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Determination of Critical State Parameters in Sandy Soils from
Standard Triaxial Testing (I) : Review and Application
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Abstract

Comprehensive review on the determination of critical state parameters in sandy soils from standard triaxial testing
was performed to facilitate the application of critical state soil mechanics to the shear behavior of sandy soils. First,
semantic differences in literature were clarified, inferring that critical state should be considered as the ultimate state
at large deformation. Second, the characteristics of critical state parameters were discussed, and also the uniqueness
of critical state line and the sensitivity of quasi-steady state condition were verified in relation to initial state, fabric,
loading condition, and drainage condition. Third, as an example, the critical state soil mechanics was applied to evaluate
the post-liquefaction shear strength, i.e. the reliable ultimate shear strength in liquified soils, in terms of critical state

parameters.

Keywords : Critical state, Critical state parameters, Friction angle, Post-liquefaction, Sandy soil, Shear strength,
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1. Introduction fact that was well known by grain dealers at the time.

Casagrande (1936) recognized that a critical density

Coulomb in the eighteenth century understood that the
strength of freshly remolded soils is of frictional nature,
hence, stress dependent (Heyman, 1997; Schofield,
1998). Reynolds (1885) highlighted the tendency of

granular materials to change volume when sheared, a

divides the tendency of volume change into contractive
and dilative behaviors. Later, Taylor (1948) showed
experimentally that dilatancy is stress-dependent, and
Taylor (1948) and Bishop (1950) expressed the shear

strength in terms of friction and dilatancy components.
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Finally, Roscoe, Schofield, and Wroth (1958), and
Schofield and Wroth (1968) brought together stress-
dependent strength and dilatancy in the unifying structure
of critical state soil mechanics, within the framework of
plasticity theory.

Meanwhile, Casagrande postulated the existence of a
“flow structure” after the liquefaction failure at the Ft.
Peck dam in September 1938. This structure leads to a
minimum frictional resistance and explains the phenome-
non of flow liquefaction (Casagrande 1965; 1971; 1975).
Later, Castro (1969) showed the existence of the flow
structure with dead-load tests, and found that the critical
void ratio line from the dead-load tests is different
compared with the critical void ratio line from the strain-
controlled tests. Finally, Castro (1975), Casagrande (1975),
and Poulos (1981; et al., 1985) developed an undrained
test-based design procedure for the evaluation of flow
liquefaction, which has been called steady state approach.

Since the concept of critical/steady state captures the
large-strain behavior of soils in terms of shear stress,
effective stress and volume, it has been applied to various
engineering designs such as foundations, embankments,
landslides, retaining walls and liquefaction. However, its
application has been undermined by difficulties, starting
with conceptual differences among leading researchers,
and including other issues such as the inherent limitations
in standard testing devices (e.g. loading path, compliance
restrictions, efficiency). This situation has been aggravated
by the limited understanding of the underlying physical
processes.

Thus, the purpose of this paper is to clarify semantic
differences in literature, to review the theory of critical
state soil mechanics for sandy soils, to discuss the
characteristics and uniqueness of critical state parameters,
and to explore the application of critical state soil
mechanics to the determination of post-liquefaction shear
strength. Meanwhile, in the following paper, underlying
physical processes and inherent limitations are identified
through experimental tests and a proper procedure is
suggested to determine the critical state parameters from

standard triaxial testing.
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2. Semantic Difference
2.1 Critical State and the Steady State

Roscoe et al. (1958) defined the critical state as the
state at which the soil continues to deform at constant
stress and constant void ratio. This definition follows
from the critical density concept in drained tests by
Casagrande (1936) and the critical stress concept in
undrained tests by Taylor (1948). Critical state can be
achieved during shear deformation either by changing
volume and effective stress in drained tests or by
changing the effective stress at a constant volume in
undrained tests. It is hypothesized that a unique line exists
in the e-p-q space for the ultimate states in drained and
undrained tests, and this line is termed critical state line
(CSL) (Roscoe et al., 1958).

Poulos (1981) defined the steady state as the state at
which the soil continues to deform at constant volume,
constant normal effective stress, constant shear stress, and
constant velocity, after particle breakage ends. The term
particle breakage can be generalized to imply the
breakage of soil conglomerates within the fabric. The
locus of steady states for undrained tests on e-p’ space
is called steady state line (SSL).

