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ON THE RANKS OF SUBFORMS OF SOME LINEAR

FORMS WHICH LEFT FROBENIUS NUMBERS

INVARIANT

Byeong Moon Kim

Abstract. Suppose linear forms whose coefficients are arithmetic
progressions are given. In this paper, we will find the upper and
lower bounds of the minimal ranks of subforms of these forms which
left the Frobenius numbers invariant. This is an improvement of
Ritter’s bounds.

1. Introduction

Let a1 < a2 < . . . < an be positive integers with (a1, a2, . . . , an) = 1.
The Frobenius number of a linear form f = f(x1, x2, . . . , xn)= a1x1 +
a2x2 + . . . + anxn is the largest integer m such that the equation f = m
has no non-negative integer solutions and it is denoted by G(f). A linear
form g = g(x1, x2, . . . , xm)= b1x1 + b2x2 + . . . + bmxm is a subform of f ,
if {b1, b2, . . . , bm} ⊂ {a1, a2, . . . , an}. The rank of f = f(x1, x2, . . . , xn)=
a1x1 + a2x2 + . . . + anxn is the number of variables n and it is denoted
by R(f). For a, d, n ∈ Z+, such that 2 ≤ n ≤ a and (a, d) = 1. we define
fa,d,n = ax0 + (a + d)x1 + . . . + (a + (n − 1)d)xn−1. Roberts [2] proved
G(fa,d,n) = [ a−2

n−1
]a+(a−1)d. Let H(a, d, n) = min{R(g)| g is a subform of

fa,d,n and G(g) = G(fa,d,n)}. It is easy to see that if n ≥ 3, H(a, d, n) ≥
3. In 1977, Selmer [3] proved if d > a(a− 2), H(a, d, a) = 3. In fact, he
proved if d > a(a−2), G(fa,d,a) = G(ax0+(a+d)x1+(a+(a−1)d)xa−1).
In 1999, Ritter [1] proved if 3 ≤ n < a − 1, 3 ≤ H(a, d, n) ≤ 4

√
n. He

also proved if n = a− 1 > 7 and d = 1, H(a, d, n) ≥
√

n
2

. In this paper,
we will find upper and lower bounds of H(a, d, n) and improve Ritter’s
bounds as a Corollary.
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2. Main Result

Theorem 1. Let a, d, n ∈ Z+, (a, d) = 1, 3 ≤ n < a and [ a−2
n−1

]+1 ≥ r.
Then,

H(a, d, n) ≤ (2r − 1) r
√

n + 2.

Proof. Let q = [ a−2
n−1

]+1, t = [a−2
q

]+1, (s−1)r ≤ t < sr and p = [ t
sr−1 ].

Note that n ≥ t. So r
√

n + 1 ≥ r
√

t + 1 ≥ s and p ≤ s− 1. Let

A1 = {0, 1, . . . , s− 1},
A2 = {s, 2s, . . . , s(s− 1)},

A3 = {s2, 2s2, . . . , s2(s− 1)},
. . . ,

Ar−1 = {sr−2, 2sr−2, . . . , sr−2(s− 1)},
B1 = {t, t− 1, . . . , t− s + 1},

B2 = {t− s, t− 2s, . . . , t− s(s− 1)},
. . . ,

Br = {t− sr−1, t− 2sr−1, . . . , t− psr−1},
T = A1 ∪ A2 ∪ . . . ∪ Ar−1 ∪B1 ∪B2 ∪ . . . ∪Br

and

S = {a + bi|i ∈ T} = {b1, b2, . . . , bu}.
Then,

u ≤ s + (r − 2)(s− 1) + s + (r − 2)(s− 1) + p

≤ (2r − 3)(s− 1) + 2

≤ (2r − 1) r
√

n + 2.

