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ABSTRACT

Using the two-dimensional Wulff plot, the equilibrium shape of a sapphire crystal was investigated as a function of surface
energy anisotropy. Depending on the relative values of surface energy for various facet planes, the projected shape of equilibri um
sapphire was determined to be rectangle, parallelogram, hexagon or octagon. The results are compared with the experimentally
observed shapes of internal cavities of submicron range in sapphire single crystals.
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1. Introduction

he Wulff theorem™® predicts that the equilibrium

shape of a crystal with the minimum surface energy
can be determined by plotting the surface energy values,
7%, on the polar diagram (the length of the radius coordi-
nate is taken to be proportional to the y for the surface
perpendicular to the direction of the radius vector). As
shown in Fig. 1(a), the inner envelope of the planes, drawn
perpendicular to the radius vectors where they cut the
imaginary ¥plot (indicated as curved lines) corresponds to
the equilibrium shape (shown by the shaded area). There-
fore, one of the general features of the equilibrium crystal
shape is the presence of facets corresponding to a few
cusps in ¥plot. Note from Fig. 1(b) that the planes lying
outside the constructed inner shape, such as plane P,, will
not appear in equilibrium even though they correspond to
the cusps.

Furthermore, it can be noted from Fig. 1(c) that the pres-
ence of plane P, is dependent on the surface energies of adja-
cent planes and the interplanar angles, 6. Assuming ¥, is the
highest among them, then the anisotropy ratio defined such
as either A =y/y, and A,=y/y,is larger than 1. When A,
exceeds A" which is defined as 1l/cos §,, the plane P, can-
not usually appear in equilibrium as shown in Fig. 1(b). In
this case, the presence of plane P, is determined whether
the surface energy of another adjacent plane, %, is larger
than %" or not (Fig. 1(c)). Therefore, it is also evident that
the crystal shape itself is dependent on the A values
between adjacent planes.
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On the other hand, Fig. 2 shows the cavities which have
formed “negative” crystals in sapphire.? They were
obtained by annealing the sapphire containing indenta-
tion cracks at 1600°C. As has been described earlier,”
equilibrium could be reached only for cavities smaller
than 100 nm.

The aim of this paper is to predict the equilibrium shape
of sapphire crystal as a function of relative surface energies
of the experimentally observed equilibrium planes. Recent
investigation on sapphire” has shown that its equilibrium
shape in air is an almost equiaxed and faceted polyhedron
bounded by the basal (C) {0001}, pyramidal (P) {1123}, pris-
matic (A) {1210}, morphological rhombohedral (R) {1012}
and the structural rhombohedral (S) {1011} planes (The
crystallographic notations based on the structural hexago-
nal cells are used with ¢/a=2.730).” These facet planes have
also been reported for cavities in sapphire by Kitayama et
al.? Contrary to the theoretical predictions,” the prismatic
(M) {1010} planes were not observed to be facet planes.**5?
On the other hand, it has been reported'*'® that the Al,0,
grains in silicate liquid are plate-like with well-developed C
plane. Although the shape was critically dependent on the
composition of liquid, A, P, R and S were also observed to be
the main off-basal facets. From these results, we assumed
that the facets in equilibrium sapphire are only C, A, P, R
and S and considered the effect of anisotropy of on the crys-
tal shape.

2. Results and Discussion

When the equilibrium sapphire polyhedron is observed
along the zone axes such as <1010>, <1210> and <1011>,
the two-dimensional polygons composed of straight line seg-
ments will appear and these segments correspond to the
edge-on facets. For instance, the equilibrium polyhedron
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Fig. 1. A part of two-dimensional y-plot for planes P, P, and P, where the point O is the center of a crystal : (a) plane P, will
appear when A=y/y, <A™ and A, =y/y, <A, : (b) plane P, will disappear when A;=y/y, > A;™" and v, < v (c) plane P,
will appear when A=y/y, 2 A" and ¥, >¥,™". The equilibrium crystal shapes are illustrated ]by shaded areas.