Researchers in critical state (CS) soil behavior have
relied on drained, strain-rate-controlled tests on dilatant
specimens to determine the critical state line because the
critical state in terms of stresses can be achieved at a
relatively low global strain level (Been et al., 1991; Lee,
1995). On the other hand, researchers in liquefaction have
centered their efforts on loose-contractive specimens
tested under undrained conditions to determine the steady
state line (Castro, 1969; Poulos, 1981; Poulos et al., 1985;
Vaid and Chern, 1985; Alarcon-Guzman et al., 1988;
Konrad, 1990b; Ishihara, 1993; Riemer and Seed, 1997).

2.2 General Features of Soil Behavior Under
Quasi-static Loading

When a sandy soil is subjected to drained shearing, the
volume of the soil changes, and either dilative, inter-

mediate, or contractive behavior can be observed depending
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Fig. 1. Drained and undrained responses for a sandy soil subjected to quasi-static loading

Notation: Circle denotes critical, steady, or ultimate state (CS). Triangle denotes minimum, phase transformation, or quasi-steady state

(QSS). Square shows the characteristic state.

upon initial void ratios and effective confinements (Fig.
1a). For medium dense and dense specimens, the volume
decreases to a minimum transient value prior to the peak
strength and then increases approaching critical state. The
transient void ratio is called the characteristic state
(Luong, 1980). For a loose specimen, the volume decreases
continuously towards the critical state value.

When a sandy soil is subjected to undrained shearing,

the pore water pressure and the effective confining stress
change at a constant void ratio. Once again, different
types of stress-strain response can be observed depending
upon the initial void ratio (Fig. 1b). Loose specimens with
contractive tendency display post-peak behavior and
suffer from flow liquefaction due to low ultimate strength.
Medium dense specimens experience a state of minimum
strength called the state of phase transformation by
Ishihara et al. (1975) or quasi-steady state (QSS) by
Alarcon-Guzman et al. (1988).

The response of the soil can be captured in the 3-D
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space, in terms of void ratio (e), mean principal stress
(p"), and deviator stress (q) (Fig. 2a and b). Here, p' is

(0,"+205)/3 and q is (g, — 03). For convenience, two

~ 2-D projections of the 3-D space are commonly used: the

p"-q space and the e-p’ space (Fig. 2c). The projection
of critical state line on p'-g space corresponds to the
Coulomb strength criterion. In fact, the strength parameter

for axisymmetric, axial compression tests is:

6sin ¢

M:(_q'—>cs: 3—singy O

?
where ¢, is the Coulomb’s “friction angle” or the angle
of internal shear strength at critical state. On the other
hand, the projection of the critical state line on the e-log
p’ space is expressed in terms of the intercept I and the

slope A as follows:

e,E:F—Alog( 11;;,;) 2
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(a) Undrained response in e-p'-q space

(b) Drained response in e-p'-q space
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(c) Projections of CSL on two 2-D spaces

Fig. 2. General feature of critical state line

where e, p's and g, are the void ratio, the mean
principal stress, and the deviator stress at critical state,
respectively. Thus, the critical state of a soil can be

represented by the three parameters M, A and T.

2.3 Strain Level and the Identification of the
Critical State

While relatively low strains are needed to alter the
network of interparticle forces (“elastic threshold strain,”
Y «), a micro-scale conceptualization of the problem
suggests that strains in excess of 100% are needed so that
particles have high probability of exchanging neighbors to
attain a unique fabric condition that corresponds to critical
state (Santamarina et al., 2001). Direct shear test data for
Ottawa standard sand (specimen thickness ¢ = 10.4 mm)
obtained by Taylor (1948) showed that the deformation
required to reach critical state is about & = 5.1 mm. Thus,
the average strain level required to reach critical state is
7e = 8/t = 50%. However, if strain localization is
assumed in a region of thickness, t* = 10 Ds, then the
required “local” strain level is much greater, in fact, it
exceeds 7 =~ 100%. Such strain levels are not achievable
in standard triaxial testing. Indeed, drained tests on loose
contractive specimens clearly show that critical state is not
reached at the standard 20% strain limit.