Let g = b1x1 + b2x2 + . . . + bnxn. Suppose x > qa + (a− 1)d = G(fa,d,n).
There are α, β ∈ Z such that x = αa + βd and 0 ≤ β < a. Since

αa + βd− (qa + (a− 1)d) = (α− q)a + (β − a + 1)d > 0,

α ≥ q ≥ r. If 0 ≤ β < sr−1(s − 1), β = c1 + c2s + . . . + crs
r−1 for some

c1, c2, . . . , cr−1 ∈ {0, 1, . . . , s− 1} and 0 ≤ cr ≤ s− 2. Then,

x = (a + c1d) + (a + c2sd) + . . . + (a + crs
r−1d) + (α− r)a.

So x is represented by g.
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If sr−1(s − 1) ≤ β < t, 0 < t − β ≤ sr − sr−1(s − 1) = sr−1. So
t−β = d1+d2s+. . .+dr−1s

r−2 for some d1, d2, . . . , dr−1 ∈ {0, 1, . . . , s−1}.
Then, since

β = t− dr−1s
r−2 − dr−2s

r−3 − . . .− d1

= (t− (dr−1 + 1)sr−2) + (s− dr−2 + 1)sr−3

+(s− dr−3 + 1)sr−4 + . . . + (s− d2 + 1)s + (s− d1),

x = (a + (t− (dr−1 + 1)sr−2)d) + (a + (s− d1)d) + (a + (s− d2 + 1)sd)

+(a + (s− d3 + 1)s2d) + . . . + (a + (s− dr−2 + 1)sr−3d).

So x is represented by g.
If β ≥ t, jt ≤ β < (j + 1)t, for 1 ≤ j ≤ q − 1. Then,

ksr−j−1 < (j + 1)t− β ≤ (k + 1)sr−j−1

for some 0 ≤ k < (p + 1)sj+1.
Since 0 ≤ β − (j + 1)t + (k + 1)sr−j−1 < sr−j−1,

β − (j + 1)t + (k + 1)sr−j−1 = e1 + e2s + . . . + er−j−1s
r−j−2

for some e1, e2, . . . , er−j−1 ∈ {0, 1, . . . , s− 1}.
If k ≤ (p + 1)sj+1 − 2, k + 1 = f1 + f2s + . . . + fj+1s

j for some
f1, f2, . . . fj ∈ {0, 1, . . . , s− 1} and ≤ fj+1 ≤ p. Then,

β = (j + 1)t− (k + 1)sr−j−1 + e1 + e2s + . . . + er−j−1s
r−j−2

= (t− f1s
r−j−1) + (t− f2s

r−j) + . . . + (t− fj+1s
r−1)

+e1 + e2s + . . . + er−j−1s
r−j−2.

So

x = (a+(t−f1s
r−j−1)d)+(a+(t−f2s

r−j)d)+ . . .+(a+(t−fj+1s
r−1)d)

+(a + e1d) + (a + e2sd) + . . . + (a + er−j−1s
r−j−2d) + (α− r)a

So x is represented by g.
If k = (p + 1)sj+1 − 1, since

0 ≥ jt− β = (j + 1)t− β − t > ksr−j−1 − t

> ((p + 1)sj+1 − 1)sr−j−1)− (p + 1)sr−1 = −sr−j−1,

β − jt = g1 + g2s + . . . + gr−j−1s
r−j−2

for some g1, g2, . . . gr−j−1 ∈ {0, 1, . . . , s− 1}. Then,

β = jt + g1 + g2s + . . . + gr−j−1s
r−j−2.

So
x = j(a + td) + (a + g1d) + (a + g2)sd) + . . .
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+(a + gr−j−1s
r−j−2d) + (α− r + 1)a.

So x is represented by g. Thus, G(g) = qa + (a− 1)d. So

H(a, d, n) ≤ u ≤ (2r − 1) r
√

n + 2.

Corollary 1. Let a, d, n ∈ Z+, (a, d) = 1, 3 ≤ n < a. Then,

H(a, d, n) ≤ min
2≤r≤q

{(2r − 1) r
√

n + 2},

where q = [ a−2
n−1

].

