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CONTINUITY FOR COMMUTATORS
OF LITTLEWOOD-PALEY OPERATORS
ON CERTAIN HARDY SPACES

Liu LANZHE

ABSTRACT. In this paper, the continuity for the commutators of
Littlewood-Paley operators on certain Hardy and Herz-Hardy spac-
es are obtained.

1. Introduction and definitions

Let b € BMO(R") and T be the Calderon-Zygmund operator. The
commutator [b,T] generated by b and T is defined by

b, T1f(z) = b(z)T f(z) — T(bf)(x).

A classical result of Coifman, Rochberg and Weiss [3] proved that the
commutator [b,T] is bounded on LP(R") (1 < p < o). However, it
was observed that [b,7] is not bounded, in general, from HP(R") to
LP(R") and from L}(R™) to L'°°(R™) and from H?:*(R"?) to LP>(R")
for p < 1. But, if HP(R") is replaced by a suitable atomic space
HP(R™) and HP>°(R™) by HI"*°(R™) (see [1], [12]), then [b,T] maps
continuously Hy(R™) into LP(R™) and H}"*°(R") into LP*°(R") for
p € (n/(n+1),1]. In addition, we easily know that Hf (R™) C HP(R")
and H"*°(R") C H»*°(R"™). The main purpose of this paper is to con-
sider the continuity of the commutators related to the Littlewood-Paley
operators and BMO(R™) functions on certain Hardy and Herz-Hardy
spaces. Let us first introduce some definitions (see [1}, [4], [5], [6], [8],
[9], (10}, [11], [15]).
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DEFINITION 1. Let b be a locally integrable function and 0 < p < 1.
A bounded measurable function a on R" is said to be a (p,b) atom if

1) supp a C B = B(z, ),

i) lallz= < [BI~V7,

iii) [a(y)dy = [ a(y)b(y)dy = 0.

A temperate distribution f is said to belong to HY(R™), if, in the
Schwartz distributional sense, it can be written as

fl@) =" Ma;(=),
j=1

where a)s are (p,b) atoms, A; € C and 3 72 || < co. Moreover, we
define
o0
Fllz ey = i 177,
j=1
where the infimum is taken over all the decompositions of f as above.

DEFINITION 2. Let b be a locally integrable function and 0 < p < 1.
A temperate distribution f is said to belong to the space HY'*(R™) if
there exists a sequence of functions {fx}22 __ € L°°(R™) such that

a) f(z) = pe_o fx(z) in the Schwartz distribution sense;

b) Each fi can be decomposed into fy = 3-72, b5 in L®(R") N
HP(R™), where b;? satisfies the following properties:

b): Supp b% C BF, B¥’s are the balls with

e o] [o o]
S%PZXB;F(‘T) < o0, s%p2'°”z |Bf| < o0,
Jj=1 ji=1

where, and in what follows, xg denotes the characteristic function of
the set E,
b)e there exists a constant C = C(n,p) > 0 such that

65| < C2% for every k, 4,

b)s fmn bf(x)da: = fRn bf(:l:)b(a:)d:z; =0.
The quasi-norm on the space H"®(R") is defined by

oo

Wm0 gy = inf sup 2~P B¥|,
H ™ (R™) TR DR bE=f kez ;' ]]

where the infimum is taken over all the decompositions of f as above.
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Let By = {z € R" : |z| < 2%}, Ak = By \ Bx—1 and Xk = X4,k € Z.

DEFINITION 3. Let 0 <p, g < oo, x€R
(1) The homogeneous Herz space is defined by

KgP ={f € L, R* \{0}) : |l gor@ny < 00},
where
s 1/p
[FiFoe— { > 2’“'Pukan’zq} ;
k=—o00
(2) The nonhomogeneous Herz space is defined by

KgP(R™) = {f € LE,o(R") : | lligre) < o0},

loc

where
0 1/p
g @y = [sz“”ilkail’iq +I|fxBolliq] :
k=1

DEFINITION 4. Let 0 < p, ¢ < 00, @ € R. For k € Z and measurable
function f on R™, let mi(, f) = {z € Ak : |f(z)| > A}|; for k € N, let
(A, f) = mi(X, f) and mo(A, f) = {z € Bo : |f(z)] > AH.

