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ON THE RANKS OF SUBFORMS OF SOME LINEAR
FORMS WHICH LEFT FROBENIUS NUMBERS
INVARIANT

ByeonGg MooN KiMm

ABSTRACT. Suppose linear forms whose coefficients are arithmetic
progressions are given. In this paper, we will find the upper and
lower bounds of the minimal ranks of subforms of these forms which
left the Frobenius numbers invariant. This is an improvement of
Ritter’s bounds.

1. Introduction

Let a; < as < ... < a, be positive integers with (a1, as,...,a,) = 1.
The Frobenius number of a linear form f = f(z1,29,...,2,)= a1z1 +
asTs + ...+ a,x, is the largest integer m such that the equation f =m
has no non-negative integer solutions and it is denoted by G(f). A linear
form g = g(z1, 29, .., Tm)= b1y + boxo + ... + by, is a subform of f,
if {b1,b2,...,b} C {ay,a9,...,a,}. Therank of f = f(x1,29,...,2,)=
a1Ty + asxy + ... + a,x, is the number of variables n and it is denoted
by R(f). For a,d,n € z*, such that 2 < n < a and (a,d) = 1. we define
fodn =axo+ (a +d)xy + ...+ (a + (n — 1)d)z,—1. Roberts [2] proved
G(faan) = [=2]a+(a—1)d. Let H(a,d,n) = min{R(g)| g is a subform of
faan and G(g) = G(fadn)}- It is easy to see that if n > 3, H(a,d,n) >
3. In 1977, Selmer [3] proved if d > a(a — 2), H(a,d,a) = 3. In fact, he
proved if d > a(a—2), G(fada) = Glazo+(a+d)z1+ (a+(a—1)d)x,1).
In 1999, Ritter [1] proved if 3 <n <a—1,3 < H(a,d,n) < 4y/n. He
also proved if n=a—1>7and d =1, H(a,d,n) > \/Tﬁ In this paper,
we will find upper and lower bounds of H(a,d,n) and improve Ritter’s
bounds as a Corollary.

Received February 6, 2002.
2000 Mathematics Subject Classification: 11D04.
Key words and phrases: Frobenius number, minimal rank.



68 Byeong Moon Kim

2. Main Result

Theorem 1. Let a,d,n € Z*, (a,d) = 1,3 <n < a and [¢=2]+1 > r.
Then,
H(a,d,n) < (2r — 1)y/n + 2.
Proof. Let ¢ = [=3]+1,t = [*2]+1, (s—1)" <t < s" and p = [F5].
Note that n > t. So y/n+1> v/t+1>sand p < s— 1. Let
A ={0,1,...,s — 1},
Ay ={s,2s,...,5(s — 1)},
A ={s%,25% ...,5*(s — 1)},
A ={s"2252 . s (s — 1)},
By ={t,t—1,...,t—s+ 1},
By ={t—s,t—2s,...,t—s(s—1)},
B, ={t—s"1t—2s"1 . t—ps},
T=AUAU.. . UA, _,UB UByU...UB,
and
S={a+0bii e T} ={b,ba,...,b,}.
Then,
u<s+(r—2)(s=1)+s+(r—2)(s—1)+p
<@2r—=3)(s—1)+2
< (2r—1)V/n+2.

Let g = byxy +baxa + ...+ byxy,. Suppose x > ga+ (a — 1)d = G(fodn)-
There are «, § € Z such that x = aa + fd and 0 < § < a. Since

aa+ Bd— (ga+ (a—1)d) = (a« —qla+ (8 —a+1)d >0,

a>qg>r.f0<B<sHs—1),8=c +ces+...+c.s" ! for some
C1,62,...,0-1 €{0,1,...;s =1} and 0 < ¢, < s — 2. Then,

= (a+cd)+ (a+cysd) + ...+ (a+cs"1d) + (a—r)a.
So z is represented by g.
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s s—1)<p<t,0<t—p< s —ss—1) =351 So
t—B = di+dys+...+d, 15" forsome dy, do, ..., d,—1 € {0,1,...,s—1}.
Then, since

B=t—d 152 —d 95> — ... —dy
= (t — (d,— 1—1—1)87" N4 (s—dro+ 1)
+(s—dr3+1)s" + .+ (s—da+1)s+ (s — dy),

=(a+ (t — (doo1 +1)s"%)d) + (a + (s —d1)d) + (a + (s — dy + 1)sd)

+a+(s—d3+1)s%d) + ...+ (a+ (s — dr_p + 1)s"2d).