Corollary 2. Let a, d, n ∈ Z+, (a, d) = 1, 3 ≤ n < a. Then,

H(a, d, n) ≤ 3
√

n + 2.

This is an improvement of the result of Ritter [1].

Theorem 2. Let a, d ∈ Z+, (a, d) = 1 and 3 ≤ a. Then, if d = 1,
H(a, d, a) = a and if d ≥ 2,

[
a

d
] ≤ H(a, d, a) ≤ [

a

d
] + 2[

√
(d− 1)

d
a ] + 1.

Proof. For all i such that a− [ a
d

] < i ≤ a,

a + id > (a− 1)d.

So it is trivial that [ a
d

] ≤ H(a, d, a). For 0 ≤ i ≤ a − 1, the linear
form g is made from fa,1,a by deleting a term (a + i)xi. Then, g can’t
represent a+ i, which is larger than the Frobenius number a−1 of fa,1,a.
So H(a, 1, a) = 1.

Suppose d ≥ 2. Let t = [a
d
] and s = [

√
(d−1)a

d
]. Let

A = {a + (a− 1)d, a + (a− 2)d, . . . , a + (a− t− 1)d},
B = {a + d, a + 2d, . . . , a + (s− 1)d},

C = {a + sd, a + 2sd, . . . , a + s(s− 1)d},
D = A ∪B ∪ C = {a1 < a2 < . . . < an}

and
g = a1x1 + a2x2 + . . . + anxn.

Then,

n = t + 2s + 1 = [
a

d
] + 2[

√
(d− 1)

d
a ] + 1.
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If x > (a− 1)d and x = αa + βd for 1 ≤ β < a, since

x− (a− 1)d = αa + (β − a + 1)d > 0.

α ≥ 1. If 0 ≤ β ≤ a− t− 1,

αa > (a− 1− β)d ≥ (t + 1)d.

Since

α > (t + 1)
d

a
= ([

a

d
] + 1)

d

a
≥ 1,

α ≥ 2. Then, since

0 ≤ β ≤ a− t− 2 ≤ a− a

d
− 1 <

(d− 1)a

d
≤ s2,

β = b1 + b2s for 0 ≤ b1, b2 ≤ s− 1. So

x = αa + βd = (a + b1d) + (a + b2sd) + (α− 2)a.

So x is represented by g. If a− t− 1 ≤ β ≤ a− 1, β ∈ A. So

x = (a + βd) + (α− 1)a.

So x is represented by g. So H(a, d, a) ≤ [ a
d

] + 2[
√

(d−1)
d

a ] + 1.

Theorem 3. Let a, d ∈ Z+, (a, d) = 1 and 3 ≤ a < d. Then,

H(a, d, a) ≤ [logt+1(a− 2)] + 3

where t = [d
a
].

Proof. Let s = [logt+1(a− 2)],

A = {a + (a− 1)d, a + (a− 2)d, . . . , a + (a− t− 2)d}
∪{a+(a−1− (t+1))d, a+(a−1− (t+1)2)d, . . . , a+(a−1− (t+1)s)d}.
Suppose x = αa + βd > (a − 1)d. Then, since (t + 1)s+1 ≥ a + 2,
(a− 1− (t + 1)s+1 ≤ 2. So β is 0, 1, a− 1 or

a− 1− (t + 1)i+1 ≤ β < a− 1− (t + 1)i

for some i ∈ {0, 1, . . . , s}. Then, since αa > (a− 1− β)d,

α > (t + 1)i d

a
≥ (t + 1)it.

If i ≤ s− 1,
x = (a + (a− 1− (t + 1)i+1)d)

+(β + (t + 1)i+1 + 1− a)(a + d)

+(α− 2− β − (t + 1)i+1 + a)a.
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Since

0 ≤ β + (t + 1)i+1 + 1− a

< a + (t + 1)i − (a− 1− (t + 1)i+1) = t(t + 1)i,

α− 2− β − (t + 1)i+1 + a ≥ α− 1− t(t + 1)i ≥ 0.

