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A GENERALIZED SEQUENTIAL
OPERATOR-VALUED FUNCTION SPACE INTEGRAL

KUN Soo CHANG, BYOUNG S00 KiM, AND CHEONG HEE PARK

ABSTRACT. In this paper, we define a generalized sequential opera-
tor-valued function space integral by using a generalized Wiener
measure. It is an extention of the sequential operator-valued func-
tion space integral introduced by Cameron and Storvick. We prove
the existence of this integral for functionals which involve some
product Borel measures.

1. Introduction

In 1968, Cameron and Storvick defined operator-valued function space
integrals [3]; the analytic operator-valued function space integral and the
sequential operator-valued function space integral. These integrals are
based on the Wiener integral associated with the Wiener process. In [2,
5], a measure and an integral associated with a Gaussian Markov pro-
cess were defined. In [4], we introduced a generalized Wiener measure
associated with a Gaussian Markov process, and by using the general-
ized Wiener measure we defined a generalized analytic operator-valued
function space integral as a bounded linear operator from L,(R) into
LyR)forl<p<2.

In this paper, by using the generalized Wiener measure, we define a
generalized sequential operator-valued function space integral. And we
prove the existence of the integral for functionals which involve product
Borel measures. Our results extend some results in [3].
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Let f(t) be a real valued continuous function defined on [a, b] and let
u and v be functions satisfying the following conditions throughout this
paper.

(1) There exist ' and v’ which are continuous on [a, b].

(2) v (t)v(t) —u(t)'(t) >0fora <t <b.

(3) u>0, v>0on [a,b.

In [4], we introduced the generalized Wiener measure space
(Ctayla,b],S,mi ) associated with a Markov process with the mean
function f and the covariance function u/v.

mi ,({z € Cpala,b]| (z(t1),--- ,2(tn)) € B})
= fB(H?:l m

n (G fE) -y (= (tim1))? | o
* €Xp ( - Zi:l 2A(t1i_1,ti) )df,

where tg =a <ty <--- <t, <b, & = f(a), B is a Borel set of R" and
Alti-n,t) = (ultd) - Stfule))olt) for i =1, .

’U(tl 1)

Let us introduce some notations needed in this paper. C,C* and
C* are sets of all complex numbers, all complex numbers with positive
real part and all nonzero complex numbers with nonnegative real part,
respectively. Cla,b] is the class of all continuous functions defined on
[a,b] and C';[a, b] is the class of all continuous functions z defined on |[a, b]
with 2(0) = 7. For 1 < p < oo, L,(R) is the space of complex valued
Lebesgue measurable functions 3 on R such that |¢|P is integrable with
respect to Lebesgue measure on R and [|¢]], = ([ [¥(€)[Pd€)*/P. Loo(R)
is the space of essentially bounded functions iy on R with the essential
norm ||¢||oo. £{Lp(R), Ly (R)) is the space of bounded linear operators
from Lp(R) into L, (R), where 1/p+1/p’ = 1.

(1) Let 1 <p <2 For/\EC+ ¥ € Ly(R) and € € R, let
CX‘/) fR VT exp{ /\("7 & }W )d77,

where we always choose A% with nonnegatlve real part. Then
Crpp € Ly(R) and [[Caglly < (B)?7# (9, Hence Cy €
L(L,(R),Ly(R)). And C, is analytic in C* and strongly con-
tinuous on CT as a function of A\. Here when Re) = 0, the above
integral should be interpreted as the limit in the mean just as in
the theory of the L,-Fourier transform [7].
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(2) Let 1 < p < oo. For ¢ € L,(R), a positive real number k and
£ e R, let (Spy)(€) = ¥(k€). Then Siy € L,(R) and
I1Sklly = (i [0 (kE)PAE)F = (2) 7|,
Hence Si € L(Ly(R), L,,(R)) [4].
(3) Let 1 < p < oo. For ¢ E L,(R), k € Rand £ € R, let (Tx9)(&) =
Y€+ k). Then Tyw € L, (R) and
ITetllp = (Jg (€ + B)[PdE) = [,
Hence T}, € L(L,(R), L,(R)) [4].
(4) For 6 € Loo(R) and ¥ € L(R), let (Mo)(€) = 6(£)(€).
" Then My € Lo(R) and |[Myllz < 0]lplls Hence M, €
L(L2(R), L2(R)) [7].