So x is represented by g.

o>t jt<pB<(j+ 1t for1 <j<q-—1. Then,

ks 7Tl < G+t =B < (k+1)s"77!

for some 0 < k < (p+ 1)s/ ™.

Since 0 < B — (j+ )t + (k+1)s" 771 < g7~

B—(G+Dt+(k+1)s" 7 =e;+eas+...+ej15 772

for some ey, eg,...,6,;-1 € {0,1,...,s —1}.

k< (p+1)s™ =2 k+1=fi+ fos+ ...+ fj+18 for some
fl)fZa"'fj € {0’17"'75_ 1} and < fj+1 Sp Then7

B=(G+1)t— (k+ 1) be +eas+ ... +eryys 2
=(t—fiss7 )+t = fos" )+ .4+ (= i)
+ep +exs+ ...+ er_j_lsr_j_Q,
So
z=(a+(t—fis" 7 )d)+ (a+(t— fos")d) +. ..+ (a+ (t— fias"")d)
+(a+ed) + (a+essd)+ ...+ (a+e_j_1577%d) + (= 1)a

So x is represented by g.
Ifk=(p+1)s’t — 1, since

0>jt—B=0G+1)t—F—t>ks" 7" —t
>((p+ 1D =15 = (p+1)s = ="
B—jt=g1+gs+...+g—j1s 77
for some ¢1,¢2,...9.—j-1 €{0,1,..., 5 —1}. Then,
B=jt+gi+gas+...+Gg_j 18 772

So
x=j(a+td)+ (a+ gid) + (a + g2)sd) +
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+(a+ grj 18" 77%d) + (a — r + 1)a.
So z is represented by g. Thus, G(g) = qa + (a — 1)d. So
H(a,d,n) <u < (2r—1)y/n+2.

Corollary 1. Let a,d,n € z*, (a,d) =1, 3 < n < a. Then,
H(a,d,n) < min {(2r — 1)¥/n + 2},
2<r<q

a—2]

where q = [%=7].

Corollary 2. Let a,d,n € z*, (a,d) =1, 3 < n < a. Then,
H(a,d,n) < 3v/n+2.
This is an improvement of the result of Ritter [1].

Theorem 2. Let a,d € z*, (a,d) = 1 and 3 < a. Then, if d = 1,
H(a,d,a) =a and if d > 2,

a a (d—1)
[ S H(a,da) <[~ ]+2 ——a]+1
Proof. For all i such that a — [ ¢ | <i < a,

a+id > (a—1)d.

So it is trivial that [ § ] < H(a,d,a). For 0 < i < a — 1, the linear
form g is made from f,;, by deleting a term (a + 4)x;. Then, g can’t
represent a+ 4, which is larger than the Frobenius number a —1 of f, 1.
So H(a,1,a) = 1.

Suppose d > 2. Let t = [4] and s = | \/@ |. Let
A={a+(a—1)d,a+ (a—2)d,...,a+ (a —t—1)d},
B={a+d,a+2d,...,a+ (s —1)d},
C={a+sd,a+2sd,...,a+ s(s—1)d},
D=AUBUC={a1 <ay<...<a,}
and
g = a1T1 + Q%2 + ...+ ApZy.
Then,

n=t+2s+1=[-]+2[

Ul e
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If v > (a—1)d and x = aa + fd for 1 < 3 < a, since
r—(a—1)d=aa+ (f—a+1)d>0.
a>1.f0<<a—-t—1,
aa> (a—1—p0)d> (t+1)d.
Since

a>(t—|—1)g:([g]—|—1)

« > 2. Then, since

0§ﬁ§a—t—2§a—g—1< v :
ﬁ:bl—l-bQSfOrOSbl,bQSS—l. So

r=aa+ fd=(a+bd)+ (a+ bysd) + ( — 2)a.
So x is represented by g. f a =t -1 < <a—-1,3€ A. So

r = (a+fd)+ (a—1)a.