(1) The homogeneous weak Herz space is defined by

WKEP ={f € LL, (R™) : ||fllwisr@n) <0}

loc

where

k=—o00

00 1/p
11w sego ey = 592 { > 2ePmi(), ) "} .

(2) The nonhomogeneous weak Herz space is defined by

WEKZPR") = {f € LLR™) : ||fllwkg»@n) < o0},

loc

where
o0

1/p
Fllw kg @n) = sup A { 2kaPyn, (A, f)”/"] :
A>0

k=0
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DEFINITION 5. Let a € R, 1 < ¢ < o0, b € L1o.(R™). A function
a(x) on R™ is called a central («, g, b)-atom (or a central (a, g, b)-atom
of restrict type), if

1) Supp a C B(0,r) for some r > 0 (or for some 7 > 1),

2) llallzs < 1B, 7)|*/",

3) [a(z)dz = [a(z)b(z)dz = 0.

A temperate distribution f is said to belong to HK, oy (R™) (or HK 'Y
(R™)), if it can be written as f = 302 Aja; (or f = 3272, Aja;) in the
S’'(R™) sense, where a; is a central («, g, b)-atom (or a central (a,q,b)-
atom of restrict type) supported on B(0,27) and Y 7 |A;[P < oo (or
Y720 IAjlP < 00). Moreover

1l Corll lscep) = me (S )77,
J

where the infimum is taken over all the decompositions of f as above.

DEFINITION 6. Let € > 0 and fix a function 1 satisfying the following
properties:

(1) [y(x)dz =0,

@) @) <o+ =)=,

(3) ¢z +y) — (@) < Clyl*(1 + [a])~"+1+<) when 2|y] < ||.

Let b be a locally integrable function and I'(z) = {(y,t) € Ri“ :
|z—y| < t}. The commutator of the Littlewood-Paley operator is defined
by

1/2
Sualf)(@) = { I B (1)) ey } ,

where

FuePle) = [ uly = 2)fG)b(@) = b))z,

and ¥ (z) = t~"(z/t) for t > 0. We also define that

1/2
Su(f)(e) = (/F( )lf*wtw)ﬁfi’ff) ,

which is the Littlewood-Paley operator (see [15]).
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2. Theorems and proofs

THEOREM 1. Let b€ BMO(R") and 1> p > n/(n+¢). Then the
commutator Sy is bounded from HY(R") to LP(R™).

Proof. It suffices to show that there exists a constant C' > 0 such
that for every (p,b) atom a,

1Sy s(a)|lLr < C.

Let a be a (p,b) atom supported on a ball B = B(xzg,r). We write

[ us@@)pds

- [ Bw@@ras [ Su@@pe
|z—~xzo|<2r |x—x0|>2r
=I1+4+11

For I, taking ¢ > 1, by Hélder’s inequality and the L?-boundedness of
Sy (see [2]), we see that

I < ClSys(@)llhe - |Blzo, 2r)|' P/

< Cllallz.|BI'# < C.

For 11, by Holder’s inequality, we have

o0

II < CZ/ [Sy.b(a)(z)]Pdz
k=1 Y2kt lr>[z—zo|>2Fr

o0 p
<CY |Ba 2 | [ Sua(@)(@)dz|
26+ lr>|z—zo|>2Fr

k=0

Since, by Definition 6(3) and the vanishing moment of a,

Syp(a)(z)

% dydt V2
< [ Lo (L ty =2 =ty —sollatolete) - ooz t]
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) 1/2
n bz (lxo — 2|/t)° ., dydt
[ matonete b1 o e t"*l}

2 1/2
IBIs/n]BI—l/pt it
/F(x) (/B (t + |zo — y|)n+H1it+e lblz) = bl2)ldz | oo

< C|B|6/”—1/p
tl—n22(n+1+€) 1/2
/I“(m) <(2t ¥ 2]z — y|) 2 H1Te) / |b(z) — b(2) Idz) dydt .