Let ¥ € Ly(R), 8 € Lo(R) and A(s,t) = (u(t) — u(g) v(t))u(t) for a <
§ <t<b. Thenfor k,l € Rand A € Ct,

<<TloSUu>OC’ 2 OTk°M0> )(f)

v(s)

(1-1) w(t) 2

B A ’\ 0 (f - l))

- [y A exp{w e }w(oe(c) dc
and

)2 18llco [142-

Since CA()\ . is analytlc in C* as a function of A, (T_; o Sy(¢)/u(s) ©

H(TL[ o Sv(t) ° C /\ OTk © ]V[g)?ﬁ”z (

v(s)

Cx/A(s,t) © Tk © Mp)y is analytic in C* as a function of A.

2. A generalized sequential operator-valued function space
integral

Let o be a partition of [a,b] such that 0:a =ty <t; <.+ - <t, =b
and let its norm ||o|| = maxi<,;<n(t; —t; 1). For (&, &1, -+, &) € R
and x € Cy(q)la, b], let

Eo1 it <t<t; =1, ,n),
Aonlor s bmt) = { EJ if tJ:b ’

I(t-_l) it <t<t; (j=1,-~-,n),
Z, (t) — { J . 7 J
z(b) if t=0.
Let Bla,b] be the space of real valued functions which are continuous
except for a finite number of jump discontinuous points on |a, b).
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DEFINITION 2.1. Let F(x) be a complex valued function defined on
Bla,b)]. For any A € Ct, ¢ € Ly(R) and £ € R, let

22,00 = (T s y) [, P00

1

/ & = £(t:) = sty (Gimr = S (1))
u(én)exp{ Z TA( 1) }

i=1

de

where §o = £ + f(a). If I, (F is a bounded linear operator from
L>(R) into L(R) and there exists w — limy, o {3}, ;F, where “w —
lim” means the limit with respect to the weak operator topology, then
we let "% F = w — lim, o I, ;F. If there exists the weak limit
of Izeg”f ““F as p converges 07, then we call the limit the generalized
sequential operator valued function space integral of F' associated with
A = —ig and m{ | and we denote it by szg’}in.

u,v?

Let F(z) = exp { f[a’b](f[a’b] 0(s,t,z(s), z(t))dn(s))dB(t)} be defined
on Bla,b], where n and 3 are complex Borel measures on [a,b] and
0(s,t,(,€) is a complex valued Borel measurable function defined on
la,b]? x R?. We suppose that the measures 5, 3 and the function 0(s, t, ¢,
£) satisfy the following conditions.

(2-1) |1lloo.1:m,5 = f[a,b](f[a,b] 10(s,t, -, loodIn|(s))d|B|(t) < oo, where
[nl and |B| are total variations of n and 3 respectively.

(2-2) 0(s,t,(,€) is bounded on every compact subset of {a b)? x R? and
is continuous for [n| x |8] x I x | — a.e. (s,t,(,€) € [a,b]? x R?,
where | is the Lebesgue measure on R.

(2-3) Il x |8 ({ (s,5) | s € [a,b] }) =0.
Throughout this section, for each A > 0 let
ha(s,t,6,€) = A2 — f(1) + €59 + £(b).