So x is represented by g. So H(a,d,a) <[4 ]+ 2] (dgl)a |+ 1 O

Theorem 3. Let a,d € Zt, (a,d) =1 and 3 < a < d. Then,
H(a,d,a) < [logeps(a — 2)] +3
where t = [4].
Proof. Let s = [log,,(a — 2)],

A={a+(a—1)d,a+ (a—2)d,...,a+ (a —t —2)d}
Wa+(a—1—(t+1))d,a+(a—1—t+1)*)d,...,a+(a—1—(t+1)%)d}.
Suppose * = aa + 3d > (a — 1)d. Then, since (t + 1)**' > a + 2,
(@a—1—(t+1)**' <2.S0Bis0,1,a—1or

a—1—-@t+1)"M<B<a—-1—(t+1)
for some i € {0,1,...,s}. Then, since aa > (a — 1 — 3)d,
d )
a > (t+1)la > (t+ 1)t
Ifi<s—1, ‘

r=(a+(a—1—(t+1)"d)
+(B+(t+1) " +1—a)(a+d)
+Ha—-2—-8—(t+1)" +a)a.
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Since
0<B+({t+1)"+1—a
<a+ @+ —(a—1— @+ =t{t+1),
a—2—-B—@t+D)M+ra>a—-1—tt+1)>0.
So z is represented by g.
If i = s, since a — 1 < (¢t + 1),

B<a—1—(+1)+1<(t+1D) -t +1)°<a

So x is represented by g.
If Bis 0, 1, a — 1, it is trivial that g represent x. O]

Corollary 3. If d > a[ "V/a —2], H(a,d,a) <.

Corollary 4. (Selmer)If a,d € Z*, (a,d) = 1, 3 < a and d >
ala—2), H(a,d,a) = 3.

Corollary 5. If a,d € Z*, (a,d) = 1, 3 < a and d > ava — 2,
H(a,d,a) < 4.

Theorem 4. Let q > 3, ¢*|k, n = n(k,q) = %<§)+1 anda = a(k,q) =
(];) + 2. Then,
H(a,1,n) > k+ 1.
Proof. Suppose there is a subset
A= {i1,i9,...,5} < {0,1,...,n — 1},
such that if g = g(xy1, 29, ..., x,) = (a+i1)x1+ (a+i)xe+. . .+ (a+ig)xy,
G(g9) =qa—1=G(a,1,n).

Then, for all j € {0,1,...,a — 1} = B, there are non-negative integers
Xg, X1, ..., T such that

ga+j=(a+1)x + (a+i2)za+ ...+ (a+ig)xy
=(x1+ 2o+ ... +ap)a+ (121 + daxe + ... + igxg).
Since i1 +is+ ...+ i = j (mod a),
i1 4ds+ ... +ig > 7.
So x1 + x9 + ...+ xp < q. Since
h+to+ ...+ <gn<a-—1,
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jeC ={ixy +isxo+ ... +igr|rr + 220+ ... + 31 < q}
={li+bL+. ...+l ..., €A}

But, since C' D B,
k k
|C]:()2\B|:a:(>+2.
4q 4q

This gives a contradiction. So H(a,1,n) >k + 1.

Corollary 6. Let 4]k, n = X0 454 ¢ = —k(k*;)*‘l,

4
Then,
14 vI6n — 1
H(a,1,n) > k4 1= - 5’” .

This improves the lower bound of Ritter [1].

3. Open problems

Let
F(r)={al(a,d) =1,a > rn—n—r+ 3},
H’I‘ d; — H 7d7 s
(o) = gy Heo o)
H
HT(d) = limsup (d,n)
nooo VN
and

H(d
H-(d) = tim inf 2497
n—00 \T/ﬁ
Trivially, H; (1) = H; (1) = 1. The Ritter’s bound is

H(d) < 4.
From Theorem 1, we obtain if r > 2,
HT(d) <2r—1.

Especially, from Corollary 2 and 6, we obtain
H(d) < 3.
From Theorem 4, we obtain

Vr-rl < HF(1).

73
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For r = 2, we improved Ritter’s lower bound Hy (1) > % to H (1) > 2.
From Theorem 2, we obtain

.
17 () = 1 (d) = 5 = 00,

The basic open problem is
1. Compute H,"(d) and H, (d).

But it seems to take a long time to solve it completely. So we want
to answer the following problems at first.

2. Improve the bounds of H(d) and H(d).
3. Is H(d) = H-(d)?

r

4. Is H(d) = % and H; (d) = 217
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