Let by = [B(z0,7)| ™" [p(g,.r) b(¥)dy. Notice that 2t + |zo —y| > 2t +
lzg — x| — |z — y| > t + |xzqg — z| when |z — y| < ¢, and

<C

=C

X

0 (t + Ix _ m0|2(n+1+5)) y

then, we deduce

Sy.5(a)(z) < C|B|s/m—1/PHL

tl—n
[/r(m) (2t + |z — y|)2(nt1te)
< (1B [ (1) = bol + b0 — b(a))d)? | dyet)
B
< C!B|e/n—1/p+1

1/2
tl n
<[ o |, s (b(e) — bl + [lsaco) )dydt]

< C|BIF/™ /P (|b(z) — bo| + ||bllBrmo)

%0 tdt 1/2
8 </0 (t+ |z~ xol)2("+1+€))
= C|BIF/"Y?*1 (|b(z) ~ bo| + ||B]| srmo) |z — @o| 7" +E).
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Thus

I < CZ ‘B(CCO,2k+1T)llfp’B“E/n—l/pH)pHbH%Mo
k=0

p
—(n+e
/ |z — 20| " (" de
2kH1p> |z —ag|>2kr

o
+ C}: |B(-TO, 2k+17,)|1~p|B|(s/n—1/p+1)p
k=0

p
/ Iz — |~ |b(z) - bo|dz
2k+1r>|p—xg|>2kr

= .[Il +I.[2

For II,, using the properties of BMO(R™) (see [13]), we obtain

n

S PEP|[b] | 4 0| BT/ L P)E

I, < CY | B(mo, 26| D MO

k=0

< Clbllgao Y kr2tnt=imrenm)
k=0
< CllbllBmo-

For II, similar to the estimate of II, we obtain I} < C||b||%0-
Combining the estimates of 11y with I1,, we gain

IT < C|blippo < C.
This finishes the proof of Theorem 1. il

THEOREM 2. Let b € L®(R") and p = n/(n+¢€). Then Sy, is
bounded from H}(R™) to LP*°(R"). To prove the theorem, we recall
the following lemma (see [14}):

LEMMA. Let {fr} be a sequence of measurable functions and p €
(0,1), and assume that

{z € R™ : |fi(z)] > A} < cA7P for any k and A > 0.

Then, for every p-summable numerical sequence {Cy} we have

-}
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Proof of Theorem 2. Tt suffices to show that there exists a constant
C > 0 such that for each (p,b) atom a and any A > 0, we have

MNP {z e R™ : Sy p(a)(z) > A} < c||b)|% -
We write

NP{z € R" : Sy p(a)(z) > A}
< A [z € R™:{b()|Sy (a)(z) > A2} +XP {z € R™:Sy(ab)(z) > A/2}]
=I1+1I.

For I, by a € HP(R") and the boundedness of Sy, from HP(R™) to LP(R")
(0 < p £1), we have

I < CX¥{z e R™: Sy(a)(z) > A/(2|[b]| =)}
< Cb][7, -

For II, noting that ab/||b||o is also a (p, c0) atom in the space HP(R"),
thus, we gain

IT < X [{z € R™ : Sy(ab/|[bl|L=)(z) > A/(2l[bllLo= )} < Cllb]|Z-

This finishes the proof of Theorem 2. O

THEOREM 3. Let b€ BMO(R") and 1> p >n/(n+¢€). Then Sy,
is bounded from H}'*(R™) to L»*>°(R™).

Proof. Given f € HP™(R™), let f = Y o0 _ oo fi = Yone—oo 2ogey b
be an atomic decomposition of f as in Definition 2. By a limiting argu-
ment, it suffices to show that

N
sup \P|{zx € R™ : Sy ( > fk> (z) > \}| < CCy
k=-N

A>0

for every N = 0,1,2,---, where C; = sup,¢;2** 377, |Bf|. Given
A > 0, we take ko € Z such that 2% < X < 2ko+1 Let

N ko N
Yo fe= D fit Y, fk=Fi+F
k=—N

k=—N k=ko+1
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Note that
k)o oC ko oo
Fi@<C Y 23 p@l<c Y 2 xula)
k=—N  j=1 k=—N j=1

ko
k
<C Z 2 Xu;ngJ’?(x):
k=—N

thus

1 1
ko /q /4

oc ko oo
IRl <C > 28I JBY| <C > 28> IB)|
j=1 Jj=1

k=—N k=—N

ko
< C'Cll/q Z ok—kp/q < Ccll/qzko—kop/q
k=—N

< CC’ll/q)\l_”/q for any 1 < g < cc.
Since Sy 4 is bounded on L4(R") for 1 < g < oo (see [2]), we have
AP {z € R™ : Sy o (Fi)(z) > A2} < CXNPTIY|Fy[S, < CCh.