LEMMA 2.2. Let A > 0 and let {0,};2, be a sequence of partitions
of [a,b] such that ||on|| — 0 as n — oo. For m{, x | — a.e.(z,£) €
C'f(a)[a, b] X R,

lim F(A2(z,, () = fo, () + €225 + £, ()

n—o0 v(a)
= F(AT2(2() = FO) + €535 + £())
in the uniform topology on Bla,b].
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Proof. For each A > 0, define
Hy : [a,b)* X Cpoyla,b] x R — [a,b]? x R?

by Hx(s,t,z,€) = (s,t, hi(a, s,x(s),{),h)\(a,t,x(t),ﬁ)). Since H, is con-
tinuous, (6 o Hy)(s,t,z,£) is a Borel measurable function. And N =
{(s,t,¢(,€) € [a,b)* x R? |8 is discontinuous at (s,t,¢, &)} is a n| x |8] x
! x I- null set by (2-2).

Now let us show that H, '(N) is a [n] x |8] x m{ , x l-null set. We

consider the (s, t,£)-section of H ' (N).
[H, (V)]

= {2 € Cpala, 8] | (s,t,2,8) € HTY(N)}

= {z € Cy(a)la,b] ’ (s,t, ha(a,s,2(s),€), hala,t,2(t),£) ) € N}

= {z € Cy(ola, 8] | (hx(aas,x(S),é), ha(a,t,z(t),£)) € N1}

={x€Cf(a)[a,b]| (t)EM}
where M = \2 [N(‘“*t)—(gzéz)) +f(s), E;’((Z)) + ()] +(f(s), f(t)). Since N
is a || x |8 xIxl-null set, M is I x l-null set for |n|x |8 —a.e. (s,t) € [a,b]?
and all £ € R. By the condition (2-3) and the definition of the generalized
Wiener measure, m{, ,([Hy "(N)](*£9) = 0 for ln| 1Bl x 1 —a.e.(s,t,§).
By the Fubini theorem, || x |8] x m{ , x {(H; '(N)) = 0. Therefore
[l x [BI((HL ' (N)#9 ) = 0 for m, x l-a.e.(z,€) € Cyq)la,b] x R.
Hence for mf x l-a.e. (x,&)

lim /ab y <sm (0 (5) = fora () + €280 4 £, (s),

n—00

A 40, () = Jon () + €528+ £, () ) dn(6)a500)
= /[a ’ /[a b]9<s,t,hx(a,s,m(s),f),hA(a,t,x(t),&))dn(s)dg(t)

by the conditions (2-1), (2-2) and Dominated Convergence Theorem.
This completes the proof. O

LEMMA 2.3 Let A >0 and let ;a0 =ty <t <--- <t, =b. Then
FAY2(x,(0) — fo(4) + 5%’—(2)—) + f»(+)) is measurable as a function of
(z,&), and for mﬁ’v x l-a.e. (z,&)

[FOA V2 (@0 () = £o () + €55 + £,())| < exp {1Blloo.1:0.6}-



78 K. S. Chang, B. S. Kim, and C. H. Park

Proof. To show the measurability, consider the following equalities
(2-4)
( 1/2(330() fo()) + t(a) +fa( ))

= ex _ Vo (8) S
~ o { [a,,]/[ 0((s:6:XH o ls) — Folo)) + €3 + Folo).

AR (z,(8) — fo (1)) + 628 +fa(t))dn(s)d6(t)}
= exp{ Z /t] 5 )/ti_hmH(S,t,h,\(a,ti—l,x(ti—l),f),

1,j=1

wa,tj_l,x(tj-n,s))dn(s)dﬂ(t)

v Z /{b} /[ti—1,ti) ? (57 b, hala:tit, z(ti-1),§),
ha(a,b,z(b), §)> dn(s)dB(t)

¥ Z/tj /{b}a(b,t,m(a,b,w(b),s),
h,\(a,tj—l,w(tj—l),§))dﬂ(5)d5(t)

+ /{b} /{b}0<b, b, ha(a, b,x(b),ﬁ),h,\(a,b,x(b),f)) dn(s)dﬂ(t)}-

For each 1 <4< n and 1 < j < n, define H; ;(s,t,z,§) by H; ;(s,t,,8)