On the other hand, Poulos et al. (1988) insisted that only
uniform clean sands and highly contractive specimens in
undrained tests approach the steady state in the laboratory.
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Been et al. (1991) mentioned that “even at 20% strain in
triaxial tests where a continuous steady state is reached,
it is not known whether this is a true ultimate state or
whether further changes would have occurred at larger
strains.” Nonetheless, some researchers working on flow
liquefaction phenomena consider the minimum strength or
the quasi-steady state at low strain level as critical state
for conservative analysis (Fig. 1). As indicated by Bishop
(1971), Chu (1995), Verdugo and Ishihara (1996), and
Been (1999; et al., 1991), the ultimate state at large
deformations should be considered as the critical state.

3. Characteristics of Critical State Para—
meters

3.1 Friction Angle at Critical State

The internal friction angle reflects the contributions of
interparticle friction, dilatancy (i.e., packing effect),
rotation (i.e., rolling and frustration), fabric rearrangement,
and particle crushing (Bishop, 1950; Lee and Seed, 1967;
Bolton, 1986; Santamarina et al., 2001). The angle of
peak friction is related to the critical state friction angle

¢, and the peak angle of dilation ¢ (Bolton 1986):

b pear=¢+0.8¢ 3

The friction angle at critical state ¢, (i.e., constant

volume, statistically stable fabric) is greatly affected by



the interparticle friction angle ¢,, which depends on the
microscale features of particles such as roundness and
sphericity, and the ability of particles to rotate. The

following relations have been theoretically suggested:

tan g = —% rtang,
(Caquot, 1934; from Horne, 1964) 4)
15tan ¢,

Sing = 10+ 3tand, (Bishop, 1954) (5)

For a given soil, the critical state friction angle is
unique irrespective of drainage condition, initial density,
confining stress, and strain rate (Cornforth, 1973; Frossard,
1979; Vaid and Chern, 1985; Negussey et al., 1988;
Verdugo and Ishihara, 1996).

An alternative relation is developed herein, starting
from energy considerations. The energy-based analysis
proposed by Taylor (1948) and Bishop (1950; 1954)
supports the Mohr-Coulomb criterion. For axisymmetric
compression tests (Feda, 1982):

0’y 1—¢,/e, sin @

L at any stress ratio
oy l—sing, | 1—sinds y stress ratio (6a)

inN

(L) _ tanz(—”-I-%) at critical state ¢, = ( (6b)

where £, and ¢’ are the increments in volumetric and
axial strains, and (¢’;), and (¢’3), are the effective
axial and confining stresses at critical state, respectively.
Meanwhile, the evolution of the state of stress is related
to the evolution of volume and the mobilization of
interparticle friction. Based on the minimum energy
criterion, Rowe (1962; 1963) suggested a stress dilatancy
relation for axisymmetric compression tests,

O e Vean? [ E 4 ®u
0,3—(1 €,/ €,)tan (4+ 2) (7

At small strains, theory of elasticity predicts that the
ratio of strain increments ¢,/¢, is equal to 1-2v, where

v is the Poisson’s ratio. Then, Equation (7) becomes
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Fig. 3. Experimental and theoretical relations between interpar-
ticle and critical state friction angles
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Equation (6) (i.e. energy dissipation) and Equation (8)

(i.e. stress-dilatancy) are in terms of the effective stress

ratio. Combining Equations (6b) and (8) at critical state

(&,=0, v=0.5), the relation between the critical state

friction angle and the interparticle friction angle becomes:
2f{_TT & — 2({ W, ¥u
tan(4+ )—tan(4+2) )

Fig. 3 shows experimental test results and mathematical
relations between interparticle and critical state friction

angles.

3.2 Curvature of the Critical State Line

Some experimental test results show a non-linear or a
bi-linear projection of the critical state line on e-log p’
space. It appears that this break reflects particle crushing
and other particle level processes at high confining
stresses (Been et al., 1991; Verdugo and Ishihara, 1996;
Riemer and Seed, 1997). Contact crushing and the tensile
splitting of particles depend on the mineralogy, particle
shape, and formation history (Hardin, 1987).

Li and Wang (1998) suggested the use of the e-(p/pa)*
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plot instead, where p, is the atmospheric pressure and «
is the material parameter (for instance, ¢ = 0.7 for
Toyoura Sand). However, Been et al. (1991) presented
that the linearization on the e-log p' space in the stress
range from 10 to 500 kPa is a reasonable approximation
for sub-angular or subrounded quartz sands. This obser-
vation can be generalized for hard grain sands. In general,
liquefaction takes place at depths ranging between 3 to
30 m (i.e. ¢ = 30 to 300 kPa). Then, it is adequate
to consider the critical state line projection on the e-log

p' space as a straight line.