For Fy, let AkBgC be the ball with the same center as BJ’-“ and Ay times

the radius of B]’?, where A, > 2"*! is a positive number to be determined
later. For brevity, let

BkQ,N = U AkB‘;c.
ko + 1<k<N,j>1
We write
Nz € R™ : Sy y(Fo)() > A/2}|
= ANP|{z € Biy,N: Sy p(F2)(x) > AH + AP{z & Bry N : Sy p(F2)(x) > A}
=I1+1I.

Let CJ’? = |Bf|~! fo b(y)dy; first, we have
II < NP |{z & By, ~ : |b(z) — CF|Sy(Fa)(z) > A/2}]

+ A [{z & Bro.n 1 Spl(b— CH)F2)(z) > A/2}|
= IIl +IIQ
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and
InL<cC (B . |b(z) ——CJ’?|P(Sw(F2)(a:))PdIE
<c Z Z / Ib(z) ~ CH(Su (08 (@)Pda
k=ko+1 j=1

Let us now fix j and k. Then

[ @)~ CHS ) @)
(AxBf)e

- le+1A B*\2! A, B¥ 1b(z) = Cflp(sw(b;?)(x))pdm
=0 kD kB

0o I-p
< S (65)(z))P/ 1P dy
> ( B

=0
p
x ( / b(z) — Cﬂdx)
21+1 4, BF\2! A, BY

(where usual modification is made when p = 1)
= L;

let By = |27 A BF|™! [yi11 4, pr 1(z) — CFldz, then

o0 1-p
L< ZB{’I2’+1AkBJ’?|p / (S (b5)(z))P/ P da
21+1 A BE\2! A BY

1=0
Similar to the proof of Theorem 1, we have
Su(05)(@) < Clal=*9 [ ylletu)ldy < O2lf 9B/
Thus J
L< Cf:Blp,21+1AkBJI§lp2kplBch,(1+s/n)p,21+1AkBJIp,1—p(n+a)/n—p
1=0
— C2’“”AZ(1—("+€)”/”)|B]’?| iBlp2(l+1)(n—(n+s)p)
1=0
< Clbligao2 AL~ Bl
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Now we take Ay = A2(k—k0)/(n+¢) where A is fixed and large enough;
then

o0 N
I < Clbligao Z Z ka'Bf[Aka(nm
j=1 k=ko+1

N
< CCy Z Az—p(n—Hs)
k:ko+l
< CCy, since p > n/(n +¢€).

Now, let us estimate II;. By the estimate of Sy, similar to above, we
deduce

N 00
ILSXN|[SzgBin: Y, Y Sullb—CHBF)(z) > N/2

k=ko+1j=1

N oc
{x & Bpy,N - Z Zc|x|»(n+s)2k|3ﬂ1+s/n

k=ko+1j=1

. <IB§“|‘1 [ —c?ldy) > /2|

M

<A

N o]
n/(n+e)
SON 30 S [KIBHN M bllano) AT
k:ko-{-lj:l

N
< C/\P—n/(n+s)Hb”%/A(/Ings) . Cy Z 2k(n/(n+5)_p)
k=kg-+1
< OO NP~/ (nte) gko(n/(n+e) —p)

< CC;, since A < 2ko+1
Combining the estimates of II, with I, we obtain
11 <CC.
Finally, let us estimate I. We have

N oo N
I <)\ Z ZAZ|B;cI < CIC, Z gn(k—ko)/(n+e)g—kp
k=ko+1 j=1 k=ko+1

N
< CC’l)\p2"k°p Z olk—ko)(n/(n+e)—p) < Ce,.
k:ko-l'-].
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Now, let us combine the estimates of I with I, and let N — oo, then,
we have obtained the conclusion of Theorem 3. )

THEOREM 4.
n(l1—~1/g) +e and b € BMO(R™). Then Sy is bounded from HK'

(R") to K&P(R™).