= (Sata h/\(a7ti—1’x(ti—l)7§)7h)\(a,tj—lyx(tj—l))g)) on [ti~17ti) X [tj—~1a
t;)xC(q)la, b} xR. Since H; ; is a continuous function, (0oH; ;)(s,t,z,§)
is Borel measurable. And by the Fubini theorem,

/ t / (00 Ho(o, .2 Onts) 450

ti—1,t5) Jtim1t
=/ / 9<8,t, ha(a, ti—1, z(ti-1),&),
(ti—1,t5) VItio1,t:)
m<a,tj_l,x(t]-_n,s))dn(s)dﬁ(t)

is measurable as a function of (z,£) on Cfyla,b] x R. For the other
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integrals in the equation (2-4), the measurability is proved similarly.
Hence the proof for the measurability is completed.

By the condition (2-1), ||6(s,t,-,)||ec < oo for [n] x 8] — a.€.(s,1).
Therefore by the Fubini theorem, |8(s,t,(,£)| < [[0(s,t, -, )||oo for almost
all (s,1,¢,€). If we let

Nij={(st,¢,€) € [ti-1,t;) X [tj_1,t;) x R? |
‘9 SvtaC7§)| > Hg(svta ] )”00}’
then by the similar method as in the proof of Lemma 2.2, we can show
that |n| x |8] x m{ ,, x I(H} (N, ;)) = 0. Hence for m{ , x l-a.e. (z,£),

u,v

10(s,t, ha(z(tiz1), & a,ti1)ha(z(tj-1), & a,t5-1))]
< “0(5 t, Y )|ioo

for |n| x |Bl-a.e. (s,t) € [ti—1,ti) X [tj—1,1;).

/J L) /t oty <Sth*(atl 1, 2(ti-1),€),

hA(a,tj_l,xuj_l),s)) [ dinl(s)dlB)(¢)

8(s,t,-, )|l din|(s)d|BI(t).
< /{)/{) 16(s,t, ) dinl(s)dI1(2)

If we apply this process for the other integrals in the equation (2-4),
then we obtain

|FOA2(20 () = fo()) + €29 + £5())] < exp {[8lo0, 1108 }-

0

THEOREM 2.4. Let g and h be complex valued functions defined on
(a,8) X [a,b] x R such that [, ([, 905t Neodnl()dIBlE) < o0
and f[mb f[a’b] Ilh(s, t, )Hoodlnl(s )d|B|(t) < oo, where n and 3 are com-
plex Borel measures on [a,b]. Let 0(s,t,(,&) = f(s,t,{) + g(s,,£) and
F(z) = exp{f[mb](f[a’b] 0(s,t,z(s), z(t))dn(s))dB(t)}. If the measures 1,
B and the function 6(s, t, (, &) satisfy the conditions (2-2) and (2-3), then
for any partition o;{t;};_ of [a,b] and ¥ € Ly(R), I, (F is analytic
in C* as a function of A and

I°r . F o(a) 11,11 { M oo
NI FYlle < /22 4z exp /w /[a,b](llg(s )

+ [1h(s, 2, Yloe )dlnl(s) dlﬂl(t)}-
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Proof. For A\ € Ct, t = (to, - ,tn), & = &+ f(a) and EZ (&1,
&) € R™, let

I - A
wn()\’t,f) - (H 27TA(tz'_1,ti))
A& = f(t) = 555 (&mn = f(ti1)))? }

' exp{ B Z 2A(t;-1,t;)

Then

—

(I FY9)(E) = / F(2(0,60,E0, - Eny Y0 (M E EVE,

R=r

where

F(z(o"gOagla"' 7571»'))
= exp{/[a,b] (/[a’b]g(sataz(avémgla’” 7£n,3)) dn(s))dﬁ(t)

+ /[a’b] ( /[a,b] h(s,t,2(0,€0,61, "+ ,&n, 1)) dn(s))dﬁ(t)}
= o { zzj [, ( [t 6i-1)dn(s) ) 4500

+ /[a,b] ( /{ § g(s,t,sn)dn(s)) ap(t)

+§:j Lo ( L, Aot 1)dn() ) 4500

+ /{ : ( /w] h(s, t,gn)dn(s)) dB(t).

