (Extz(R/n, R)) denote the
Cohen-Macaulay type of R.

LEMMA 2.2. ([2, Proposition 2.4]) Let I (# A) be an ideal in A
of height s and assume that I contains a reduction () generated by s
elements in A. Then the following conditions are equivalent.

(1) Iex;.

(2) I? =QI, I =Q: I, and the ring A/I is Cohen-Macaulay.
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(3) I = QI, IAp, € X3 for all p € AssqA/I, and the ring A/I is
Cohen-Macaulay.
(4) The algebra R'(I) is a Gorenstein ring and Kg/(r) = R'(I)(2—s)
as graded R/(I)-modules.
If s > 0, we may add the following.
(6) I" =Q" : I for all n € Z and the ring A/I is Cohen-Macaulay.

When this is the case, we have K 4,5 = I/Q, whence r(A/I) = pa(l) -
s> 1.

PROPOSITION 2.3. Let I (# A) be an ideal in A of ht4I = s and
assume that I contains a reduction () generated by s elements in A.
Assume that d > s and I = Q : I. Then depthA/I > 0.

Proof. 1t is enough to show that m ¢ Ass4A/I. Assume the contrary
and choose an element z in A such that m =7 : 2. Then mz C (Q : I)
by our assumption. Since depthA/Q = d —s > 0, m/Q has a regular
element on A/Q), so that z € (Q : I) = I. This is impossible. O

Let I be an m-primary ideal in A and assume that I contains a pa-
rameter ideal @ = (a1,a2, -+ ,aq) of A as a reduction. The ideal I is a
good ideal in A if and only if I? = QI and I = Q : I ([3, Proposition
2.2]). The following Remark 2.4 is a consequence of Proposition 2.3,
which shows that we do not need the condition of Cohen-Macaulayness
of the ring A/I in the case where ht 41 =d — 1.

REMARK 2.4. Let I (# A) be an ideal in A of ht 4] = s and assume
that I contains a reduction @) generated by s elements in A. Let d > 0
and s =d — 1. Then

IeX; fandonlyif I?’=Qland I=Q: I.

Proof. The ring A/I is a Cohen-Macaulay ring of dim A/I = 1 by
Proposition 2.3. Hence the assertion follows from Lemma 2.2, O

We close this section with the following Theorem 2.5, which shows
that the equimultiple good ideals behave well under flat ring extension.
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THEOREM 2.5. Let B be a Gorenstein local ring with a maximal
ideal n and let ¢ : A — B be a local homomorphism. Let I (# A) be
an ideal in A of ht oI = s and assume that I contains a reduction @)
generated by s elements in A. Assume that B is flat over A. Then

I'ex; ifandonlyif IBe€ Xp.

Proof. The map A/I — B/IB is a local homomorphism and B/IB
is flat over A/I, so that we have the equalities

dim B =dim A+dim B/mB and dimB/IB =dim A/I+dim B/mB

by [7, Theorem 15.1]. Hence we have htgpIB = ht4/. Since B/mB is a
Gorenstein local ring by [7, Theorem 23.4], we have that A/ is Cohen-
Macaulay if and only if B/IB is Cohen-Macaulay by [7, Corollary to
Theorem 23.3]. Therefore we conclude that

Ie Xy ifandonlyif IBe X§

by Lemma 2.2 (2). 0O

3. Main theorems

Let I (% A) be an ideal in A with ht4] = 1 and assume that |
contains an element a with I"*! = qI™ for some n > 0. Hence a is a
nonzerodivisor of A. Let K = Q(A) be the total quotient ring of A.
We denote by V4 the set of Gorenstein A-subalgebras C' of K such that
C 2 A but the A-module C is finitely generated. Let us note the next
criterions, which play a key role in the present paper.

LEMMA 3.1. ([4, Lemma 2.1]) Assume that I? = al but I # aA. Let
C={Z|zcI}in K. Then

() AcC=AE|zel]landI=0aC.

(2) Ack C=aA:TandI:x I=C.

(3) depth,C = d if and only if the ring A/I is Cohen-Macaulay.
(4) C is a Gorenstein ring and I = A 1, C if I € X}.
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THEOREM 3.2. ([4, Theorem 2.2]) The correspondence X} — Ya,
I — I :g I is a bijection. It reverses the inclusion and takes back each
CeYatoA:x CeXj. Wehave K a.,,c 2 C/A for all C € Ya.

As a consequence of Theorem 3.2 we get the following.

COROLLARY 3.3. Assume that I? = al for some a € A. Let £ > 1
be an integer. Then £ =1 if It € X}.

Proof. Suppose £ > 2. We have that (I*)? = aI¢ and A[] = I*/a’.
We put C = Ie/ae. Hence by Theorem 3.2 we see C € Y4 so that
I* = A :x C. However, C = I/a because I* = a’~!I. Hence we have
I =aC and aC - C = aC =1 C A, whence I C (A :x C), which is
impossible because (A :x C) = I* and £ > 2. Thus £ = 1. O

We now prove the main Theorem, which gives a characterization of
ideals I for which a4 : I € X}.

THEOREM 3.4. Let a € I such that I™! = oI™ for some n > 0 and
na(l) > 2. Suppose that A/I is a Cohen-Macaulay ring. Let R = R([).
Then the following conditions are equivalent.