Proof.

Let 0 < p<oo,l <gqg<oo,n(l-1/q) £ a<

Let f € HKJP(R™) and f(z) = 172 Aja;(z)) be the
atomic decomposition for f as in Definition 5. We write

pq l/p
o0

k—3
1Sus(Ollger@ny <C | D2 > NlllSes(a)xnlls

0

Z 2kap

k=—o0 j=—00

pq 1/p

> IS bas)xnllze
=k—-2

J

For II, by the boundedness of Sy, on LY(R")(see [2]), we have

IIH<c

IA

[~
Z 2k:ap

k=—o0

i 2kap

k=—00

porti

C

(25
o

pq1/p

> Al
k-

2

J

J

~ pq 1/p
>l
=k—2

( . 1l/p
(D 2tr o P2er] T 0<p <

2ker(32 I\ IP2Iew/2)
o, A 1/p
% (Z?ik_z 9—jop /2)P/p ] , p>1
. ) . yl/p
e (SEE2 209 ) g r2-ior | 0 <p <1

AP (Ziiwzw—j)”ﬂ)]u", p>1

o 1/p
> l)\jlp) S Cllf ke @ny-

<C
Jj=—00
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For I, let b; = |B;|™* fB,» b(x)dz; by the vanishing moment of a; and the

properties of BMO(R™)(see [13]), similar to the proof of Theorem 1, we
have, for x € Ay, j < k — 3,

Sy.p(a;)(z)
1/2

2dyalt
< /F(z)</8jlwt(y —z) — e (y — zo)l|a;(2)]|b(z) — b(z)ldz) o

< C2—k(n+5)“b(x)_ bjlzj(s-l-n(lfl/q)—a)_f_ 2j(e~a)(/ b(y) — bjlq/dy)l/ql]
B
< 9~ k(n+e) [Qj(s+n(l~1/Q)—Oc) + (k — j)2]‘(€+"(1—1/tI)~ﬂ) ||b”BMO~

Thus

o] k-3
Z 2kap< l)\jI2—k:(n+6)+j(a+n(l—l/q)—a)
k=—00

- J

y (/B Ib(z) — bqudx)l/q)?

k—3
> 2kap< S Ak — )2 kmrersaeni-ya —a)

k=—c0 j=—0oc

I<C

Il
|

oC

1/p

+C

p1l/p
X2kn/q”b|131\10> :| EIl+Ig.

To estimate Iy and I, we consider two cases.
Case 1. 0 < p < 1. In this case, we have

X0
n<c|y oo
k=—o00
k-3 Pyi/e
x Z |/\j|p2[—k(n+6)+j(€+n(1—1/q)—a)]p2knp/ql|b||BMO
j=—00

1/p
oC fe%e]
< Clbllsrmo [ Z [A;]P Z 9(i—k)(e+n(1-1/q)—a)p

j=—00 k=j+3
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1/p
o<

< CllbllBmo Z AP

j=—00

and

1/p
oo

L<Clbllamo | 3. WP S (k= jypati-Rietn(-1/a-a)p

Jj=—o0 k=3+3
1/p

< Cllblismo Z AP

j==—oc

S CIlf”HK;*bP(Rn)-

Case 2. p > 1. By Hélder’s inequality, we deduce that

) k—3
L < C“b”BMOLZ ( Z |)\j|P2(j—k)P(€+n(1—1/q)—a)/2)

=00 \j=—oc

k—3 p/p' /P
><< Z z(j—k)p’(s+n(1-1/Q)~a)/2> }

j=-—o00

< C( i I)\jlp>1/p

j=—o0

< C”f”Hk:xbp(Rn)

and

00 k-3
I, < C|Jbl|smo [’Z ( Z I\ [P (K __j)P2(j—k)P(s+n(1—1/q)—a)/2)

im—oo \j=—oo

k-3 o/v’ 1/p
X( Z 2(1'"’“””(€+n(1—1/q)—a)/2) }

j=—00
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1/p
o0

< CHb”BMO Z |)\jlp Z (k_j)PQ(j—k)p(5+n(1—1/q)_a)/2

j=—00 k=7+3

o 1/p
<cl Y P

j=—o0

< C”f”Hf(;f(R")'