Let

bl£n) = exp { /[a,b] ( /{ oot En)dn(3)>dﬁ(t)

; /{ ) ( /[a,b] h(s,t,5n>dn<s)>dﬂ(t)},
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(&) = [\ mamt s ¥(En)on(6)

Mén = £(tn) — stk (61 = f(tn-1)))?
'eXp{_ 2A(tn—1,tn) } A

Then by (1-1), g3 = (T_f(t,.-1) © Su(ta)/o(tn-1) © Cr/AGta-1,t) © Ti(ta) ©
My, )¢ and g} is analytic in C* as a function of A. Since

n(er) < e { /{a’b] ( /{ | lotert, ) ) i)
" /{ ) ( /[a’b) uh<s,t,->||ood1m<s>)dwt<t>},

g2 <4/ 2= 1]

e { / y ( / oG5t el () 181
v ) ( L, uh<s,t,-)||oodlnl<s>)d1m<t)}.

For each 1 < k < n, let

Do) = exp { /M ( /[ Hmg(s,t,ak_ndn(s))dﬂ(t)
+ /[t . ( y h(s,t,ﬁk_ndn(s))dﬂ(t)}-

By the induction on k from 2 to n, let

A
k =
gk(gn—-k) A \/27TA(tn_k,tn_k+1

Mén—kr1 = fltaorsr) — B2 (E0  — f(tn_i)))?
-exp{— 2A(tn—gytn—k+1) }
95 H&niit) Pnoka1 (Enmrrr) st
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Then g§ = (T—f(tn—k) © Sv(tn~k+l)/v(tn—k) © C)‘/’A(tn—katn—kt+l>o
Ttitn 1s1)°Mp, 1 )95 by (1-1) and g% is analytic in C* as a function
of A.

g5tz <y/ 5255 1gs ™ M2 -1 lloo

e { /M ( /[ L leter Mlnls) ) i3 e
+ /[ o < /[a,b] e, e l(s) ) i1 0) .

Hence by the induction on k& from 2 to n

o3l < /5 1 e { / b] ( [ lats 1
a, 152

ai(s) B0 + /[ . ( /[a,b] e, e dil(s) )16}

<ViWlen{ [ ([ toonllxdnli) )asic)
" /[ y ( /M Ilh(s,t,-)Hoodln!(s)>dl6|(t)},

and g% is analytic in C* as a function of \.

(I, FYD)E) = g2 (o) exp { /[ b] /[ ol o) a5

+/[to,t1>/[a,b] h(s,t,&)dn(s) dﬂ(t)}-

Hence

I, w2 < /21l

e { /[a,b] ( /H lo(o,t, Yo + I, wlrls) ) 010

and I, (F is analytic in C* as a function of A. O
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THEOREM 2.5. Let A > 0 and let {0, }52, be a sequence of partitions
of |a,b] such that ||o,| — 0 as n — oo. Then for the function F in

Theorem 2.4, w — lim”%“_mI ")*F exists and equals I{:‘v fF. Here
w — lim means the limit in the Weak topology and

(R0sFIWNO = [ PO - £0)+ €253 +70)
Cf(a) a,b
(A2 (2(b) — £(0)) + £ XD + F(b))dmd, ,(2).