3.3 Uniqueness of the CS Line and Sensitivity
of the QSS Condition

The uniqueness of the critical state line on e-p’ space
has been argued in relation to the initial state (i.e. void
ratio, loading history, over-consolidated ratio OCR, and
induced anisotropy), fabric or sample preparation method

(i.e. inherent anisotropy), loading condition and stress

path, drainage condition, and presence of fines. These
effects are discussed next. For completeness, the effect
of these parameters on quasi-steady state is also discussed.
The potential effects of localization, limited shear strain

level, and particle crushing are briefly mentioned here.

3.3.1 Initial State

Table 1 summarizes the effect of the initial state. There
is a strong effect of the initial state on the quasi-steady
state: as the confining stress increases, the minimum or
quasi-steady state strength increases. On the other hand,
the critical state line is unique regardless of initial state.

Fig. 4 shows undrained axisymmetric test results,
obtained as part of this study, with two medium dense
specimens prepared with blasting sand and confined at
different initial effective confining stresses (material and
test details are discussed in Cho, 2001). There is initial
localization in the specimen confined at (¢’3), = 320
kPa, but this is a transient effect: as shearing continues,

the dilative tendency takes over, the response becomes

Table 1. Effect of initial state on critical state and quasi-steady state lines

Reference Soil used sztzzr:d Test condition Initial state Conclusion
Konrad (1990a) Dune sand QsSs Stress—controlled undrained on Various confining stresses  Strong effect.
contractive specimen (not unique)
Konrad (1990a) Dune sand QSss Stress—controlied undrained on Different OCRs and No effect.
contractive specimen anisotropy conditions
Ishihara (1993), Toyoura sand QSS - Undrained on various densities. Various confining stresses  Strong effect.
Yoshimine et al. (1999) Strain—controlled test (proportional)
Vaid and Thomas {1995) Fraser river QSss Undrained on loose and medium  Various confining stresses  Strong effect.
Vaid and Sivathayalan (1999) sand specimen (proportional)
Negussey and Islam (1994)  Mine tailings Qss Strain—controlled undrained on Different anisotropy No effect.
contractive specimen conditions
Riemer and Seed (1997) Monterey #0 QSss Strain—controlled undrained Various confining stresses  Strong effect.
sand compression and extension on {proportional)
contractive specimen
Dobry et al. (1985) Sand A CS Stress—controlled undrained on Different anisotropy No effect.
contractive specimen conditions
Been et al. (1991) Erksak sand CS Drained on dilative specimen and  Various void ratios and No effect.
undrained on contractive specimen  confining stresses
Chu (1995) Sydney sand CS Drained and undrained on Various void ratios and No effect.
contractive specimen confining stresses
Ishihara {1993), Toyoura sand CS Undrained on various densities. Various confining stresses No effect.
Verdugo and Ishihara (1996}, Strain—controiled test
Yoshimine et al. (1999)
Chen and Liao (1999) Mailiao sand CS Undrained on contractive and Different OCRs No effect.

medium loose specimen.

Notation: CS is the critical state and QSS is the guasi-steady state.

fou

66

=XptSE e =28

Moz M=



400

(a)

Deviator stress, q [kPa]
~N W
< (=]
(=] (=

o
=3

Axial strain [% ]

400

(b)

Pore water pressure [kPa]

40

Axial strain [% ]

Fig. 4. Undrained triaxial test results for blasting sand at different initial effective confining stresses

strain hardening and the specimen evolves towards
homogeneous deformation. Hence, the transient quasi-
steady state strength depends on the confining stress,
however, the critical state strength is not dependent on

the initial state of stress.

3.3.2 Fabric or Sample Preparation Method
Previous studies summarized in Table 2 show that the
initial fabric affects the peak strength, and it has a strong

effect on the quasi-steady state; however, the critical state

is unique irrespective of the initial fabric.

3.3.3 Stress Path

The results from biaxial tests (plane strain condition,
£, = 0) for dense specimens render a peak friction angle
2~-5 degrees higher than values obtained in triaxial tests
(Cornforth, 1973; Feda, 1982); the difference wherein is
attributed to boundary effects. Furthermore, no difference
is found for critical state friction angles determined with
loose specimens (Cornforth, 1973; Feda, 1982).