This finishes the proof of Theorem 4. O
THEOREM 5. Let0 <p<1<g<oo, a=n(l~-1/q)+¢e and

b€ BMO(R™). Then, for any A >0 and f € HK_(R"), we have

e}

1/p
> 2P (A, Sw,b(f))”/q]

k=0
< C)‘_IHfHHK:’b"(R") (1 +10g+(A_lllfllHK;;;’(Rn))) :

Proof. Let f € HK.'(R") and f(z) = 3272, Aja;(z) be the atomic
decomposition for f as in Definition 5. We write

oo 1/p
> 2P (), Sw,b(f))p/q]

k=0
3 1/p
< | > 2k, sw,b<f>>p/‘1
k=0
) 1
N - p/q] /P
+C | D 2Py | A2, 1N1Sy,6(a5)
k=4 j=0
- p/a] /P
+C D25 | M2, 800 | D Aa;
. j=k—2
=L+ 1+ I3

For I; and I3, by the weak (g,q) type boundedness of Sy , (see [2]) and
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0 < p <1, we have

r 3 1/p co 1/p
L <ox! Z2k“pl|f|l’£q} < CATH D NPl
Lk=0 =0
o 1/p o 1/p
<A Y P2 ) <ot D D INP
=0 7=0
< C’\_1||f||HK;”‘b”(R")
and
- p q1l/p
oC o0
13 S C’/\_1 Z2kap Z /\ja]'
| k=4 j=k—2 La
M o o 1/p
<Ccax! 22’“"” Z [/\j|p2‘j°‘p
Lk:4 j=k—2
[ oo 42 /p
<At Z AP ZQ(k—j)aP
[ /=0 k=0
~ 1/p
<O INP
=0
< C/\_IHfHHK;f(]R")-
For I, by the same argument as that of Theorems 1 and 4,
Sys(a;)(@) < C27F ) (|b(z) — be| + K||b|| Baso);
therefore
p/a] 1P
L < C | 2%Pmy | A4, C27FF ) |b(z) — b D ||
k=4 =0
1/p

p/q
o0 oo
+C | 2kermy, (A/4, 27 " O kl|bl paro Y m)
k=4

i=0

= 1 2,
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For Iél), by using John-Nirenberg inequality (see [15]), we gain

1/p

i /4
> C2Hnre)\ "
I(l) < C 2kap e . _ an
2 = LZ A bllsao oy

k=4
r 1/p
o C/\2k(n+s)
<C 2k(+e)p oxp [ — =
2 im0 Yoo Pl

~ N 1/p
cAT
<cC / 2P rexp [ — = dx
Jo ( bllBaro Zj——ol)‘jl> ]

o o 1/p
S C)\_lanB]u() Z [)\]l (/ tp_le_tdt>
0

=0
o 1/p
<O DI
=0
< C)\_1||f||HK;f(Rn)-

For 152), by using the following fact: If there exists w > 1 such that

{ZL’EAki

2 [z < u for x > 3, then 2° < culogt u. We have, if

C2-*k+) k||| paro oo Nl > )\/4}1 # 0, then

1< gk(nte) < C)\—llleBMo Z [)\jl;

j=0
thus

k) < OATTY T [AllogT [ AT 1A

3=0 §=0

Let K be the maximal integer k& which satisfies the above inequality;
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then

K 1/p
I§2) <C <Z Qkap2knp/q> < C2K,\ (n+e)
k=4

< ONTY T Allogt (AT 1A
§=0

j=0
o i/p - l/p
SONT D NP ot AT DI
7=0 3=0

< C/\_lnf‘”HK?”b”(R") log* (A‘lllf”HK;’f(]R")) -

Now, summing up the above estimates, we have

x>0
O 25PN, S s (NP N? < C ANl ey @em
k=0

s (1 4+ Tog" A 1 ll e )

This completes the proof of Theorem 5. O
In Theorem 5, if we relax the condition of b, then we get the following
conclusijon.