Proof. By the Wiener integration formula and change of variables,

/ FO 20, () = fo, () + €250 1 £, ()
Cy(ayla;b]

YAV (@(0) - f(0)) + £ + F(B) dmi  (2)

= (L7} Y.
Also by Lemma 2.2, Lemma 2.3 and Wiener integration formula,
lim F()‘_I/Q(xﬂn(') “fan(')) +£v_«zz§ +f0'n('))

N-—>00 Cf(a)[asbl
ATV (z(b) - £
= ((I20. s F)¥)E)
and || (1722 F)) || < exp{[|6]loc.1:0.6} 1¢]l2. Hence

2O+ £(0)) dmf, , (x)

u,v, f
Tim (I3 FY)(€) = (I, s W),
We have the desired weak convergence by Theorem 13.44 in [6]. J

THEOREM 2.6. Under the hypotheses of Theorem 2.4, there exists
1% F as a bounded linear operator from La(R) into Ly(R) and

Izl < /55 ol exo { /[ . ( /H l9(s,4, Mo

)

Tk, t, ->nood1n|(s>) dlﬂl(t)}-

Moreover, I, F is the analytic extention in C* of I} | F and I oy F

= IO F, Where I F is the generalized analymc operator-valued
function space integral introduced in [4].
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Proof. Let {0,}32, be any sequence of partitions of [a,b] such that
lonll — 0 as n — oo, and let ¢ € La(R). By Theorem 2.5, w —

limy oo IR F = I, ,F for each A > 0. And by Theorem 2.4, I\ )} F

u7v7f u7 ! uY'I‘yYf
is analytic in C* as a function of A and

I Pl < i Itaexe { /[a’b] ( /[a’b] 965t )loc
(st i) ) 100

Hence by Theorem 3 in [3], there exists a function K(F') such that
Tim (137 Py, 8) = (Ka(F)w, 9)

for each A € C* and ¢, ¢ € La(R). And K»(F)¢ is analytic in CT. By
the Riesz’s Theorem (1], Kx(F) € L£(L2(R), L2(R)) and

vla) ex s, t, -
s (Pl < o2 ol oo | /[] ( /[] l9(s,t, e
£ lh(s.t, ')Hood\nl(S))dlﬁl(t)}-

Hence I)5PF = K,(F) for each X in C*. Since I}’ F is analytic in
C* and I\ F = o, +F for each A >0, I F is analytic extention

u,0, f

in Ct of I}, /F. O
THEOREM 2.7. Under the hypothesis of Theorem 2.4, J,/* F and
Jow i F exist and J, )7 F = J," "1 F for almost all g # 0.

Proof. Let {e,}52; be a complete orthonormal sequence in La(R).
For each n and m, (I, (F)en, en,) is analytic and bounded in C* by
Theorem 2.6. And lim,, o+ ((I ng”’f’i‘] F)e,,e,) exists for all g except a
Lebesgue-null set N,, ,,, C R by an application of the Fatou’s theorem for
(Goa s F)en, em). Hence for all m, m = 1,2,---, lim, o+ (L5 Fen,
em) exists for all g except a Lebesgue-null set N = U3’ _; N, ,n. Hence
for each ¥ and ¢ € La(R), lim,_o+ ((1 o =11 FYap, @) exists for almost

u,v, f
all ¢ in R. And

(Ut F), ) < sl F)bllz Niglle < o/ 5 Iollz l1@llz

e { /[] ( /H o658V + s, () ) 100}
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Therefore
| Jim (07 Fo ) < g enn { /W] ( /[a’b] lo(s,t, Voo

T (s, ')Iloodlnl(S)) dlﬂl(t)}llwllz 61l

By the Riesz’s theorem [1], there exists a bounded linear operator f,
from Ly(R) into Ly(R) such that

lim ((I,°077 F)y, ¢) = (f4(¥), ¢)

p—0*

and

I fa(®)ll2 <

Ve { [ [ ol

T lhGs,t, -)HoodlnP(S)dlﬂ!(t)} ]z

Hence the generalized sequential operator-valued function space integral
J, 07" F exists for almost all ¢ in R, and J.*77F = f,. O
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