(1) Kr @ R, as graded R-modules.
(2) I?=al andaA: 1€ X}.

Proof. Let us apply the functor H? () to the exact sequence 0 —
I - A— A/I — 0 of A-modules. Then we have depth 4 = d, whence
depth al = d because al = I as A-modules. Applying the functor
H: (%) to exact sequence 0 — al — A — A/al — 0 of A-modules, we
get depth4(A/al) > d — 1, so that the ring A/al is Cohen-Macaulay
with dim(A/al) = d — 1 because al contains an A-regular element a?.
We need the following. |

Cram 1. I?2 =al ifKgr 2 R,.

Proof of Claim 1. Assume the contrary and choose p € Ass4(I?/al).
Then p O I and ht4p = 1, because p € Assa(I?/al) C Asss(A/al) =
Assha(A/al). Hence I?A4, D alA,, so that we have IA4, 2 ad,. How-
ever we get that Kr, = (Kr), = (Ry)p = (Rp)4+ by our assumption.
By [3, Theorem 5.8] we have 124, = alA,, which is impossible. Thus
I? = al. This completes the proof of Claim 1. O
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Thanks to Claim 1 we may assume that I? = al. Let C = I/a and
we put S = Re(]) = @,>0/"C. We look at the exact sequence

(*) 0-R—->8—->8/R—-0

of graded R-modules and note that S/R = [S/R]q = C/A as A-modules.

CramM 2. C/A is a Cohen-Macaulay A-module with dima(C/A) <
d-1.
Proof of Claim 2. Since I = aC C A, we have a € (A : C), so that

dim4(C/A) < d — 1, because a is A-regular. Let us apply the functor
H: () to exact sequence

0—-A—-C—-C/A—>0

of A-modules. Then we get depth4(C/A) > d — 1 by Lemma 3.1 (3),
which implies the assertion of Claim 2.

Let P = R(aA) = Alat]. Let 9 = mP + P4 and apply the functor
H%, (%) to the exact sequence (*). By the Local Duality theorem for
graded modules, we get the isomorphisms

Exti(S/R, Kp) = (HED7(S/R))Y = (HETD " (C/4))Y,

where [*]" denotes the Matlis Duality. Hence Exfc%;(S /R, Kp) = 0 for
1 # 2, by Claim 2. Let us apply the functor Exty (%, Kp) to the exact
sequence (*). Then we get the isomorphism

Homp (R, Kp) = Homp(S,Kp).
Since P = Alat] is the polynomial ring over A, we have isomorphism
**) Kg = [Homp (S, P)|(-1).

(1) = (2) Suppose Kg = R, . Then we have that Kr @ Ry = S, =
S(—1). Hence by (**) Homp(S,P) & Kgr(1), so that Homp(S,P) = S.
Thus Hom4(C, A) = C as C-modules, whence Cpy = (Ko)p = Koy,
for all M € Max(C). Hence the ring C is Gorenstein. Therefore by
Theorem 3.2 and Lemma 3.1 (2) aA : I € X}.

(2) = (1) Suppose aA : I € X}. Then the ring C is Gorenstein
by Lemma 3.1 (4). Hence C = Homa(C, A) as C-modules, so that
S =2 Homp(S,P). Thus by (**) we have that Kgr =2 S(—1) 2 S, =R,
Therefore we complete the proof of Theorem 3.4. O
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CoROLLARY 3.5. ([3, Theorem 5.8]) Let I be an m-primary ideal in
A with dimA = 1. Let a € A and assume that I"t! = aI™ for some
n > 0. Let R = R(I). Then the following conditions are equivalent.

(1) Kr & R as graded R-modules.

(2) I?=al andad: I c X,.

The following is an immediate consequence of Theorem 3.4. However
we give a direct proof of Theorem 3.6.

THEOREM 3.6. Suppose that I € X} and let R = R(I). Then Kg =
R, as graded R-modules.

Proof. Let a € A such that I? = al. We put P = R(ad) = Alat].
Then at is transcendental over A, because a is A-regular. Hence P is the
polynomial ring over A, so that the ring P is Gorenstein with a(P) = —1.
Thus Kp = P(—1), whence we have that

Kr = Homp(R,Kp)
= HOI’IIP(R, P(_l))
& [Homp (R, P)](-1)
where (P : R) denotes the conductor. To get the conclusion, it suffices
to claim the following. a

Cram. (P:R)=IR=R;(1).

If we could show this claim, we get that Kg(1) = (P : R) = R, (1),
so that Kg = Ry.

Proof of Claim. We have IR = IP as I"*! = q™] for all n > 0,
whence IR C (P : R). Let ™" € (P : R) with n > 0. Then a™z = o *!
for all z € I. Hence by Proposition 2.2 (5) we have a™ € (a™*!:]) =
I"*1 ) 50 that a™t" € IR. Thus (P : R) = IR = R, (1). Therefore we
complete the proof of Theorem 3.7. O

COROLLARY 3.7. ([3, Corollary 5.11]) Let I be an m-primary ideal
in A with dim A = 1. Suppose that I € X4 and let R = R(I). Then
Kgr = R, as graded R-modules.
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