THEOREM 6. Let0<p<1<g<oo,a=n(l-1/q)+¢e and
b € L°°(R™). Then Sy, is bounded from HK:;’})” (R™) to WK;"*”(R").

Proof. Let f € HK;;JP(R") and f(z) = 3 j-_ Ajaj(z) be the
atomic decomposition for f as in Definition 5. Write

> 2k Pmy (X, Sy (£))P/

k=—o00
. Y3 r/q
< D 2kPmg [ A2, Y VIS e(ay)
k=—o0 Jj=—o0
p/q

00 00
+ Z ZkQPmk A/Z,Sﬂ,’b( Z )\jaj)
S

k=—00 J 2

=I+11.
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For I1, by the weak (g, q) type boundedness of Sy, and 0 < p < 1, we
have

II<ox™ 3 2% N x|yl

k=—oc j=k—2
oo Jj+2
< C\7P Z ’)\j’p Z olk—j)ap
j=—oc k=—o00
< CA p”f“HKQ P Rn)

For I, since, similar to the proof of Theorems 1 and 4,
Syp(az)(z) < C27F0F9)|jp]| oo,

if |z € Ay : C275(+9)||p|| Lo Z]—:_oo |A;] > A/2| # 0, then

2k(n+5) SC)\_IHbHL“’ Z IAJI Sc/\*l( Z |)\jlp)1/l’.

j:—oo j:—OO

Let K be the maximal integer k& which satisfies the above inequality;
then

K
1<c ) 2kergkne/e < cofatnter

k=—o00

<CONTP Y NP < oXTRIfIE,

. Koy (®Rn)’
j=—o0

This completes the proof of Theorem 6. d

REMARK. Theorems 4 and 6 also hold for nonhomogeneous Herz-type
spaces; we omit the details.

ACKNOWLEDGEMENT. The author would like to express his deep
gratitude to the referee for his very valuable comments and suggestions.

References

(1] J. Alvarez, Continuity properties for linear commutators of Calderon-Zygmund
operators, Collect. Math. 49 (1998), 17-31.



[15]

Liu Lanzhe

J. Alvarez, R. J. Babgy, D. S. Kurtz and C. Perez, Weighted estimates for
commutators of linear operators, Studia Math. 104 (1993), 195-209.

R. Coifman, R. Rochberg and G. Weiss, Factorization theorem for Hardy spaces
in several variables, Ann. of Math. 103 (1976), 611-635.

J. Garcia-Cuerva and M. J. L. Herrero, A theory of Hardy spaces associated to
Herz spaces, Proc. London Math. Soc. 69 (1994), 605—628.

G. Hu, S. Luand D. Yang, The weak Herz spaces, J. of Beijing Normal University
(Natural Sci.) 31 (1997), 27-36.

, The applications of weak Herz spaces, Adv. Math. (China) 26 (1997),
417-428.

H. Liu, The weak HP spaces on homogeneous groups, Lecture Notes in Math.
1494, Springer, Berlin, 1991, 113-118.

S. Lu and D. Yang, The local versions of HP(R™) spaces at the origin, Studia
Math. 116 (1995), 103-131.

, The decomposition of the weighted Herz spaces and its applications,
Sci. China Ser. A 38 (1995), 147-158.

, The weighted Herz spaces type Hardy spaces and its applications, Sci.
China Ser. A 38 (1995), 662-673.

, The continuity of commutators on Herz type spaces, Michigan Math.
J. 44 (1997), 255—281.

C. Perez, Endpoint estimates for commutators of singular integral operators, J.
Funct. Anal. 128 (1995), 163-185.

E. M. Stein, Harmonic Analysis: real variable methods orthogonality and oscil-
lation integrals, Princeton Mathematical Series, 43, Princeton University Press,
Princeton, NJ, 1993.

E. M. Stein, M. Taibleson and G. Weiss, Weak type estimates for maximal
operators on certain HP spaces, Rend. Circ. Mat. Palermo, suppl. 1 (1981),
81-97.

A. Torchinsky, The real variable methods in harmonic analysis, Pure and Ap-
plied Math. 123, Academic Press, New York, 1986.

Department of Applied Mathematics
Hunan University

Changsha, 410082, P. R. China
E-mail: lanzheliu@263.net