Table 2. Effect of sample preparation (fabric) on critical state and quasi-steady state lines

Test condition

Sample preparation

Conclusion

Undrained stress—controlled on

Undrained strain—controlled on

Undrained strain controlled
compression and extension

Dry pluviation, moist
tamping, and moist vibration
Moist placement and dry
deposition

Different bedding orientation
by water pluviation

Water pluviated, air
pluviated, and moist tamped

Strong effect.
(ewr and ew > éop)

Strong effect.
CY)
No effect.

Strong effect.
(ewr > e > ow)

Undrained strain controlled on
Drained on dense specimen and
undrained on loose specimen

Undrained strain—controlled on

Undrained on loose specimen

Reference Soil used Referred
state
DeGregorio (1990) F-70 Ottawa QsS
banding sand loose specimen
Ishihara (1993) Toyoura sand QSS
various density
Negussey and Islam Mine tailings Qss
(1994)
Vaid et al. (1999) Syncrude sand QSS Undrained compression.
Poulos et al. {1988) Syncrude tailings CS
various densities
Been et al. (1991) Erksak sand CS
Ishihara (1993) Toyoura sand CS
Verdugo et al. (1995) various density
Ishihara et al. (1998)  Masado sand CS
Tsukamoto et al. (1998) CS

Reclaimed
deposits in Kobe

Undrained compression and
extension tests on loose and
medium dense

Compacted and deposited
as slurry

Air pluviation and moist
compaction

Moist placement and dry
deposition

Water sedimentation and wet
tamping

Moist tamping and water
sedimentation

No effect.

No effect.

No effect.

No effect.

No effect.

Notation: ewr, emv, €or, €on, Ewr, @nd esr are state lines from specimens prepared with moist tamping, moist vibration, dry pluviation,
dry deposition, wet pluviation, and air pluviation methods respectively.
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Table 3. Effect of stress path on critical state and quasi-steady state lines

Reference Soil used Riftzrtfd Test condition Stress path Conclusion

Vaid et al. (1990) Ottawa sand QSs Undrained on contractive specimen Compression and Strong effect.
extension tests

Negussey and Islam Mine tailings @ass Undrained on contractive specimen Compression and Strong effect

(1994)

Vaid and Thomas (1995) Fraser river sand QSs
specimen

Finno et al. (1996) Masonry sand Qss

specimen
Riemer and Seed (1997) Monterey #0 sand  QSS

Yoshimine et al. (1999) Toyoura sand Qss
sepcimen

Undrained loose and medium dense

Undrained loose and medium dense

Undrained contractive specimen

Undrained loose and medium dense

extension tests (ec > ex).

Strong effect
(ec > ex).

Triaxial compression and  Strong effect
plane strain tests {er > &c).

Compression and
extension tests

Strong effect.
(6c > 6> es)

Compression, simple Strong effect.
shear, and extension tests (ec > es > eg)

Compression, extension,
and simple shear tests

Erksak sand CS
Toyoura sand

Been et al. (1991)

Lee (1995) Likan sand (quartz CS

Undrained on contractive specimen

Undrained on contractive specimen

Compression and No effect.

extension lests

Compression and Strong effect

and mica) extension tests (ee > ec).
Ishihara et al. (1998) Masado soil CS Undrained on contractive specimen Compression and No effect.
extension tests
Tsukamoto et al. (1998) Reclaimed CS Undrained loose and medium dense  Compression and No effect.
deposits in Kobe specimen extension tests
Chen and Liao (1999) Mailiao sand CS Undrained on loose and medium dense Compression and Some effect

specimen

extension tests (ec > ee).

Notation: ec, €g, eér, and es are state lines from compression, extension, plane strain, and simple shear tests respectively.

Table 3 summarizes previous studies on the effect of
the stress ;;ath on the projection of the critical state line
on e-p’ space. The stress path has a strong effect on the
quasi-steady state. In general, this does not seem to be
the case for the critical state line. However, Lee (1995)
observed a strong effect on the critical state line, probably
because the Likan sand he tested consists of quartz and

mica: since mica is platy, the bedding direction may
interact with the loading direction. Furthermore, he
observed that the critical state from extension tests is
higher than that of compression tests; this may be related
to the observation by Yamamuro and Lade (1995),
showing that the extension test is more prone to strain

localization than the compression test.