Fig. 2, TEM micrograph of cavities representing the equilib-
rium crystal shapes in sapphire annealed at 1600°C
in air. The zone axis is (a) <1210>, (b) <1010>,
respectively.?

projected along the <1010> zone axis is a polygon bounded
by the C, P and A planes (line segments). The two-dimen-
sional ¥plot and the corresponding crystals composed of
these C, P and A planes are illustrated in Fig. 3, where 6.~

@) Ye

Yo $£1.14yp Yo 21.14yp
-0.55
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Fig. 3. The two-dimensional y-plot of the sapphire crystal
projected along the <1010> zone axis : (a) when
Y> < 0.48Y; : (b) when 7, > 0.48y,. The corresponding
equilibrium shapes are illustrated by shaded areas.

61.2°, 6,,=28.8" and 6,=90°. The surface energies of A and
P planes are presented by the relative values to that of C
plane (i.e., 1,~1 is assumed).

Taking the line perpendicular to the axis of ¥, (P plane)
which intersects at y~=1 (Fig. 3(a)), it can be noted that the
C plane will not appear in equilibrium if 3, < 0.48. In this
condition, the crystal shape will be determined by 7, and .
When 7, 2 (1/cos 6,,) " %=1.14%, then 7,/%, becomes greater



October 2002

than A,."*. As a consequence, the A plane will not be
present in equilibrium and a diamond-like shape consisting
only of P facets will appear. When 7, < 1.147,, on the other
hand, the equilibrium shape will be a hexagon composed of
A and P facets. These equilibrium shapes are illustrated by
shaded areas in Fig. 3(a).

When 7, > 0.48, three different equilibrium shapes depen-
ding on 7, and ¥, will be obtained as shown in Fig. 3(b). If
¥, = 1.147,, the hexagon consisting of C and P facets will
appear in equilibrium. When 7, < 1.14y,-0.55, on the other
hand, P facets will disappear and the rectangle bounded
by C and A planes will be obtained. When y, is in the
intermediate range of 1.147,—0.55 < 7, < 1.14%,, the A, C
and P facets will all appear in equilibrium and they will
form an octagon in two-dimension. Note also from the fig-
ure that the P facet can be present eventhough its A,
value is beyond the limit (i.e., y%/y, Agp =2.08). For this
case, the plane adjacent to P is crystallographically equiv-
alent one, so it becomes stable even if ¥, exceeds 2.08; the
surface normal to P lies on its extension (indicated as a
dotted line). ’

In Fig. 4, the equilibrium shapes of sapphire crystal, when
they are projected along the <1010> zone axis, are summa-
rized as a function of surface energies of A, C and P planes.
The x- and y-axes are the normalized surface energies, ¥,/7,
and 7,/y,, respectively. Although there are five different
shapes from rectangle to octagon as already shown in Fig.
3, the shapes without C plane, such as diamond-like one
consisting only of P facets and a hexagon consisting of A
and P facets are hardly expected to appear. Note that the
basal C plane has been reported to exhibit the lowest sur-
face energy among various planes,**' i.e., the 1,/%., %/Yc
are all greater than 1. In this respect, the dashed region
where Yy/%: <1 or 7,/7,< 1 would not have a real physical
meaning.

In the region where ¥/, > 1 and y,/y,> 1, the increase
of 7, or 7, causes the decrease of the area (length in two-
dimension) of A or P facet, respectively. Therefore, the
equilibrium shape becomes an elongated plate-like poly-
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Fig. 4. Variation of two-dimensional equilibrium shape with
relative surface energies of C, A and P planes when a
crystal is projected along the <1010> zone axis.
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gon with well-developed C plane as illustrated in the fig-
ure. In fact, the equilibrium Al,O, facet planes in contact
with anorthite liquid observed along the <1010> zone axis
were reported!® to be only C and P planes. For this case,
the two dimensional shape of the crystal will be a hexagon
as shown in the upper-left region of Fig. 4 with relatively
large 7,. On the other hand, the octagon composed of C, P
and A facets is in equilibrium only when the difference
between 7, and ¥, is quite small (indicated by the shaded
area).