So x is represented by g.
If i = s, since a− 1 ≤ (t + 1)s+1,

β < a− 1− (t + 1)s + 1 ≤ (t + 1)s+1 − (t + 1)s ≤ α.

So x is represented by g.
If β is 0, 1, a− 1, it is trivial that g represent x.

Corollary 3. If d ≥ a[ r−2
√

a− 2], H(a, d, a) ≤ r.

Corollary 4. (Selmer)If a, d ∈ Z+, (a, d) = 1, 3 ≤ a and d >
a(a− 2), H(a, d, a) = 3.

Corollary 5. If a, d ∈ Z+, (a, d) = 1, 3 ≤ a and d > a
√

a− 2,
H(a, d, a) ≤ 4.

Theorem 4. Let q ≥ 3, q2|k, n = n(k, q) = 1
q

(
k
q

)
+1 and a = a(k, q) =(

k
q

)
+ 2. Then,

H(a, 1, n) ≥ k + 1.

Proof. Suppose there is a subset

A = {i1, i2, . . . , ik} ⊂ {0, 1, . . . , n− 1},
such that if g = g(x1, x2, . . . , xk) = (a+i1)x1+(a+i2)x2+. . .+(a+ik)xk,

G(g) = qa− 1 = G(a, 1, n).

Then, for all j ∈ {0, 1, . . . , a − 1} = B, there are non-negative integers
x0, x1, . . . , xk such that

qa + j = (a + i1)x1 + (a + i2)x2 + . . . + (a + ik)xk

= (x1 + x2 + . . . + xk)a + (i1x1 + i2x2 + . . . + ikxk).

Since i1 + i2 + . . . + ik ≡ j (mod a),

i1 + i2 + . . . + ik ≥ j.

So x1 + x2 + . . . + xk ≤ q. Since

i1 + i2 + . . . + ik ≤ qn ≤ a− 1,
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i1 + i2 + . . . + ik = j. So

j ∈ C = {i1x1 + i2x2 + . . . + ikxk|x1 + x2 + . . . + xk ≤ q}
= {l1 + l2 + . . . + lq|l1, l2, . . . , lq ∈ A}.

But, since C ⊃ B,

|C| =
(

k

q

)
≥ |B| = a =

(
k

q

)
+ 2.

This gives a contradiction. So H(a, 1, n) ≥ k + 1.

Corollary 6. Let 4|k, n = k(k+1)+4
4

and a = k(k+1)+4
2

.
Then,

H(a, 1, n) ≥ k + 1 =
1 +

√
16n− 15

2
.

This improves the lower bound of Ritter [1].

3. Open problems

Let
F(r) = {a|(a, d) = 1, a ≥ rn− n− r + 3},

Hr(d, n) = max
a∈F(r)

H(a, d, n),

H+
r (d) = lim sup

n→∞

H(d, n)
r
√

n

and

H−
r (d) = lim inf

n→∞
H(d, n)

r
√

n
.

Trivially, H+
1 (1) = H−

1 (1) = 1. The Ritter’s bound is

H+
2 (d) ≤ 4.

From Theorem 1, we obtain if r ≥ 2,

H+
r (d) ≤ 2r − 1.

Especially, from Corollary 2 and 6, we obtain

H+
2 (d) ≤ 3.

From Theorem 4, we obtain
r
√

r · r! ≤ H+
r (1).
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For r = 2, we improved Ritter’s lower bound H+
2 (1) ≥ 1

2
to H+

2 (1) ≥ 2.
From Theorem 2, we obtain

H−
1 (d) = H+

1 (d) =
1

d
=

H+
1 (1)

d
.

The basic open problem is
1. Compute H+

r (d) and H−
r (d).

But it seems to take a long time to solve it completely. So we want
to answer the following problems at first.

2. Improve the bounds of H+
r (d) and H−

r (d).

3. Is H+
r (d) = H−

r (d)?

4. Is H+
r (d) = H+

r (1)
d

and H−
r (d) = H−

r (1)
d

?
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