Table 4. Effect of test type and strain rate on critical state and quasi-steady state lines

Referred

Soil used
state

Reference

Test condition

Test type Conclusion

Castro (1969)
Casagrande {1971, 1975)

Banding sand QsS

specimen

Hird and Hassona (1990) Leighton QSS

Buzzard sand specimen

DeGregorio (1990) F-70 Ottawa Qss

banding sand

Undrained on contractive

Undrained on contractive

Undrained on contractive
loose specimen

Strong effect (ep > ef).
Existence of flow
structure.

Load-controlled {eF) and
strain—controlled (eD) tests

Strong effect (ep > ef).
Existence of flow
structure.

Little effect.

Load—controlled {eF) and
strain—controlled (eD) tests

Dead—load and hydraulic
loading systems

Poulos et al. (1988) Syncrude CS Undrained on contractive  Load—controlled and No effect.
tailings specimen strain—controlled tests
Been et al. (1991) Erksak sand CS Undrained on dilative Load~controlled and No effect.

specimen

strain—controlled tests

Notation: e- and ep are state lines from load-controlled and strain-controlled tests.
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3.3.4 Loading (strain) Rate

The effect of loading (strain) rate on critical state has
been studied by various researches; results are summarized
in Table 4. While the loading rate may have some effect
on the quasi-steady state, this is not the case for the critical
state. In addition, Casagrande (1975), Poulos (1981), and
Hird and Hassona (1990) insisted that the flow structure
can develop only at high loading rate, resulting in the
achievement of low shear strength. So, they recommended
using load-controlled tests. However, if the internal time
scale during testing is considered, this flow structure might
be a case of strain localization due to local high pore water

pressure generation and particle inertia.

3.3.5 Drainage Condition

Experimental studies on the effect of drainage condition
on the critical state line are summarized in Table 5. Most
test results, except those by Castro (1969), showed that
drainage condition has no effect on the critical state line.

Problems with localization are discussed next.

3.3.6 Localization - Heterogeneity
Mooney et al. (1998) performed plane-strain compression

drained tests on dense specimens and measured the local

void ratio in shear bands using a stereophotogrammetry
technique. They showed that the critical void ratio is
non-unique for a given confining stress. However, E.R.
Cole showed in 1970’s that the critical state line obtained
from simple shear tests is unique when the local void ratio
in the shearing zone is used rather than the average void
ratio of the specimen (McRoberts and Sladen, 1992).
Therefore, critical state values should not be inferred from
specimens prone to localization, that is, contractive soils
in undrained shear or dilative soils in drained shear.
Fig. 5 shows the effect of heterogeneity in the undrained
response of Ottawa 20-30 sand (material and test details
are discussed in Cho, 2001), for two specimens prepared
at the same global void ratio and initial effective confining
stress. The heterogeneous specimen has three layers, and
the top and bottom layers have low void ratio while the
middle layer has high void ratio. The measured stress-stain
behavior is determined by the loose layer in the
heterogeneous specimen: while the homogeneous specimen
shows strain-hardening behavior, the heterogeneous
specimen displays post-peak response and localization
affecting the determination of critical state parameters.
Therefore, the spatial variability of void ratio may alter

critical state parameters in as much as it promotes non-

Table 5. Effect of drainage condition on critical state and quasi-steady state lines

Referred Drainage condition

Soil used

Reference - - Conclusion
state Drained Undrained
Castro (1969), Banding sand Qss Contractive Contractive Strong effect (edrain > eund}. Flow
Casagrande (1971), specimen specimen structure or Structural collapse in
Alarcon~Guzman et al. (1988) undrained shear. )
Riemer and Seed (1997) Monterey #0 QsS Contractive Contractive No effect of drainage.
sand specimen specimen
Poulos et al. (1988) Syncrude CS Partly dilative Contractive No effect of drainage.
tailings specimen specimen
Been et al. (1991) Erksak sand CS Dilative specimen Contractive No effect of drainage.
specimen
Chu (1995) Sydney sand CS Contractive specimen Contractive No effect of drainage.
specimen
Lee (1995) Likan sand CS Dilative specimen Contractive No effect of drainage.
specimen
Verdugo and Ishihara (1996}  Toyoura sand CS Loose and medium Loose and medium No effect of drainage.

dense specimen dense specimen

Medium dense
specimen.

No effect of drainage at higher
pressures but diverge at. lower
pressure of SSL.