When the sapphire crystal is projected along the <1010>,
it can be noted from Fig. 4 that the appearance of three dif-
ferent facet planes, C, P and A, is under very limited condi-
tions. This can be easily explained in terms of relatively
small 6,,=28.8°. In other words, 4,," is so small (=1.14)
that both A and P facets can appear only in the very narrow
range. As a result, a small change in surface energies of A
and P planes due to segregation may result in the disap-
pearance of either the P or A plane.

Through the analysis similar to the preceding section,
the shape of sapphire crystal projected along the <1210>
direction has been analyzed and the results are shown in
Fig. 5. Note in this case that the C, R and S facets are
edge-on and thus the variation of equilibrium shape as a
function of their relative surface energies is considered. In
Fig. 5, the x- and y-axes are the normalized surface ener-
gies, ¥;/Y, and ¥,/y. respectively. The region where ¥/
Yo <1 or ¥,/y;<1 can also be excluded in consideration.
Anyhow, when 1,/y, and %/y, are smaller than 0.30 and
0.54, respectively, the projected shape will be a diamond-like
polygon consisting of R and S facets. If y, = 0.89, + 0.80, the
parallelogram consisting of C and S facets will appear in
equilibrium. When 7, £ 0.89y,—0.80, on the other hand, R
facet will substitute for S. Between the two limits (the
shaded area in Fig. 5), the C, R and S facets will all
appear and they will form a hexagon. Note that the three
different facet planes can appear in a broader range com-
pared to the case of Fig. 4 because A "™ (=1.55) is much
larger than A,;"*. As a result, the appearance of three
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Fig. 5. Variation of two-dimensional equilibrium shape with
relative surface energies of C, R and S planes when a
crystal is projected along the <1210> zone axis.
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different facet-planes-would-be much more probable when

the crystal is projected along the <1210> direction than
along the <1010>.

In order to determine the three-dimensional shape of sap-
phire crystal, it is necessary to provide a more complete
description including v, /v, %/ Ya/Ye and 75/, at the same
time. In fact, all the concerned facets are edge-on when the
crystal is projected along the <1011> zone axis : A, R and
two sets of P and S facets will appear as boundary line seg-
ments. Note that A,,""=1.11, A,"*=1.15 and 4,;"=1.21
are all fairly small and comparable to 4,,™ (=1.14). This
implies that ¥,, %, ¥; and y; should be all similar in order
that these four planes are present simultaneously in equi-
librium.

On the other hand, the angle between the C plane and P,
R and S planes are 6,,=61.2°, 6,=57.6" and 6,~72.4°,
respectively and their A™ values are 2.08, 1.87 and 3.31,
respectively. For those planes, as already shown in Fig. 4
and Fig. 5, P, R and S can coexist, respectively, with C even
though their A values (y/y,) exceed A,."*. As a consequence,
A, P, R and 8 facets can be present simultaneously as the
off-basal planes in a C-developed plate-like equilibrium
crystal as well as in an equiaxed one. Finally, it should be
noted that the sharp corners of polygons illustrated in Fig. 4
and Fig. 5 would become truncated and rounded when the
adjacent facets which are not edge-on have rather small
surface energy. In this case, their segments will appear in
the rounded corners with main linear segments resulting
from edge-on facets in TEM images as indicated by the
arrow in Fig. 2(a).

3. Conclusion

The equilibrium shape of sapphire crystal was analyzed
as a function of surface energy anisotropy between C, A,
P, R and S planes. When the crystal is projected along the
<1010> direction, the hexagon composed of C and P fac-
ets, the rectangle composed of C and A facets and the
octagon composed of C, A and P facets are possible equi-
librium shape. For sapphire, the octagon composed of C, A
and P facets is observed to be an equilibrium shape,
which implies that the difference between 7y, and ¥, is very
small. Along the <1210> direction, on the other hand, the
hexagon composed of C, R and S planes is the probable
equilibrium shape. The parallelograms composed of C and
either S or R will also appear when either },/7, or 3/, is
relatively large. It is predicted that the equilibrium sap-
phire crystal composed of C, A, P, R and S planes is either
a basal platelet or an equiaxed polyhedron with similar y,,
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