Contractive and

Nevada sand CS )
medium dense.

(silty sand)

Yamamuro and Lade (1998)

Notation: edrain and eund are state lines from drained test and undrained test.
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Fig. 5. Effect of heterogeneity on undrained response for Ottawa 20-30 sand. Note: Specimens have the same global void ratio and are

subjected to the same initial effective confining stress

homogeneous strain fields.

3.3.7 Fines Content

The presence of fines in soil alters gradation and
drainage condition (i.e., reduce permeability), increases
interparticle forces, changes brittleness (i.e., threshold
strain), and increases the potential range of void ratio.
Hence, the critical state and quasi-steady state strengths
are necessarily affected by the amount of fines content.

Yamamuro and Lade (1997; 1998) showed the non-

uniqueness of the critical state line for Nevada silty

sand (specimens consolidated at higher confining stress
show higher dilatancy, leading to greater strength). In
contrast, Been and Jefferies (1985), Sladen et al. (1985),
Dobry et al. (1985), Ishihara (1993), and Chen and Liao
(1999) showed that the critical state line is unique for
a given fines content. The evidence also suggests that
small amount of fines content does not affect the
strength parameter but may affect both the intercept
and slope of the critical state line projection on e-log
p' space. For instance, Dobry et al. (1985) showed that

the slope decreases with the increase of fines content.

Table 6. Effect of parameters on critical state and quasi-steady state lines

Effect

Parameters

Quasi—steady state line

Critical state line

initial void ratio
{relative density)

Confining stress

Initial stress ratio
{induced anisotropy)

Fabric
(inherent anisotropy)

Prestraining
(and aging)

Stress path
(mode of loading)

Fines content

Strong effect
Strong effect

Some effect

Strong effect

Strong effect

Strong effect

No effect
(unless localization develops)

No effect
No effect

No effect
May trigger localization

No effect

No effect
May trigger localization

Strong effect

Strong effect
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3.3.8 Summary

Table 6 summarizes the effect of different parameters

Strength

on the quasi-steady state line and the critical state line.

It is concluded that the quasi-steady state line is very
sensitive to initial conditions and loading history.
However, the critical state line is very robust, displaying
“uniqueness.” Furthermore, testing conditions must avoid

localization, allow large strains, and must not cause

particle crushing.

Table 7. Estimation of relative density or void ratio from in-situ tests

4. Application to Post-liquefaction Shear

Once critical state parameters M, A\ and " are known
for a given soil, the post-liquefaction shear strength (i.e.
reliable ultimate shear strength at large deformation) can
be evaluated following the critical state concept. For a

void ratio ep, the deviator stress at critical state g, is:

In—situ tests Empirical reiationships Reference
DL%)=100 - [(N;) /6012 Terzaghi and Peck (1948)
General expression a=27 and b=28. Skempton (1986)
N vz Gibbs and Holtz (1957)
DS%)=100 | 775 —~ = =23, '
(9) [ (at+b-0,) ] a=16 and p=23 Meyerhof (1956)
2 Marcuson and
DJ%)= 12.2+0.75[ 2z N J{jﬁ}p‘ﬂm ock Bieganousky (1977; from
SPT w [P “ Kulhawy and Mayne, 1990)
DA%)=100 - [ (N})e/(60 - OCR*H]"* Skempton (1986)
DA%)=25 - (6,") "1 - (N)g" Yoshida (1988)
_ ) (NI)S{] 1/2
D(96) =100 [ 60+ 25 - log(Dy) ] Kulhawy and Mayne (1990)
for NC, unaged sands
(%)= m[ﬁ] Baldi et al. (1986: from
0\ Oso ‘ Robertson and Powell,
For Ko = 0.45 and N.C., moderately compressible, uncemented, unaged Quartz sands. 1997)
Here, Go=157, C:=0.55, (»,=2.41 for Ticino sand, and ow’ and q in kPa.
A =98 and B = 66 for
General expression N.C. uncementeq, Jamiolkowski et al. (1988)
_ . unaged, predominantly
- D(%)=A+B- 108(w) Quartz sands.
G and ow’ in t/m? 3 _ Tatsuoka et al. (1990: from
A= 85and B =76 Ishihara, 1993)
DA%)=100 - [44/(305 - OCR*)]"* Kulhawy and Mayne (1990)
for clean quartzitic sands
,=1.159—0.230 - log(gq,) for NC v (1995)
¢,=1.232—0.245 - log(gy) for OC ayne
€,=1.152~0.233 - log(g)+0.043 - log(OCR) for all sands
For isotropically consolidated sand
V.
e=—mL2(m1—-W) Hardin and Richart (1963}
where m = 111 and m» = 51 when stress is in kPa and ¥ in m/s.
Ve For anisotropically consolidated sand
‘measurement

] Pa\"( Pa\"

e=3e-v{z) (%) ]

where m = n = 1/8, a, b and V are in m/s.
a = 381, b = 259 for Ottawa sand

a = 307, b = 167 for Alaska sand (fines content 31.7%)
a = 311; b = 188 for Syncrude sand (fines content 12.5%)

Rosler (1979)
Cunning et al. (1995)
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Table 7. (Continued)

in—-situ tests Empirical relationships Reference

Archie (1942) from electrical resistivity measurements

e | o nm(a- )"
A = 1 for unconsolidated soils and m = 1.5 for sands.

Permittivity For & = 0 to 100 m?/g,

measurerment £ =3.03+9.3n+146.0#*—76.75° Topp et al. {1980)

at the frequency of MHz to GHz.
Remarks

(N1)go = Ng/(0, /920" = energy—corrected N-value at normalized stress level

qa = {a1/p)!(0. /5" = normalized cone tip resistance

p. = reference stress = 1 atm

C, = coetficient of uniformity

n = porosity

6., = effective mean normal stress (kPa)

a and b = constants for a given sand, both in m/s
o, = effective stress in the direction of wave propagation (kPa)

1 tsf = 1 kg/cm? = 100 kPa = 14.7 psi

o, = effective stress in the direction of particle motion (kPa)

R = bulk resistivity of the soil ()
R: = resistivity of the pore fluid (Q)

A and m = constants which can be found by laboratory calibration

k= permittivity

Table 8. Relative density of sand versus penetration resistance

Angle of friction

N Value

Cone Tip Resistance

Cyclic stress ratio

Relative Density D (%) ¢, degrees (blows/ft or 305 mm) (ac/Pa) causing liquefaction
Very loose 0 ~ 15 (20) <30 0~ 4 0~ 20 0~ 0.04
Loose 5 (20) ~ 35 (40) 30 ~ 35 4 ~ 10 20 ~ 40 0.04 ~ 0.1
Medium 35 (40) ~ 65 (60) 35 ~ 40 10 ~ 30 40 ~ 120 0.11 ~ 0.35
Dense 65 (60) ~ 85 (80) 40 ~ 45 30 ~ 50 120 ~ 200 over 0.35
Very dense 85 (80) ~ 100 > 45 over 50 over 200 -

Note: ( ) used by Meyerhof (1956); friction angle measured on the peak strength.
Sources: Terzaghi and Peck (1967), Lambe and Whitman (1969), Meyerhof (1956), Seed (1979).

I'—e¢

0 *

4= M - (1%Pa) (10)

Thus, the post-liquefaction shear strength T is
estimated as:

ra= 5 - cos e a1

Liquefaction design analyses with this approach requires

knowing the in-situ void ratio. Various empirical rela-

tionships suggested to estimate the in-situ void ratio or

relative density are summarized in Table 7 and Table 8.
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5. Final Remarks

Comprehensive review on the determination of critical
state parameters in sandy soils from standard triaxial
testing was performed to facilitate the application of
critical state soil mechanics to the shear behavior of sandy

soils. The main findings are as follows:

» When a soil is subjected to shearing, its ultimate state
in the 3-D space can be expressed in terms of three

critical state parameters M, A and T.

« The critical state should be considered as the ultimate

state at large strains.



The critical state friction angle is directly related to

the interparticle friction angle.

For a given soil, the critical state friction angle is

unique irrespective of drainage condition, initial

density, confining stress, and strain rate.

The projection of the critical state line on the e-log
- p' space can be reasonably considered as a straight

line in the stress range from 10 to 500 kPa for hard

grain sands.

The quasi-steady state line is very sensitive to fabric

or sample preparation method, drainage condition, the

initial state of stress, and stress path. However, the

critical state line on e-log p’ space is unique for a

given soil regardless of those conditions.

The post-liquefaction shear strength in field can be

effectively estimated from critical state parameters

and in-situ void ratio.
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